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Chapter 4

Improper
bag of numbers
Proper
mixed fraction
or

Compound Fraction

Identity:| An equation which is true for all values

of the variable, for example sin?@+cos? @ =1 is
trigonometry identity & 5x+3=3x+1+2Xx+2 is
Algebraic Identity.

Improper Fraction]

p(x)
q(x)
fraction if degree of p(X)> the degree of q(X)
then it is called improper fraction.

A rational fraction is said to be Improper

Proper Fraction:| A rational fraction PG is

q(x)

said to be proper fraction if degree of p(X)<

degree of q(x) thenitis called proper fraction.

Division of Polynomial;
Quotient
Divident

Divisor | Divisor x Quotient
Re mainder

Divident = ( Divisor )(Quotient )+ Re mainder

This result is known as “Division Algorithm”
Converting improper into sum of polynomial
and proper fraction

its General Formula

@—6326 2 Tg
3 3 3 3|18
2

[Case 1jWhen Q(x) has non repeated linear factors
x+5 A B

(x+a)(x+b)_ x+a+x+b

1 1 N -1
(x+l)(x+2)_x+1 X+2
or 1 _ 1 3 1
(x+1)(x+2) x+1 x+2
Exp2: Find the partial fraction of X+ 2
x> —x—2

Sol: Since X* —x—2
=X* —2X+1x -2
=x(x-2)+1(x-2)
=(x+1)(x—2) Therefore,
3X+2 _ 3X+2 _ A N B
X*—x=2 (x+1)(x-2) x+1 x-2
Multiply each term by (x+1)(x—2) we get
3x+2=A(Xx—=2)+B(Xx+1) ............ (2)

Put X+1=0 or x=-1 ineq (2)
3(—1)+ 2= A(—1—2)+ B(—1+1)

(1)

-3+2=A(-3)+0
-1=-3A
= A:1

3

Put x—2=0 or Xx=2 ineq (2)
3(2)+2=A(2-2)+B(2+1)

6+2=0+3B
=B= 4
3
Now putting these values of A and B in eq (1)
3x+2 1 8

X2—x—2 3(x+1)+3(x—2)

Case 2:When Q(x) has repeated linear factors.
X A B

= +
(x+a)2 X+a (x+a)2

Expl:Resolve into partial fraction

1
(x+1)(x+2)
1 A B

Sol: Gi = ....(1
o BIven (x+1)(x+2) x+1+x+2 M

Multiply both sides by (x+1)(X+2) we get

1= A(X+2)+B(X+1) oo, (2)
Put X+1=0 or x=-1 ineq (2)
1=A(-1+2)+B(-1+1)

=1=A

Put X+2=0 or x=-2 ineq (2)
1=A(-2+2)+B(-2+1)

1=0-B

=B=-1
Now putting these values of A and B in eq (1)

Exp3: Find the partial fractions of 5
(x+1)

Sol: Given

> has linear repeated factors
(x+1)

X A N B
(x+1)2 X+1 (x+1)2

Multiply each term by (x+1)2

X=A(X+1)+B ..., (2)
Put X+1=0 or x=-1 ineq (2)
-1=A(-1+1)+B

-1=0+B

=B=-1

Choose x=0 ineq (2) &using B=-1
0=A(0+1)+(-1)

0=A-1

=1=A
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Now putting these values of A and B in eq (1)
X 1 -1

= +
(x+1)2 X+1 (x+1)2

2x% +1

Exp4: Find partial fractions of —————
(x—2)"(x+3)

2
Sol: # has linear repeated factors
(x—=2)"(x+3)
2x° +1 A B C

(x=2) (x+3) x+3 x-2 (x-2)
Multiply each term by (x—2)2 (x+3)
2x2 +1= A(x—2)" +B(x+3)(x—2)+C(x+3)
Put Xx+3=0 or x=-3 ineq (2)

2(-3)" +1= A(-3-2)" +B(-3+3)(-3-2)+C(-3+3)

2(9)+1=A(-5)"+0+0

19=25A = A=""
25

Put x—2=0or X=2 ineq (2)
2(2)" +1= A(2-2)" +B(2+3)(2-2)+C(2+3)
2(4)+1=0+0+C(5)
9=5C ~c=
5

Choose x=0 ineq (2) & using B=-1
2(0)" +1= A(0-2)" +B(0+3)(0-2)+C(0+3)
0+1=A(-2)"+B(-6)+C(3)using A=2,C=2

19 2 9
=—2(-2)-6B+=(3

(2 -68+2(3)

1-18 e+ 2!
25 5

76 27 5 1 25

=—+—X———X—
25 5 5 1 25

_ 76+135-25

P 25

186 31

6B =—— —B=—
25 25

Now putting these values of A,B and C in eq (1)
2x* +1 19 31 9

(X_z)z(x+3) B 25(x+3)+25(x—2)+5(x—2)2

1

6B

6B

Put x = 1/2 in equation (2) we get

i F

§—2=A@—Q+E
2 2
ﬂ:A O)+E
2 2
10,8 =B=-1
2 2

Put x = 0 in equation (2) we get
3(0)-2=A[2(0)-1]+B(0)
-2=-A+0 = A=2

Putting the values of A and B in eq (1)
3x—-2 2 1

x(2x-1) x 2x-1

Exercise 4.1

Q1 3x-2
" 2x% - x

Sol: .. fraction is proper and have linear factor
3x-2  3x-2
2x* -x  x(2x-1

3x-2 A B
= - -4~ .1
x(2x-1) x 2x-1 (1)
Multiply equation (1) by x(2x—1) we get
3x-2=A(2x-1)+Bx-(2)

) With two linear factors

x -1
" x?+6x+5

x-1 x-1
X2 +6x+5 X2 +5x+1x+5
x-1 x-1
x2+6x+5_x(x+5)+1(x+5)

x-1 x-1
x2+6x+5_(x+1)(x+5)
With two linear factors

CE T R AT

Sol:

Multiply equation (1) by (x +1)(x +5) we get
X—1=A(Xx+5)+B(x+1) ............ (2)

Put x = - 5 in equation (2) we get
~-5-1=A(-5+5)+B(-5+1)
~6=A(0)+B(-4)

-6=0-4B
—6 3

Put x = - 1 in equation (2) we get
~1-1=A(-1+5)+B(-1+1)
-2=A(4)+B(0)

-2=4A+0
-2 -1
A=— A=—
= ) = >
Putting the values of A and B in eq (1)
x-1 -1 3

(x+1)(x+5) 2(x+1) 2(x+5)

Q3:Resolve

5 into partial fraction

Sol: ! = L = A + B ..
-1 (x-1)(x+1) x-1 x+1
Multiply both sides by (x—1)(x+1) we get
1= A(X+1)+B(X=1) oo ()

Put X+1=0 or x=-1ineq (2)

(1)
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1= A(—1+1)+ B(—l—l) Now putting these values of A and B in eq (1)
1 4X+2 _ 6 N 8
1=-2B = B=— (x+2)(2x-1) 5(x+2) 5(2x-1)

Put Xx—1=0 or x=1 ineq (2)
1=A(1+1)+B(1-1)

1=2A+0 :>A:%

Now putting these values of A and B in eq (1)
1 1 1

X -1 2(x-1) 2(x+1)

.__ X
" x2+4x-5

Sol: ————
X°+4x-5

Since x> +4x—5=x*+5x—-1x-5
=Xx(x+5)-1(x+5)
=(x-1)(x+5)

X __A + B
(x=1)(x+5) x-1 x+5
Multiply each term by (x—1)(x+5)
X=A(X+5)+B(x=1) ..o (2)

Put Xx—1=0 or x=1ineq(2)
1= A(1+5)+B(1-1)

Therefore

(1)

1

6

Put X+5=0 or x=-5ineq (2)
—5=A(-5+5)+B(-5-1)

1=6A = A=

-5=0-6B :B:%
Putting the values of A and B in eq (1)
X _ 1 N 5
(x=1)(x+5) 6(x-1) 6(x+5)
L _ & N
(x+2)(2x-1)
M —o2n A B, N (1)

(x+2)(2x-1) x+2 2x-1
Multiply each term by (x+2)(2x—1)
4x+2=A(2x-1)+B(X+2) ... 2)
Put 2Xx-1=0 or x=1% ineq (2)

4(£j+2= A Z(EJ—l + B(l+2)
2 2 2
2+2:0+§B

2

4:§B =>B=—=
2

o1] 0o

Put Xx+2=0 or Xx=-2 ineq (2)
4(-2)+2=A(2(-2)-1)+B(-2+2)
—8+2=A(-4-1)+0

6

—6=-5A = A=—
5

x? +B5x+3

(x2 —1)(x +1)

Sol: Given fraction is proper

Q6.

x? +5x+3 _ x> +5x +3
(x2 —12)(x+1) (x—l)(x+1)(x+1)
x> +5x+3 x? +5x+3

(¢ =F)(x+1) - (x=1)(x+1)
with repeating linear factors
x* +5x+3 A B C
> = + + : (1)
(x-1)(x+1) x-1 x+1 (x+1)

Multiply equation (1) by (x - 1)(x + 1)2 we get

B3 () (x 1) = A (x-t)(x+1)

(x-1)(x+1) x-1
B 2 C 2
+m(x—1)(x+1) + 1 (x-1)(x+1)

x? +5x+3:A(x+1)2 +B(x+1)(x-1)+C(x-1)-(2)
Put x = 1 in equation (2) we get

2 +5(1)+3=A(1+1) +B(1+1)(1-1)+C(1-1)
1+5+3 =A(2)2 +0+0

9
9—A(4) :>A_Z
Put x = - 1 in equation (2) we get
(1) +5(-1)+3=A(-1+1) +B(-1+1)(-1-1)+ C(-1-1)
1-5+3=A(0)+B(0)+¢(-2)
1

-1=0+0-2c :>C:E

Choose x = 0 and Putting A=9/4& C = 1/2 in eq (2)
(0) +5(0)+3=A(0+1)" +B(0+1)(0-1)+C(0-1)

9 1

O+0+3=Z(1)+B(1)(—1)+§(—1)

9 1
=372

9 1
322—5—3

9-2-12 -5

= 2 :BZT
Putting the values of A,B and C in eq (1)
x*+6x+3 9 b . 1
(x-1)(x+1)" 4(x-1) 4(x+1) 2(x+1Y
Q7 x?+2

' (x+2)(x2 +5x+6)
Sol: Take denominator (X+ 2)(x2 +5X+6)
:(x+2)(x2 +3x+2x+6)
=(x+2)[ x(x+3)+2(x+3)]
=(x+2)(x+2)(x+3)
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with repeating linear factors -1 5

X+2 A B (1) 1=5(4)-28+3
(x+2)2(x+3) X+2 (x+2)2 X+3 232__94+§_1
Multiply equation (1) by (x+2)2 (x+3) we get g - —4+15-9 2 B 1
X2 +2 = A(x+2)(x+3)+B(x+3)+C(x+2) .2) 9 9 9
PUt x = - 2 in equation (2) we get Putting the values of A,B and C in eq (1)

. g d , 2x-1 -1 1 5
(-2) +2=A(—2+2)(—2+3)2+B(—2+3)+C(—2+2) x(x—3)2 —§+9(x_3)+3(x_3)2
4+2=A(0)(1)+B(1)+¢(0) -
6=0+B+0 X
=B=6 X* +2x+1
Put x = - 3 in equation (2) we get Sol: Gi 2 o
(-3 +2=A(-3+2)(-3+3)+B(-3+3)+¢(-3+2) O Ve e o | mPropeT
9+2 = A(-1)(0)+B(0)+C(-1) 1
92-A(1)0)-8(0)+ () P
NPT +x° +2x+1
Choose x=0 & Putting B=6 & C=11 in eq (2) we get —2x-1
0°+2=A(0+2)(0+3)+6(0+3)+11(0+2)° So, — x* 1y —2x—1 ...... )
0+2=A(2)(3)+6(3)+11(4) X+2(x)(1)+1 (x+1)
2=6A+18+44 Take —2X-1__A Bl 2)

—6A=18+44-2

—-6A =60 A=-10
Putting the values of A,B and C in eq (1)
x2 +2 -10 6 11
= + >+

(x+2)(x2+5x+6) X+2 (x+2) x+3
Q8. _2x-1

x(x - 3)2
Sol: fraction is proper with repeating linear factors

2x—1 A B C
e R I )

x(x—3) x x-3 (x—3)

Multiply equation (1) by x(x - 3)2 we get
2x —1
x(x— 3)2

x(><—3)2 = gx(x—3)2

+

><Iisx(x—3)2 + (x—CS)z x(x -3

2x—1= A(x—3)2 +Bx(x—-3)+Cx--(2)
Put x = 0 in equation (2) we get
2(0)-1=A(0-3) +B(0)(0-3)+¢(0)
0-1=A(9)+0+0

-1=9A :>A=_31

Put x = 3 in equation (2) we get
2(3)-1=A(3-3)" +B(3)(3-3)+¢(3)
6-1=A(0)+B(3)(0)+3C
5=0+0+3C =C=
Choose x=1 and Put A=-1/9 & C=5/3in eq (2)

2(1)-1- 5 (1-3) +B(1)(1-3)+2(1)

2_1:‘31(_2)%3(1)(_2)%

wlo

2 + 2
(x+1)"  x+1 (x+1)
Multiply each term by (x+1)2
—2x=1=A(X+1)+B ... (3)
Put Xx+1=0 or x=-1 ineq (3)
—2(-1)-1=A(-1+1)+B
2-1=0+B =1=B
Choose x=0 in eq (3) & Using B=1
—2(0)-1=A(0+1)+1
-1=A+1 = A=-2
Putting the values of A and B in eq (2)
—2x-1 -2 N 1
(x+1)°  x+1 (x+1)

> Now put in (1)

X .2 1
X +2(x)(1)+1° X+1 (x+1)2
X2
Q10.
(x+1)(x—1)2
2
Sol: X—Z has linear repeated factors
(x+1)(x-1)
X A B C

= + o+
(x+1)(x—1)2 x+1 x-1 (x—l)2
Multiply each term by (x—l)2 (x+1)
x? = A(x-1)" +B(x+1)(x—1)+C(x+1)...(2)
Put Xx+1=0 or x=-1 ineq (2)
(-1)" = A(-1-1)° + B(~1+1)(-1-1)+C(-1+1)
1=A(-2)"+0+0

1

1=4A =A==
4

Put x—1=0 or x=1ineq (2)
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(1" = A(1-1)" + B(1+1)(1-1)+C(1+1)
1=0+0+2C

1=2C =C =%

Choose x=0 ineq (2) & using A and C
(0)" = A(0-1)" +B(0+1)(0-1)+C(0+1)
0=A-B+C

B=A+C Using A=7,C=3

2

1,12 =3
4 2 2
Now putting these values of A,B and C in eq (1)
X2 1 3 1

(+D)(x-1)  4(x+1) 4(x=1)  2(x-1)

Case 3]{When Q(x) has non repeated
irreducible quadratic factors.
Bx+C Ax+ B

(ax2+bx+c)(dx +ex+f) (ax +bx+c)
Cx+D
(dx2+ex+f)

Exp5; —M8MM8MM—
P (x+1)(x2+2)
1 A Bx+C
Sol: = 4 T 1
° (x+1)(x2+2) X1 12 M

Multiply each fraction by (x+1)(x2 + 2)

1= A(X* +2)+(BX+C)(X+1) overnnv (2)
Put Xx+1=0 or Xx=-1 ineq (2)

1= A((-1) +2)+(B(-1)+C)(-1+1)
1=A(1+2)+(-B+C)(0)

1=3A — A=

—~

wlk

Again from eq (2)
1= AX* + 2A+Bx* + Bx+C x+C Rearranging

1= Ax*+Bx?*+Bx+Cx+2A+C
1=(A+B)x*+(B+C)x+2A+C
Comparing the coefficients

Coefficients of x> Coefficients of X

So 4x*-28  4x*-28
X' —x?—6 (xZ—S)(x2+2)
4x*—28 Ax+B Cx+D

(x2—3)(x2+2): -3 e

Multiply each fraction by (x2 —3)(x2 + 2)
4x* - 28 = (Ax+ B)(x2 +2)+(Cx+ D)(x2 —3)

4x* —28 = AX® + 2Ax + Bx* + 2B+ Cx* —3Cx + Dx* —3D
Rearranging the terms according to power of x
4x* —28= AX® +Cx® + Bx* + Dx* + 2Ax—3Cx + 2B -3D
4x* —28=(A+C)x’+(B+D)x*+(2A-3C)x+2B-3D
Comparing the coefficients

Coefficients of x* coefficients of x?

A+C=0 B+D=4
C=-A....... (i) D=4-B........... (i)
Coefficients of X Constant

2A-3C=0 ......(i[) 2B—3D=-28 ..... (iv)

Putting value of C Putting value of D

2A-3(-A)=0 2B-3(4-B)=28
2A+3A=0 2B-12+3B =28
5A=0 5B=12+28
= A=0 =B=8
Put B=8 in eq (ii)
D=4-8
D=-4

Putting the values of A,B,C and D in eq (1)
4x* - 28 0x+8 Ox+(—4)
= +
(x2—3)(x2+2) xX*-3 x*+2
4x*—28 _ g 4
(x*=3)(X*+2) x*-3 x*+2

B+C=0
o C=—(-3)
B=-—= 1
3 C=3
Putting the values of A,B and C in eq (1)
11 x-l
(x+1)(x*+2) 3(x+1) 3(x*+2)
4x* —28
Exp6: —
P> X —x2—6
Sol: Take Xx*— x* —3x* +2x* -6

6=
xz(x2 3)+2(x*-3)
=(x*-3)(x*+2)

1

(x—l)(x2+1)2

Sol- 1 _ A Bx+C Dx+E_.(1)

(x—l)(x2+1)2 x—1 X+1 +(x2+1)2

Exp7:

. . 2 2
Multiply each fractions by (x—l)(x +1)
1 A Bx+C Dx+E
2 2 = _1+ 2 1 + 2 2
(x=1)(x*+1) X X+l (% +1)
1=A(x2+1) +(Bx+C)(x- )(x +1) (Dx+E)(x-1)
Put x—1=0 or x=1ineq (2)

1= A(L2 +1) +(B.1+C)(0)(1+1)+(D+E)(0)

1=A(2)"+0+0 =A==

4
Form eq (2)

1= A(X* +2x° +1)+(Bx+C) (X’ +x—x* ~1)
+(Dx+E)(x—1)
1= Ax* +2Ax* + A+ Bx* + Bx* - Bx® — Bx
+Cx®+Cx—Cx*—C + Dx* —Dx+Ex—E
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Rearranging according to powers of x

1= Ax* + Bx* — Bx® + Cx* + 2 Ax? + Bx* —Cx* + Dx?
—Bx+Cx—Dx+Ex+A-C-E

1=(A+B)x*+(-B+C)x’+(2A+B-C+D)x?
+(-B+C-D+E)x+A-C-E

Comparing the coefficients

Coefficients of x* coefficients of x°

A+B=0 -B+C=0
B=-A C=8B
B:% C:%
Constant coefficients of X
A-C-E=1 -B+C-D+E=0
1 (-1
— | =|—-E=1 — — —
e QR
1 4 4 2
——E=1
2 D_—_l
-1 ,_~1 2

2 2
Putting the values of A,B,C,D and E

1 1 X+1 X+1

(x—1)(x2+1)2_4(x_1) 4(x*+1) 2(x2+1)2

Exercise 4.2

_ 1

x(x2 +1)

Sol: Given fraction is proper with linear factor
and Quadratic factor

1 _A Bx+C
x(x2+1)_x+x2+1 (1)

Q1.

Multiply equation (1) by X(X2 +1) we get
1
x(x2 + 1)

1=A(x* +1)+(Bx +C)x

1=Ax* +A+Bx®+Cx

1=Ax* +Bx* +Cx+ A

1=(A+B)x* +Cx+A--(2)

Comparing the coefficients of equation (2)
constant terms coefficients of x

Bx+C

x2 +1

x(x2+1)=gx(x2+1)+ x(x2+1)

1=A C=0
coefficients of x?

A+B=0

B=-A or B=-1

Putting the values of A,B and C in eq (1)
1 1 -1x+0
x% +1

x(x2 +1) X
1 1 X

x(x2+1) T x x4l

x%+3x+1
2, -
Q (x—l)(x2+3)
Sol: x? +3x+1 __A Bx+C (1)

(x—l)(x2+3) x1 x+3

Multiply equation (1) by (X—l)(X2 +3) we get
x2+3x+1=A(x2+3)+(Bx+C)(x—1) ~~~~~~ (2)
X2 +3x+1=Ax* +3A+Bx?* -Bx+Cx-C
Xx? +3x+1=Ax* +Bx’* -Bx+Cx-C+3A
X* +3x+1=(A+B)x*+(-B+C)x+(-C+3A) -(3)
Putx=1ineq (2) we get
12 1 3(1)+1- /:«((1)2 +3)+(B(1)+C)(1—1)
1+3+1=A(1+3)+(B+C)(0)

5

5=4A+0 A=2
+ = 2

Comparing coefficients of eq (3)
coefficients of x? coefficients of x

1=A+B -B+C=3
1-A=B C=3+B
5 1
B=1-2 C=3+=
4 "
1 12-1
B=_ c-1e!
4 3
c-U
4

Putting the values of A,B and C in eq (1)
xX*+3x+1 5 —x +11

(x—l)(x2 +3) 4(x-1) y 4(x2 +3)

x? +3x+1 __ 5 x-11
(x—l)(x2+3) 4(x-1) 4(x2+3)
Q3. 2x+1

(x - 1)(x2 + 1)
proper with linear factor
2x+1 A Bx+C (1)

(x—l)(x2 +1) Tx 1 a1
Multiply each term by (x—l)(x2 +1)
2x+1:A(x2+1)+(Bx+c)(x_1)...(2)
Put x = 1in eq (2) we get
2(1)+1=A((1) +1)+(B(1) +C)(1-1)

2+1=A(1+1)+(B+C)(0)

Sol:

w

3=2A+0 = A==

N

From eq (2)
2x+1=Ax?+A+Bx*—-Bx+Cx-C

2x+1=Ax? +Bx* -Bx+Cx+A—-C
2x+1= (A+B)x2 +(—B+C)x+A_c...(3)
Comparing coefficients

. 2 .
coefficients of X coefficients of x

A+B=0 —B+C=2

B=-A C=2+B

B3 c-2-3_1
2 2 2
2x+1 3 -3x+1

(x-1)(+1) 2(x-1) 2(x*+1)
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Q4. _ 3 Coefficients of x* Coefficients of x
x*(x* +5) 3A+B=0 4B+C=3
Solution: we have proper fraction with linear B=-3A C=3-4B
repeating factor and Quadratic factor _
P 3 B3 2)=8 o348
3 A B Cx+D 7 7 7
x*(x*+5) x x* x*+5 c_21-24 -3
Multiply equation (1) by x? (x2 + 5) we get 7 7
Putting the values of A,B and C ineq (1)
-3=Ax(x* +5)+B(x* +5)+(Cx+D)x* ....(2) 3x_ 2 5 6x —3
= +
Put x=0 ineq (2) (x+4)(3x2+1) 7(x+4) 7(3x2+1)
_ 2 2 2
-3=A0(0%+5)+B(0*+5)+(c.0+D)(0) 6. 5
—_ 2
3-0+5B+0 :>B=?3 (x+1)(x*-2)
From eq (2) Sol: 5x - A N B>2<+C N Dx+E2 )
(x+1)(x2—2) x+1 x*-2 (xZ—Z)

-3 =Ax>+3Ax +Bx? + 3B+ Cx® + Dx?
-3 =Ax®+Cx® +Bx% +Dx* +3Ax + 3B
-3=(A+C)x* +(B+D)x* +3Ax +3B-(3)
Comparing the coefficient of eq (3)
coefficients of x  coefficients of x3
3A=0 A+C=0
A=0 C=0 ..A=0
coefficients of x?
B+D=0

3

D=-B =D=—

Ol

Putting the values of A,B and C ineq (1)
1 0O 3 O.x+%
=—+ +
x? (x2 + 3) X Bx? x?+3
1 - -3 . 3
x? (x2 + 3) Hx?2 5(x2 + 3)

3x-2
(x+ 4)(3x2 + 1)
Solution: we have proper fraction with linear

factor and Quadratic factor
3x-2 A Bx+C

(x+4)(3x +1) x+4 31
Multiply equation (1) by (x+4)(3x2 +1)
3x-2 =A(3x2 +1)+(Bx+C)(x+4) ......... ()
Put Xx+4=0 or x=-4
3(-4)-2= A(S(—4)2 +1)+ (B(-4)+C)(-4+4)
~12-2=A(48+1)+(-4B+C)(0)

2

=>A=—
7

3x—-2=3Ax* + A+Bx% +4Bx +Cx + 4C
3x-2=3Ax* +Bx* +4Bx +Cx+4C + A
3x—-2=(3A+B)x* +(4B+C)x+(4C+A)..(3)

Comparing the coefficients of equation (3)

Q5.

14 = 49A

2
Multiply equation (1) by (x +1)(x2 ~ 2)
Bx = A(x2 —2)2 +(Bx+C)(x+1)(x2 -2)+(Dx+E)(x+1)
put X+1=0 or x=-1ineq (2)

2
5(-1) - A((-l)2 -2) +(B(—1)+C)(O)((—1)2 —2)+(D(—1)+E)(O)
5=A(1-2) +0+0 —A=-5
From eq (2)
Bx = A(x4 —4x? + 4)+(Bx+C)(x3 —2X + X° —2)
+Dx? +Dx +Ex+E
Bx = Ax* —4Ax® + 4A +Bx* —2Bx? + Bx® — 2Bx
+Cx® —2Cx +Cx? —2C +Dx? +Dx +Ex+E
5x = Ax* + Bx* + Bx® + Cx® — 4Ax? —2Bx? + Cx* +Dx?
-2Bx -2Cx +Dx+Ex+4A-2C+E
5x = (A+B)x* +(B+C)x’ +(-4A-2B+C+D)x*
(-2B-2C+D+E)x+(4A-2C+E)-(3)
Comparing the coefficients in equation (3)

coefficientsofx*  coefficientsof x°

A+B=0 B+C=0
B=-A=—(-5) C=-B
B-5 ¢=-5
Constant coefficientsof x°
4A-2C+E=0

-4A-2B+C+D=0
4(-5)-2(-5)+E =0 _4(-5)-2(5)+(-5)+D-0
-20+10+E=0 20-10-5+D=0
E-10=0 D+5=0
E=10 D=-5
Putting the values of A,B,C,D and E in eq (1)

5x -5 5x-5 -bx+10

2 2:x+1+ 2—2Jr 2 2

(x+1)(x —2) X (x —2)

5x* —4x +8
(3 +1)" (x-2)
Sol: we have proper fraction with linear
factor and Quadratic repeating factors

Q7.
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Bx? —4x+8 _Ax+B Cx+D E (1)

(x2 + 1)2 (x

Multiply equation (1) by (x

x% +1 (x )

+1) (x-2)

5x° ~4x+8 = (Ax +B)(x* +1)(x~2) + (Cx +D)(x~2) +E(x* +1) ()

5x2—4x+8:(Ax+B)(x3—2x2+x—2)
+Cx2—2Cx+Dx—2D+E(x4+2x2+1)

Bx? —4x +8 = Ax* —2Ax® + Ax® —2Ax + Bx® — 2Bx?
+Bx—-2B+Cx?-2Cx +Dx—-2D +Ex* + 2Ex® +E
5x2—4x+8:(A+E)x“+(—2A+B)x3+(A—ZB+C+2E)x2

+(-2A+B-2C+D)x +(-2B-2D +E)---(3)
put x = 2 in equation (2) we get

5(4)-4(2)+8=(2A+B)(4+1)(0)+(2c +D)(0) +E(4 +1)

20-8+8=0+0+E(25)

20=25E
20 4
E—?5 :>E—g

Comparing the coefficients in equation (3)

coefficientsofx*  coefficientsof x°

A+E=O -2A+B=0
A--E B=24
—4 -4) -8
A= (5j 5
Constant
-2B-2D+E=8
-2B+E-8=2D coefficientsof x
_2["_8]+i—8=2D —2A+B-2C+D=-
5)'5 _2[—4j+(—*3j+(_2)+4:2c
16+4-40 5) 13
T: 2=2C =>C=1
-20
=2
10 =D =D

Putting the values of A,B,C,D and E in eq (1)
5x° —4x +8 -4x -8 x—2 4
2 = . + 5+
o A (x2) 30 1) Gert) 50D

Putting A,B,C and D in eq (1)
4x-5 0x+0  4x+(-5)
2 AV X1d  (w2aaV

(x +4) (x +4)
4x -5 4x -5

(x? +4)2 - (x* +4)2

Q3,4X_—52
(x2+4)
Sol: _4X=5 _AX+B_ Cx+D | (1)

(Cea) X+4 (ia)
Multiply each term by (x? +4)2
4x—5=(Ax+B)(x*+4)+Cx+D
4%x—-5=Ax’+4Ax+Bx*+4B+Cx+D
4x-5= A’ +Bx’+(4A+C)x+4B+D

Comparing the coefficients
Coefficients of x° coefficients of x?

A=0 B=0
Coefficients of X Constant terms
4A+C =14 4B+ D=-5
4(0)+C =4 4(0)+D=-5
C=4 D=-5

8x°

) L)

Sol- 8x? _ 8x?
(x2+1)(1—x4) (x2+1)(1+x2)(1—x)(1+x)
8%’ _ A Cx+D  Ex+F (1)
(x2+1)2(1+x)(1—x) 1 x*+1 (x2+1)2

Multiply each term by (x +1)2 1+x

B
+—
1

8x* = A(L-x)(x? +1)" +B(x? +1)° (1+ x)
+(Cx+D)(x* +1)(1-x*)+(Ex+F)(1-x°)

Put x=1ineq (2)

8(1)° = A(0)(1+1)" + B(1+1)" (1+1)
+(C+D)(1+1)(0)+(E+F)(0)

8=8B =B=1

Put Xx=-1 ineq (2)

8(-1)° = A(2)(1+1)* + B(1+1)*(0)
+(-C+D)(1+1)(0)+(—-E+F)(0)

8=8A = A=1

From eq (2)

8" = A(1—x)(X" +2x* +1)+B(x" +2x* +1)(1+x)

+(Cx+D)(1+x*)(1-x*)+ (Ex+F)(1-x*)

8x° = A(x4 F2X2+1-x 2% — x)

(2)

+B(x4 +2X° +1+X° + 2% + )
+(Cx+D)(1-x")+(Ex+F)(1-x*)
8x% = Ax* + 2Ax® + A— Ax® —2Ax® — AX
+ Bx* + 2Bx® + B+ Bx® + 2Bx® + Bx
+Cx—Cx>+D-Dx"+Ex—Ex*+F —Fx?
Rearranging terms according to powers of x
8x% = Bx®* — Ax°* —C x* + Ax* + Bx* — Dx*
—2Ax% +2Bx® —Ex® + 2Ax* + 2Bx®* — Fx®
—AX+Bx+Cx+Ex+A+B+D+F
8x*=(B-A-C)x°*+(A+B-D)x*
+(—2A+2B—-E)x*+(2A+2B—F)x?
+(-A+B+C +E)x +A+B+D+F

Comparing the coefficients
Coefficients of x° coefficients of x*

B-A-C=0 A+B-D=0
1-1-C =0 1+1-D=0
C=0 D=2

Coefficients of x° coefficients of x?
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2A+2B-F = . 1
2A+2B-E=0 ; . 8 ).~ = e
+2-F= -
-2+2-E=0 (o) 11 (o) 11
E_0 4-8=F x+ x-1 2(x+)  2(x-1)
F=-4 o z(xl-l) - 2(xl+1) o é - 2(xl+1)
Putting A,B,C,D,E,F in eq (1) - .
ord L1 oyes Oxd ii). If P(x) and Q(x)are two polynomial then
2 1) TIox Iox X+ (1) P(x) : :
(x*+1) (1+x)(1-x) 1+ +1 (% +1) o ),Q(x);tO iS ..............fraction
X
8x* 11,2 4 '
(X2 +1)2 (1+ X)(l— X) T1ex 1-x X241 (XZ +1)2 @) Rational @) Irrational
o Proper @) Improper
10 2X2 + 4 X2 +2
Q10. —— ii). —————— iS..crenn. FraCtion
(x +1) (x—l) X" +2X+2
Sol: we have proper fraction with linear 0 Proper 0 Improper
o} Irrational o None of these

factor and Quadratic repeating factors

2x% +4

_ Ax+B

2 1V Tl 2 %1
(x +1) (x—l) X"+ (x2+1)

Multiply equation (1) by (x2 +1)2 (x-1)

2x° +4:(Ax+B)(x2 Jrl)(x—1)+(C><+D)(><—1)+E(x2 +1)Z---(2)
2x% + 4 =(Ax+B)(x3 —x? +x—1)
+Cx? —Cx+Dx—D+E(x4 +2x° +1)
2x% +4 = Ax* — AX® + Ax? — Ax + Bx® —Bx?
+Bx—B+Cx?—Cx+Dx-D+Ex*+2Ex*+E
2x? +4:(A+E)x4 +(—A+B)x3 +(A—B+C+2E)x2
+(-A+B-C+D)x+(-B-D+E)-+(3)
put x = 1 in equation (2) we get
2(1)+4=(A+B)(1+1)(0)+(C+D)(0) +E(1+1)

2+4=0+0+4E
6=4E
>E=2 =E=3

Comparing the coefficients in equation (3)

coefficientsof x*

coefficientsof x*

iv). What is quotient when x® —8x* +16x—5

is divided by x—5
) x> —X+5 @)
) x? —3x+1

X2 —3x+2

0 Xx*+13x—49+ 24

X+5

Q2. Resolve into partial fractions.

2x% +1

) ey

2x% +1

22X +1

Solution: improper so

2

xz—lm

+2x° 52

3
2x% +1 5, 3

(x+1)(x-1) x? -1
i+l 3
(x+1)(x-1)
Take

(x+1)(x-1)  x*-1

TR

A+E=0 ~A+B=0 3 __A B

A=-E B=A (x+1)(x—1)_x+1+x—1 @)

A=3 B==3 Multiply equation (2) by (x+1)(x-1)
Constant 3 A

-B-D+E=4 fficientsof x ————(x+1)(x-1)=——(x+1)(x -1

B gy e e

_4- ~(2)+(2)+(-Y=¢ B

3:[)4:—_D1 B +ﬁ(x+1)(x—1)

Putting the values of A,B,C,.D and E ineq (1) 3= A(x _1) + B(x +1)"'(3)

2 +4 _Fx+3 “Ix+(-1) 3 Put x = 1 in equation (3)
(x2+1)2(x—1)_ x% +1 (x2+1)2 x-1 3=A(1—1)+B(1+1)
2¢+4 _ 3x+3 _ x+1 3 3=4(0)+8(2)

(2 +1)° (x-1)

2(x2+1) (x2+1)2 2(x—1) 3.0428B jB:;

Put x = - 1 in equation (3)

Review Exercise 4

Q1 Fill in the correct circle only
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3=A(-1-1)+B(-1+1)
3=A(-2)+B(0)

3=-2A+0 = A= _?3
Putting the value of A and B in (2)
3 -3 3

(x+1)(x-1) 2(x+1)  2(x-1)
Thus equation (1) becomes
2x% +1 -3 3

Gt 1) 2fee1) "2fx )

o 2X3—3x°+9x+8
2ii).
Qzii) x?-3x+2
Solution: improper so
2x+3
x2—3x+2> 2x3 -3x>+9x+8
+2x° F 6x° + 4x
3x2+5x+8
+3x° F9x+ 6
14x + 2
3 2
2x° —3x +9x+8:2><+3+ 14x + 2 (1)
x? —3x+2 x2 —3x+2
14x + 2 14x +2
Take

X —3x+2 X2 -2X-X+2

14x+2 14x+2
x2—3x+2_x(x—2)—l(x—2)

14x+2 A B
c1x-2) x 1 xz2
Multiply equation (2) by (x—l (x —2)

14x +2 A
m(x—l)(x—Z)zm(x—l)(x—Z)

B
+x_2(x—1)(x—2)
14x+2=A(x-2)+B(x-1)--(3)
Put x = 1 in equation (3)
14(1)+2=A(1-2)+B(1-1)
14+2=A(-1)+B(0)

l6=-A =A=-16
Put x = 2 in equation (3)
14(2)+2=A(2-2)+B(2-1)
28+2=A(0)+B(1)

30=B =B=30
Putting the value of A and B in (2)
14x +2 -16 30

(x-1)(x-2) x-1 x-2

Thus equation (1) becomes

2x® —3x* +9x +8 5 -16 30
=2X+3+——+——
x? -3x+2 x-1 x-2

3x-1
2iii).
Q )x3—2x2+x
Sol: 3x-1 _ 3x-1
x3 —2x% +x x{x2—2x+1}
3x-1  3x-1

X3 —2x% +x x(x—l)z

with linear factors with linear repeating
3x-1 :é+ B 4 C (1)

x(x—l)2 x x-1 (x—l)2

Multiply equation (1) by x(x —1)2 we get

3x—1:A(x—1)2+Bx(x—1)+Cx~~(2)
Put x = 1 in equation (2) we get
3(1)-1=A(1-1) +B(1)(1-1)+C(1)
3-1=A(0)+B(1)(0)+C

=>C=2

Put x =0 in equation (2) we get
3(0)-1=A(0-1) +B(0)(0-1)+¢(0)
0-1=A(1)+B(0)(-1)+0

=>A=-1

Choose x =2 andusing A=-1&C=2in(2)
3(2)-1=-1(2-1) +B(2)(2-1)+2(2)
6-1=-1(1)+B(2)(1)+4
5=-1+2B+4

5+1-4=2B

2=2B =B=1

Putting the values of A and B in eq (1)
3x-1 -1 1 2

x(x—l)2 x  x-1 (x—l)2

Q2iv). *X*+1
(x-1)
Sol: x+12: A _ B _(1)
(x-1) *-1 (x-1)
Multiply equation (1) by (x—l)2 we get
x+1=A(x-1)+B-(2)

Put x = 1in equation (2) we get
1+1=A(1-1)+B

2=A(0)+B =B=2
Choose x = 2 and using B = 2 in (2)
2+1=A(2-1)+2

3:A(1)+2

A=3-2 =A=1

Putting the values of A and B in eq (1)
x+1 1 N 2

(x—l)2 x-1 (x—l)2
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Q2v). fxz 3(1)2+3(1)+2—A(1 1)(12+1)+B(1+1)(12+1)
X = +

2 2 (¢(®)+D)(t*-1)

><4 _4 (x2)2 _(2)2
2x>  Ax+B Cx+D.__(2)
x*—4 xP+2 x2-2
Multiply equation (1) by (x (

)(x +2)

2x? :(Ax+B)(x +2)+(Cx+D)(x - )
2x% = Ax® + 2Ax + Bx? + 2B+ Cx® —2Cx + Dx? - 2D
2x% = AX® + Cx® + Bx? +Dx? + 2Ax —2Cx + 2B - 2D

2x* =(A+C)x* +(B+D)x* +(2A-2C)x + (2B-2D)--(2)

Comparing the coefficients in equation (3)
coefficientsof x

Constant
2B-2D=0 2A-2C=0
B-D=0 A-C=0
B=D A=C
coefficientsof x? coefficientsof x3
B+D=2 A+C=0
B+B=2 ~B=D A+A=0 LA=C
2B=2 2A=0
=B=1=D =>A=0=C

Putting the values of A,B,C and D in eq (1)
2x®>  Ox+1 Ox+1

x*—4 x?1+2 x2-2
2x? _ 1 N 1

x*-4 x*+2 x*2-2

3+3+2=A(O)(2)+B( )(2)+(c+D)(0)

8=0+4B+0 ~e-8_>

N

Put x = 1 in equation (2)

3(-1) +3(-1)+2=A(-1 _1)((_1)2 + 1)
+B¢4+Q«4f+4%{c¢Q+DXQuﬁ4)

3-3+2=A(-2)(2)+B(0)(2)+(-c+D)(0)

2=-4A+0+0 :>A=_—1

2
Comparing the coefficients in equation (3)
coefficientsof x

3x? +3x+2
Qvi). ———
x* -1
Sol:3x* +3x+2  3x* +3x+2
x* -1 (x2)2_12

3x?+3x+2

_ 3x% +3x+2
x* -1 (xz—lz)(x2+1)
3x* +3x+2 _ 3x% +3x+2
x* -1 (x+1)(x-1)(x*+1)
with two linear and one Quadratic factor

3x%+3x+2 __A i B +Cx+Dm(1)

(x+1)(x—1)(x2+1) x+1 x-1 x%+1

Multiply equation (1) by (x—l)(x+1)(x2 +1)

3x% +3x+2=A(x-1)(x* +1)+B(x +1)(x* +1)

+(€Cx+D)(x* -1)-+(2)

3x2+3x+2:A(x3+x—x2—1)+B(x3+x+x2+1)
Cx® —Cx+Dx?-D

3x%2 +3x+2 =Ax> + Ax — Ax? —A+Bx® +Bx
+Bx? +B+Cx® —Cx+Dx*-D

3x% +3x+2 = Ax® +Bx® + Cx® — Ax® + Bx® + Dx?
+AX+Bx-Cx—-A+B-D

3x2+3x+2:(A+B+C)x3+(—A+B+D)x2
+(A+B—C)x+(—A+B—D)---(3)

Put x = 1 in equation (2)

Constant

_A+B-D=2 A+B-C=3

1 -1

I _2- —+2-3=C

(2J+2 2=D 2"’

Dzl C:_—l—l :C:_—3
2 2 2

Putting the values of A,B,C and D in eq (1)
3x%+3x+2 W s 2 s -3x+1

(x+1)(x—1)(x2+1) 2(x+1) x-1 2(x2+1)

3 2
Q7. x* +3x° +1

(x2 + 1)2

Sol:x3+3x2+1_Ax+B Cx+D (1)
(x2+1)2 x* +1 (x2+1)2

Multiply equation (1) by (x2 + 1)2 we get

X} +3x +1=Ax* + AX +Bx? +B+Cx +D

x® +3x% +1=Ax3 +Bx? +(A+C)x+B+D-~(3)
Comparing the coefficients in equation (3)
coefficientsof x>  coefficientsof x?

A=1 B=3
coefficientsof x Constant
A+C=0 i”; 2;
< b-1-3
C=-1 -
Putting the values of A,B,C and D ineq (1)
X’ +3x°+1_ x+3  -—x-2
(x2 +1)2 Tl (xz +1)2

3_
Qaviii), X1
X+ X

3

S 2x° -1 . .
Sol: ——— is an improper fraction

X% + X
2

x® + X 2x* -1

+2x° +2x°
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2x°-1 oy —2x* -1

S —xz(x+1) ........
2x*-1 A B C
m=;+?+x—+1 ....... (2)

Multiply each term by x*(x+1)

—2x* 1= AX(x+1)+B(x+1)+Cx* ....(3)
Put Xx=0 ineq (3)

~2(0)° 1= A(0)(0+1)+B(0+1)+C(0)’
0-1=0+B+0

B=-1

Put x=-1 ineq (3)

~2(-1)" ~1= A(-1)(-1+1)+ B(~1+1)+C(-1)’
-2-1=0+0+C

C=-3

Choose x=2

-2(2)"~1= A(2)(2+1)+B(2+1)+C(2)’
—8-1=6A+3B+4C using B=-1,C=-3
—9=6A+3(-1)+4(-3)

-9=6A-3-12

-9+3+12=6A

6=6A = A=1

Putting the values of A,B and C in eq (2)
—2x-1 1 -1
x*(x+1) x X

2x° -1 1 1 3

+_—3 Putin eq (1)
x+1

A+B=4 AA-2C =14
3+B=4 4(3)-14=2C
B=1 -2=2C =C=-1
Putting the values of A,B and C in eq (1)
4x* +3x+14 3 x—1

(x—2)(x2+2x+4) TX_2 X 12x+4

A S
X3 + X2 X X2 x+1
2
Q2ix) 4x +33x+14
X° -8

4x* +3x+14 4x* +3x+14
Sol: = >
X =2 (x—2)(x +2x+4)

4% +3x+14 __A d Bx+C
(x—2)(x2+2x+4) X—2 X+42x+4

(1)

Multiply each term by (x—2)(x2 -5 2x+4)
4x% +3x+14 = A(x2 +2x+4)+(Bx+C)(x—2)(2)
Put x=2 ineq (2)
4(2)2+3(2)+14:A((2)2+2(2)+4)+(28+C)(0)
4(4)+6+14=A(4+4+4)+0
16+20=12A
36=12A = A=3 Form eq (2)
AX? +3X+14 = AX* + 2Ax+4A

+Bx* —2Bx+Cx—2C
4x* +3x+14=(A+B)x’ +(2A-2B+c)x+4A-2C
Comparing the coefficients
Coefficients of x? constant

X +3x° +x+1

(x+1)(x2+1)2

x*+3x*+x+1 A Bx+C Dx+E
2~ t ot 2

(x+1)(x+1)  x+1 X+l (2 41)

Q3. Resolve

Sol:

Multiply each term by (x+1)(x2 +1)2
x*+3x° + X +1= A(x2 +1)2 +(Bx+C)(x+1)(x2 +1)
+(DX+E)(X+1) coovrien, (2)
X +3x° +x+1= A(x4 +2x° +1)
+(Bx+C)(x3 +X+X° +1)
+(Dx+E)(x+1)
x*+3x% + x+1= Ax* + 2Ax* + A+ Bx* + Bx* + BX®
+Bx+Cx® +Cx+Cx*+C +Dx* + Dx+ Ex+E
X' +3x* +x+1=(A+B)x"+(B+C)x’
+(2A+B+C+D)x*+(B+C+D+E)x

+A+C+E............ (3)
Put Xx=-1 ineq (2)

1+3-1+1= A(1+1)" +(-B+C)(0)(1+1)

+(-D+E)(0)
4=4A+0+0 = A=1
Comparing the coefficients of eq (3)
coefficients of x* coefficients of x°
A+B=1 B+C=0
1+B=1 0+C=0
B=0 C=0
Constant coefficients of x?
A+C+E=1 2A+B+C+D=3
1+0+E=1 2+0+0+D=3
E=0 D=1

Putting the values of A,B,C,D & Ein eq (1)
X*+3x*+x+1 1 0x+0 1x+0

2 2_x+1+x2+1Jr 2 1\
(x+1)(x +1) (x +1)
X'+3x%+x+1 1 X
(x+1)(x2+1)2 X+l (x2+1)2
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