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Chapter
8

Progression or
Series

e

8.1. latrcduction el

When a set of numbers is arranged according to some law In
such a manner that there is a first number, a s¢ccond number., a third

number and so on, the set of numbers is called a progression, series
or sequence of numbc'rs.-Thc successive numbers are called the terms of the

progression.
8.2. Arithmetic Progression

An Arithmetic Progression is a sequence of numbers _in which
cach subsequent term starting from the first s obtained by adding a
fired number called the common difference to the preceding number.

Thus the following are examples of arithmetic progrestion (A.P.).
1,3.5, 2.9 11, . ... ..... Common difference 2

2,5 8 11, 14,. ......... Common Gifference 3
c

25. 20, 15, 10, 5,0, =5, . . . . Common difference —2

In, general, an A.P. with ‘@' as first term and ‘d’ as common

difference will be |
a, a+d, a+1d, a+3d, a+dd, . . . . -

We have : _
Ist term =a+0d=04(1—1)d
Ind term =a+ d=a4-(2—1)d
3rd term =a+24=a+(3-1)d
ith term =a+3d=a+(4—1)d
Sth term =a+4d=a+(5—1)d

--::---soil--"

" EEEEEEEA * ¢ 0

'l'l'itl."ll.li

. : - L 3 - Y
Proceeding in this manner, We will have :

nth werm=a+(n—1)d |
. If there are only n terms the pth term will be the lastterm L
Siven by ;
L=a+(n—~1)d (1
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8.3, The sum of g AP.

Let S, be the sum of first n terms cf an A.P. whose first term jg o
and common difference ‘d’ then

S, =a+(a+d)+(a+2d)+(a+3d)+ ... .. +(L-d)+L
This can also be written in reverse order as
Sa=L+(L-d)+(L-2d)+(L-3d)+..... +(a+d)+a
Adding these two equations we get
85, =(a+L)+(a+L)+(a+L)+fa+L)+ ... .. +(3+L)+(a+L)
=n(a+4L) (a+L added 2 times)

S, .-.-.--’-;—_- (@4+L)erere ven vonevene(2)
Now substituting the value of L obtained in (1) above

S, =‘+ {a+a+(n-1)d)

S =—— {284+(1—1)d}. . eee..-(3)

With the help of the above formulas, if any three of the five
variables a,d, n, L and S, are given (he other two caa be found.
Example 1 :

(a) Find the 20th term of the series 1, 3,5,7,9.....
(b) What will be the sum ?

Solution -
(2) We bave, n=20,a=1 and d=2.
L=g+(n—1)d
=1+4(20—1)x2
=139

n
2

=-%3- (1+39)

== 400
Alternatively,

n
S.H 2

=—2,°? (2% 1) +(20—=1)x 2}

=10 (2+ 38)
= 400

(a+L)

(b) Sn -

{2a4(n—1)d)

Example 2 :

The sum of 10 terms of an AP, whose last term is 28, is 145
Find the first term and the common difference. |
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Solution :
We have n=10, L=28 and §, =145
Sl - ; (a+L)
10
145 = i (a4-23)
145=15a + 140
Sa=3$
a=|
Puttinga=1, in
L=a4(n—1)d
28=14(10-1)d
9d=217
d=3

The first 10 terms of the progression will therefore be 1, 4, 7, 10,
13, 16, 19, 22, 33, 28.

Excmple 3 :
Find the sum of the series 54, 4, 2}, 1, —§,—2.... to 12 terms.

Solution :
We have : =5}, d=4—5}=—1} and n=12

S » == {1X SH12=1)1—1D)
11 3
=6{2X 7 —“X'—i""

=6(11— 5}

-—-Gx(-l——-il-!-):-—‘.i}

8.4. Arltllmtlc‘Mea'l

The terms between any two given terms of an A P. are called the

arithmetic means.
If a, A and b are in A.P., then

A-_-a*-b-A
2A=a+b
a+bd
A=_2--

Here A is the arithmetic mean between @’ and ‘b’
In orderto find outa given number of arithmetic means between

two terms, the farmula L=a+(n—1) d can be used, where n is the number
of terms to be inserted plus 2. ' |
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Example 4 : '
rithmetic mean between 5 and 17 s

(a) What is a |
(b) Insert five arithmetic mears between 5and 17 7

Solution .

(2) AM-H—T""“

(b) Here g=5, L=17and n=5+4+2=1

Applying the formula
L=a+(n—1)d
|7=5+(7—1)d
12 = 6d
d=2

Thus the required means arc :

5+2::=7 .
- 74-2=9

942=11
1142=13
1342=135

The A.P will beJ,

means between 5 and 17.

7.9,11,13, 15and l7 having the required five

Example 5 :
Pipe picces €ac

n 25 centimetres in diametcr and 12 melers In

length arc required for a gas pipe line. In the supply yard the pipes are
stacked in layers with each layer containing one¢ less pipe piece than tac

layer beneath it If onc stack contains 10 layers with 28 pipe picces In

the top layer, does the yard contain enough pipe picces to complete 3

three and a half kilometre jong pipe line ?

. Solutlon :
To find the total number of pipe pieces, we have to find the sum

of an A.P. with a =28, n=102and d= }.
Total number of pipe pieces is given by

S=—— {2a+(n—1)d}

10
= —5— {2x284(10—1)x I}

=5(56+9)
=325
Totat‘ length-of 323 pipe pieces = 325 x 12 metres=3900 metres
heres ‘ ' =3.9C kilometres
clore, the stock of pipes in the yard is sufficient to lay more

than 3.30 kilometre pipe line.
{
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8.3. Geometric Progressjon

| A geometric progression is a sequence of numbers arranged in 8
dcﬁn'lte .ordcr such that each oumber after the first can be found by
mu}tlplylng the preceding number by a constant factor called the common
ratio. The abbreviation used for geometric progression is G P. Thus }, 2,

4,8,16. e is 2 G.P. with a common ratio of 2.
If‘a" be the fitst term. ‘' the common ratio and ‘a’ the number

of terms of a G.P.. then the terms of the sequence will be

o, ar aﬂ' ard. .. .... ar™—!
ar arl ar’ Ao | i) .
a ar C ardl :L_ = ::n-—l = p (common ratic)
The nth term of the series is given by '
L-Gf"_' * 4 s s sessgersseererssannane s @ sesss s e M8 g --n'-t.-----l'(4)
Let S, be the sum of the G P. upto nterms. Then |
Sanmatortaritari+t..... NR072 o INUUNRRNURRPPRN { )
Multiplying both sides of the equation by ‘r’, we get
rS,=ar+art+ard+..... 4ar™14ar . eeveees oo ()

Subtracting equation (it) from (1)
S,—7S.=0—ar"
Sa(l=r)=a(l—r")
S, = i3 Lo i 4 (1—r") or B i (r* =1 AR RPIRPEEa . |
| —r r—I|
according as r is Jess than or greater than | |
with the help of the above two formulas, if any three of the five

quantities a4, r, m, L and S. are known, the other two can be casily
found.

»

will be given by
Soo::—-‘-l—- .................-......(6)

.. l_r e ®9 8 8 9 986 0o © B0 & 0%

since we know tkatany fraction less than 1 raised to the power infinmty
will become zero. In other words as 7 approaches infinity r* will approach
2ero. Thus r* will become zzro of the formula
a(l—r*)
Sa=—T7=7 _
converting it into the form (6) given above.

If ¢ isless than 1, the sum of the geometric series upto infinity

‘Examplc l: )
Find the sum to 8 terms of the series 1,2, 4,8 ......... A

Solution : | o
Here a=1, r=2 and n=8 Itisa GP. :

& _a’ —1) v

P |

&
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 Ix(20—1
Sa= xz(—l_)

256—1
=1
=255
The 8th term will be=ar™!
o] x(2)7

=]28

Example 2.
Find the sum of the series 1,
to 10-terms.

Solution : |
Itis a G.P. where a=1, r——1} and n=10.
a(l—r")
S, =—
| —r
C1x{(1=(='%
= 1—1—%)

""'ir i: "'"/l! 11161 .....l,”' .o »

l
—yto 1024

o CE—— ———
3
p:

1+

txample 3.
Find the sum of the series

2 9.. 27 & : i ¢ @ . .toinfinity

Solution:

The given scrlei Is a G.P. as it can be written as:

3 3 s . 3 3 3 4
] ¢+ =4 [— et J .
4 (4) ' (4) * (4) L .tohPﬂty

Hence sum to inflnity is given by

® e wherea=],and r = e

ler
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Note that this example can also be stagad a5

Prove that the sum of the series

| 3 9 27

8
’ L A * ¢« o o _""f' 15
16 YT to .~ finit;

4
cannot exceed 4.

$.6. Geometric Mean

The geometrtc mean is the term between any two given terms of a
geometric progression.

Thus if 'c' and ‘4" are any two terms of a G.P. the geometric
mean G will be such that :
G b
a -G
Gl=gb
G=yab
To insert a given number of geometric means betweep two terms,
we may apply the formula. L=a:™" but n here is the number of

be inserted plus 2.
Example 4 :

=common ratio

terms to

(1) Find the geometric mean between 3 and 192.
(1) Insert 5 geometric means between 3 and 192,

Solution :

=24

(i) Applying the formula L=ar"~!, where ag=3, L=192 and
. Bw342a, % .y
' 192a3,7-1 o

3
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The required geometric means are :

48 X 2=96

So the G.P. becomes 3, 6, 12, 24, 48, 96, 192.

It may be noted that the useof logarithm will be necessary wh,,
number of terms n of the G P. is big as the value r* cannor p,
determined easily. For example when r=2 and n=100, the value of 2100
can be ecasily determined by using "logarithms which is otherwise very

time consuming.

8.7. Application of a Geometric Progression

The use of logarithms and the amazingly increasinz swm of a G.P,
1s illustrated in the following example.

Example 5 :

A “company offers two alternatives for ths paymeat of salary for
the post of a bigh exccutive, Either one may rececive Rs. 20,000 per
months or 1 pais.. on the first day of the month, 2 paisas on the second
day, 4 paisas on thethird day, 8 paisas on the fourth day and so on
for the rest of the month 1i.e. each day getting the double of what he has
received one day before. Which of the two alternatives $hould he prefer?

Solution :

A layman would certainly prefer 1o accept a salary of Rs. 20,CC0
p-m. without any hesitation but a maihematician would not. On the
basis of his calculation he would accept the second alternative as 1L
accurnoiates to a huge sum of money. Guess, what the expected amouot
would approximately be. You will be surprised, rather amazed, 10
know the magnitude of the sum involved. Let us find it out mathematically:

Daily receipts expressed in paisas would form a geometric serics

1,2,4,8,16,32,64.....upto 30 terms (supposing a 30 days month)
whose first term a=1, r=2 and n=30. |

Total receipts for the month will be the sum S of the series UPY 30
terms given by : -

S=1+2+4+8416+32+. ..., upto 30 terms.
a(r® -|
-'ﬁ
11240




MATHEMATICS OF FINANCE
, | 103

s‘ﬂtlﬂan .
Sul?tstiluting 3=675 C:=500in the formula
S=C (i -r)
675“5(10 (! + r)
= 500 4 S00r
S00r=675 - 500
== 175

Example 3 .
- What 1 « ‘ ‘
hat is the cost of a sicel cabinet which sells for Rs. 840 if the
percentage mark-up on cost is 209,

Solution

Using the formula, we have
840 = C (1 0.2
=120 C
| Let us study the sitvation when mavk-up is stated a5 a percentcge

on sales. Let p be the percertage mark up.on sales price. Then p.S wo fd
denote the amount of profit or mark-up. : | )

We know that

Profit =Salces Price—Cost Price.

p.S=8-C
C=S—p.S
C=3S (i=p)

Example 4 :
After a mark-up of 30% on sales a watca sells for Rs. 224,
(i) What is its cost price ? .

(i1) What is the percentage mark-
the watch would have been Rs. 1532

up on sales if the cost price ol

Solution :

(1) C=S (1—p)
C =225 (1 —-0.30) .
=225 X 0.70 ‘

(ii). C=S¢I=p)
153=225 (1—2)
ee 125--2257
225p = 225—-5‘53 =T¢

12 =0,52=317%,

F™ s
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aterest and Prescnt Value

ows money he has topay sSOmc amount ag
{ money. The money borrowed is called

the principal and interest is known as the

. . r
the principal. The sum 0 ‘ ‘
amofnr The rate of interest 1S gcncra!ly expressed as a percentage of the

principal for a period of time which is usually one year. When iaterest
" is paid only on the sum borrowed it is called .sm?pfe {nterest but TA'!?cn
the interest for cach period is added to the principal for determining
the interest of the subsequent period it is called compound inlerest. In
this chapter we shall be dealing with simple interest only. If the sum
of money borrowed called the principal ot the present value is P, 7 the

rate of interest expressed as a percentage per year, and 1 the time in years,
then by the definition simple interest, denoted by 1. should be equal

to the principal multiplied by the rate multiplied by the time Thus.

9.2. Simple]

When a person borr

1=Prt =
This relationship can be used to determine any one of the four
variables if the other three are known. '

The total amount A to be paid at the end of 1 years is therefore
given by : | '
A=P+1]
=P+ Prt
= P(| <+ rt)
The principal or present value of an amount P at simple

Enlcrest rcan be writlen by expressing the above relation in. terms of P
in the following form :

Example | :

Mahmood borrowed Rs. 1.500 from Saleem for 3} years at a simple

interest rate of 8% per annum How much Mahmood h
| as t
end of the period ? Sto pay atthe

Solution :
Here P-1,500
. p= 08
| 1=34=1.5
Substituting these in the formula -
" A=P(l+n)
=] 500 [1+(.08x3.5))
_ = 1,500 (1+.28)
° , =1,500 x1.28
= Rs,
ple 2 s. 1.920
Find the present value of " Rs.

_ 3,500 due in four months at 6%
interest per annum:
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P=_A
e ——
|
= 3500

14(. 4 & o7
+( 06:~<---......12 )

=Rs. 3,431.39

In computing interest jt i Customary to consider a 360-day year

instead of a 365 or 306-day year. Thus 30 days will be considered as

Wfyeo=1/y: of an ordinary year apg S0 on The interest thys obtained

is called ordinary Interest but if it is based on 365 days it is called the
exact interest. |

Example 3 :

Find the ordinary Interest on a loan of Rs. 2,500 at 109%, simple
interest from January § to February 10, "
Solution :

January § to February 10, we have 36 days.
[=2,500 x (0.10) x —38

360

=Rs. 25 .
Generally the bank deducts Interest if it extends sh
one year to its customers. The interest is deducted
on the maturity value of thc‘amount of the loan ie. on the amount
which must be paid at the end of the period Thus, for a short term loan
of Rs. 1,000 payable one year hence, the bank will P2y Rs. 920 now, if

the interest rate is 89,. |

ort term loan not éxcecding
In advance and is calculated

9.3. Simple Discount

Let A be the amount to be paid at maturity after time ¢ at the
simple interest rate of r percent per annum.

Then the simple interest [ on maturity value A in time ¢ is

given by '
[=Ar | .
This must be subtracted from A to get the present value P.
| P=A—Art
=A (l—rt)

9.4, Dhcountll; Négotiablc Iastruments

Negotiable instrumens are written promises 10 P aystn::::i{); :n;
certain specific date. They are of two types, viz. non mm:iu of exchange
interesy bearing. The basic principles of discounting aas those of obtaining
Or short term note at a bank or at any other party - the ;am'-‘ ce. The following
2 loan from a bank which deducts interest .in advance.

example will illustrate the procedure.
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(3) Discounting non-Interest-Bearing Note

Eeample 4 : 'r 1o
- PAftcr Khalid accepted a bill for Rs. 4,500, Hanif discounyey

it at National Bank Karachl on April 15. The nxatfxrity dat? of the
;u'“ was May 15. How much did Hanif receive if the bill was d:scounlcd

at 8% 7 -
Solutlon :

The period of discount=30 days or ¢t =30/3.5 = 1/,3 year.
A=Rs. 4,500 and r=8%,
The discounted value

PaA (l—=r)
4,500 (1= o 3 b
=430 (1= 55" x 72
l
==4,500 (]——rs'b"'
149
=4, 500 x 150
e=Rs. 4,470

Exanmple 5 :

A three-month non-interest-bearing note dated September 12, 1984

was discounted by Habib Bank Karachi on October 12, 1984 for Rs. 2.960
at 8%. Find the facc value of the note. J

Solution
| P=Rs. 2960, r=8% and (=607, .0=1/¢ year
P
Face value = e
| —=rt
- 2,960 . 2,960
e ) T
100 X% 75/
75
=2.960X‘-.7T

=Rs. 3,000

(b) Discounting Interest-Bearing Note

We have seen in exam
was given on which . the
bearing note the maturit
discounting an interest-hea
given below ;- -

(1) Find out the maturity value
alter adding the intesest

date at the given rate.

ple 4 that the maturity value of the pole
discount was computed. But in an interest-

y value of the mote is not given. Thus in
ring note we have to follow the two steps

from the face valuc of the note
which would have been carncd upto the maturity
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(ii) Fiad ‘OUt the .PfOCC‘-'dS by discounting the maturity value
obuiU‘d in step (i) at the dnscounling date.

The note was dated Jaauary 13, 1983 204 the maturity date was 90 days
after datc..On Ja9unry 21, 1983 he took the note to his bank which
discounted it at a discount rate of 7%,. How much did he receive ?

Solutlen :

Step-1 :  Maturity value A is given by :

A=P(l4r)
6 L
- | s ki
m("" 100 * 12
= 15000 (1 +4-.015)
= |5000%1.015

= Rs. 15,225
Step-2 : Discounting this maturity value at 7', we have

P=A (l=r)
=15225 (1 = 7%/, x '57'6?6'
=15225 (1 — 130 x-%.; 7
=1S25(1——1c)
=15225 (-

=Rs 15,003

Example 7:

Suppose all other conditions are the same as in Exaruple 6 except that
Mohsin has advanced the loan for the same period to a party who agreed to pay
back the loan by discounting it before the due date. What would Mohsin receive?

Solution:

Step 1 will be the same as in Example 6. Since the discounting is not

done by any bank which deducts the interest on the final amount at the time

- of making the payment, we will have to find out the present value of Rs. 15,225
obtained in step 1.

It would therefore be given by:
| %
P s A(l +1t)°

= 15225(1+7%x 75)"
360
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add Interest (3rd period) 4 (140)"
principal (3rd period endy p (I+1)? (I =j)=P (1+1)3

Continuing an this manner we will have the compound amount at
the end of nth period -_p (|- i)

Expressing the compound amouny as +§° we have
S-=P (l-'-l'}" ........ . BV T e :.(I)

The factor (144)" is called (he accumulating factor which is the

compound 4niount in rupecs when the principal is Re, |
Exemple 1 '
Find out the compound amount apg the compound interest at the

end of 3 years on a.sum of Rs, 20,000 borrowed ut 6%, compounded
annually.

Solution ;

We have to find S, when P= Rs. 20,000; i 26%=,00and n=3
periods (yearly)

S==P (Ig)n
=20,000 (l-f--i.()ﬁ):l
=20,000% (1.06)°
=20,000 « 1191016
=Rs. 23,820.32.
Compound Interest = S—p
=RS. 23.820.3
* =Rs. 3.320.3

In this examp!s we fave n=3, 2rd the valye of (1.06)3 can be
calculated easny 0y siaslc mnltiplicatjon.

= Rs. 20,000

.
.

But it would be very difficult
to find out the value of (I~i)* for higher values of 7. In that case iy

would be advicable to use logarithms to determine the value of (his
factor.

Example 2 ;
| If Rs. 3,000 are invested at 6% interest compounded

what would it amount to at the end of § years ?
Solution :

To find S, when P=Rs. 3,000; i=4 of 6%=.03: n=8x2 =16
periods |

s¢mi.annually

S=P (1+i)"
=3,000 (14-.03)®
==3,000 (1.03)e
Using logarithms to fiind the value of (1.03)'8
Let x == (1.03)'9.
log x= 16 log (1.03),
= [6 % 0,012837
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o 0.2053%2
x == ant: log (0 205392)
= 1.004069

Substituting the value, we pet .
S=Rs. 3,000 » 160469

%ﬂ =Rs. 4,514.07

\

10.3. Usc of Cormapourd Interest Tables

Compound interest and other related problems are so frequent in

business organisations generally and financial institutions particularly
that tabular aids have been constructed to make the computational work
casier and at the same time more accurate. In cach table periods are

given horizontaly at the extremc left and different percentages per period
on the top column, Table-3 relates to the compound amounts of Re |

for n periods at [ percent per period. .
Using Table 3 for solving Example-2, the value of (14.03)'¢ is

1. 6047064 at the crossing of n=16 row and 1=35% column.
Therefore S== Rs. 3,000 x 116047064

= Rs. 4,814.12
It may be uoted that the slight diference in the result is due to

approximation. -
10.4. Finding out the Nuvmber of Pcriods and the Interest Rate

%he basic formula of compound interest- can also be stated in
terms of ‘3" and ‘i’ with the help of which we can directly find out the

number of periods or interest rate per periwod when other variables are
known,
We know that,
S=P((+i)"

(14i) =3

nlog (14i)=log S—logP (taking log of both sides)

~“log S —log P
Thchfo = L L I N A I N I N N B N I A A N
fe e 05 (2)
This is the formula for number of periods when S,P and iare
koown -

A!so nlog (I+4i) = log S—log P

_ log (1) = -;l'-(log S—log P)
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l
(1 +i) = Antilog { n (log S— log P)u}

. | |
Therefore * i = Antilog {“‘,;‘ (locg S— log P)} — 1 ... (3)

This is the formula for rate of interest ‘" per period when S,P acd

n are known.

Example 3 : .
In how many years a sum of Rs. 3000 would zmouzt o

Rs. 4,814.07 at 6% interest compcuaded semi-annually ?

Solution
P(l+i)*=S
3,000 (14-.03)" = 4,814.07
e, 4,814.07
(1+.99)"= 35
nlog (1.03) = log 4,814,07 — log 3,000
- log 4,814.07 — log 3,00
f == !
Therefore n» o3 (103)
3682513 — .47712)
0.012837
~0.205392
0.012837 g
= " |16 periods of six moaths.
= 3§ years.
By th= us¢ of table:
S 4,814.07 :
— = e = ] 60469 | (amount for Re 1)

4 3,000

In Tabls 3 read the figures under columa 3% till- you gat a valus
approximate to 1.60469. Tt is against n=15, showiag 16 perizds oo
obtained above. Exa.ct valus may be found oui oy interpolation zs -
do in using logarithmic tables,

Excmple 4 : |
At what rate of interest compouadsd semi-annually for § years

will Rs. 3,000 amount to Rs. 4,814.G7 7

.

P(l+l)" =
3,000 (14i)'® = 4,814.07
4,814.07
e 4
(l+l)1 - 3'w0 |
16 log (14i) = log 4,814.07 — Jog 3,000 ;
= 0.205392 ..

Solution :




log (14+0) =~ T
1+i = antilog (O 012837)
— 1.03
& 1,03 —1

Therefore i
.03

3% cemi-anoually

6% anoual rate of interest
read out the rcquircd value dirccuy

for n=16 till we get a value very

I

|

we cdai

As for Example 3,
e TOW

from Table3 Dby going along th
approximate to ].60463.

Exaemple 5. _
( and the compound 1nferest when

Find the compound amoud
Rs. 5000 are invested for 3 ycars sad 2 months et 6% compounded

cemi-anauelly.
Solution:

Here the invested period
Therefore the solution will be worked out in twd Stages.

‘s more than 6§ semi-2nnual periods,

Stage (1) Find out the compound amount at the end of 3 years.
Fiod S, when P=Rs. 5,090; i=.03: n=3X2=6 periods
S= 5,000 (l+.03)‘
= 5,000%1.194052
= RS. 5,970.26

Stage (2) Find out the 2mount at simple interest if Rs, §5,970.26
ere invested for 2 months at £% |

S= P (14-r1)

= 5,970.26 (140,06 2-

== 35,970.26 (1+-0.01)
= §5,970.26x1.C1
= Rs, 6,029.96

Tbe compound interest = Rs. 6.029.96—PRs. 5000
= Rs.1,029.96

10.5. Effective Rate of Interest

nc e e'c:. E
COmPoundcd{nn::ura‘eh-or iaterest mey be defined as the rate of interest
by 2 nominal rate ¢ Y which gives the same 2mount of interest as obtained
ompounded a number of t;
Example § ; times cach year.

Find out th |
| e cffective . , . \
rate of 8% compounded Quarterl;;te of Interest qeivaient to 0 nomint!
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Therefore Re 14+ Re | — (1+19-§ 4 4 )
4
X = (14.02)s ]
= 1.082432 —
= 0.082432
== 8,24%

Thus the nominal rate

of 8% compounded quarterly is equal to the
cﬂ'ccti\'c rate of 8 24% rel anoum, ! ’ k

The formula for effeciive rate can therefore be stated es

e = (l41)r~1
where e = the efiective rafc
i = 1nterest per conversion period
and m =

number of conversion periods in one year
10.6. Equitalent Rates

The rates of interest compounded ovendifferent conversion periods
are said to be cguivalent if the same pricipal invested at the respective
r2tes accumulate the same compouud amount in a certain period of time.
Excmple 7 :

At what pominal rate compounded quarterly will a principal
accumulate to the same amonnt as at §% compouaded semi-znoually ?
Solution :

: X
Let the unknown noininal rate be X, then i = 7 per quarter.

The effective rate will then be

x \4

8% 0 M
. 9/ __ aor and the effective rate
In the second case i = 3 A

e = (144%)? — 1 |
Since the amount is the same, the two effective rates. must be
ince
equal, Therefore

2
(1+5) -1 = (1+4%) —!
0+3) = (%)

2 = 1. .
(l +_-_I_ = 14-4% 1.04




0
12 t _ 04
! +-:-r
_  1.0198039
_f_ o=z 0.0193039'
4 “
- 0.0792156
X

= 1.92%

10.7. Depreciation by Reducing Balance Method.

The mathematical principles involved in the compound Interest
formula can by used to find out the constant rate of depreciation bageq

on reducing balance method.

Let C be the original cost of the mackinery and T be the trads.
in or scrap value of the machinery after n years of useful life and  be
the percentage rate of depreciation on the reduced balance each year

Then,
Depreciation for Ist vear = Cr
Residual value after Ist Year = C—Cr=C ([—r)
Depreciation for 2nd Year = C(l—r)r '
Residual value after 2nd Year — C(1—r)=C(

Proceeding in this manner we get :
‘Residual value after n° years = C(l1—r)n

But since n years is the useful life of

. thc ' 1 SO . .
cual or trade-in value js T, therefore machinery when its res.

Cll—r) =

T
(1= = < y
l—r = 4 _I__
' —

mated that at the end ¢ and it is esti-
of the ife of 10 .
only Rs. 25,000, Wh useful life of 1g years its scrap value will be

al depreciat; |
reduci ' *atlon rate
“cing balances of the yaqye of the 2 :homd Ve charged per year o
Solution SSet

*lg P = l...- W ’ u.
2,00,000 ‘

[} L
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=  1-0.125) 7%

I

, ]
5 < (—104+9.035910)

T.909691

x = antilog 7.909651
= 0.81225

1 —0.81225
0.18775

18.76%,

l

|

Therefore r

|

|

PRACTICE SET 10-A

. Mr. Mohsin has invested Rs. 25,000at 6% compoundcd annualy.

what amount would he receive after the expiry of 4 years?
s  Fipd the compound interest and compound amount of R, 8,0C0

dw 4

at 8% compounded annually for 10 years. | |
o 3. A sum of Rs. 5001s deposited in a bank which pays interest at
ige rate of 6% compounded semi-annually. What will be the value of
N | 4
deposit in 18 months ? | .
. i Mr. Aslam bogrowed Rs. 800 at 6% compounded semi-annully

If he makes no intermediate payments, how much-would he owe 8 years

? &
}““ s On a saving bank account Bank-A pays 6% interest com-

\ pounded anaually, while Bank-B pays 6% interest con:sp:undtci is;:ln;;;
| 05 { 000, how much more interes
angually. On 8 deposit aof Rs. 1,000,

earned in 2 years at Bank-B o S0 ' . af inounc'!ed
6. What would an '

quarterly would amount {0 in § years ? d
7. "Find the compotnd agount an

‘ ' ) ' ths
Rs, 2,000 invested for 3 years and 4 mon

anmm"th

‘ie compound iaterest on
at 6% compoundsemi
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ANNUITIES

11.1. Definitions

deal with a sxnglc depos!
the entire period.. There are few persons who havc large sums available

to jnvest in this way. It is however casier to attain their objective to
have a good sum at the end of a period by making a series of reguiar

deposits. This led to the introduction of annuities
An annuity 1s series of payments (usually equal in amounts) which

are made at regular intervals of time such as annually, semi-annuakly,

quarterly or monthly. If the payments are made at the end of the, pay-
ment periods the annuity is called an ordinary annuily.. If the periodic

payments of an annuity are made at the beginning of ¢ich intzrval (e
annuity is called annuity due.
The time between two successive payment dates is called paymen;

period and the time between the beginning of the first payment period and
the end of the last payment period is called the rerm of the annulty,

SECTION A—SUM OR AMOUNT OF AN ORDINARY ANNUITY

11.2. Formula for Sum of Anouity

The amount of an arnuity is the final maturity value of a serics of
* ¢quzl payments at the end of the term of the annuity. The, amount thus

includes all periodic payments togeiher with. the compound interest
thereon.

Let R be the payment per period, 7 the number of periods and
i the interest rate per period of ar annuity. We are interested in find
ing the (future) sum of this annuil.’.) which equals the sum of compound
.amoun’s of individual payments at the end of the period n  The




1

Principle in which the $ yearly

Syearse ____ —— o
3 4 S

-----—--—-----

R (14i)*

\. Extending the period from § to *n° years, each yearly payment ‘R’
will amount to the values given in the following arrangement :

Ist Payment | = R (|+i)‘ = R (]+‘-)s-l = R (|+|')n-1
20d Payment = R (14} = R (144)%2 = R (14i)™?
3rd Payment = RU+)' =R (140)% = R (14i)*

(n-2)th Payment ., . . . | . R(l-}-i)2

(n-d)th Payment . . ., . | | | | = R (14i)

nth Payment . . . , ., _ . . .. = R

It is obvious that since the first payment is made at the end of the
first period it carns interest for (n-'i) periods and thus its compound
amount 1 R(1+i)*". Similarly the compound amount due to the second
. payment is R (14-i)»2 and continuing in this manner we can say that the
compound amount due to (n-1)th payment is R(l1+i) and due to last i.e.
the nth payment is R (14i)°or simply R, because it earns no interest
and mathematically any amount raised to the power zero equals one.

summing up all the compound amounts we get the final sum ‘S’
of the annuity as | | |

S=R+R (I4+)+R (1 4+0M4R (14ifetR (14 24R (Lpfye
It is a geometric series of ‘n’ terms whose first term 18 R and the
common ratio is (14-i) .

Therefore by substituting these values in the original formula

S =.‘.(L"".i! , o
=1 "
T4yl
'We get S=mR ( :l-‘:—l ] -
s=R r( +,) ]---t-u--u-nr--rnc‘lt""(‘l‘r.




Hv---"—r—-—"---'---'iinl! .

132 : ol an ordinary a |
the formuld for obtaining the summ J nnuuy
This 3

just after the Minal payment.

11.3 {llustration of the Formula

mula can be illustrated by the following example :

ve made Six dr:poslts of Rs. 100 each iy 2

. accoﬁnt The deposits on the first day of January l:or 6 consecy.
e | Interest of 6% was added cach time a deposit

he total amount in the account lmmcdnatcly

The above for

[ et us assume that we ha

tine vears starting in 1975.
was made. What should be t

after the last deposit made on January I, 1980 ?
Rs. 100/- deposited in 1980 with intercst == Rs. 100.00
. ., deposited in 1979 with intercst become lOO «(1.06) ,, 106.00 -
1978 .. . 100<(1.06)" |, 1125
o | 1977 ,,  » ;" 100% (1.06)" ,, 119.10
1976 ., o 100x(1.06)* ,, 126.25
o L1915 L, . 100x(1.06)% ,, 13382
e ————
Total Rs. 697.53

Since each partial amount belongs to 2 geometric progression of
6term. with the first term 100 and a ratio of | 06 the formula for the sum

i ——K—lo?lé:f’;. - ——Ur_mo [((;-06)' d This 1is cxactly in accordance wuh

the formula (1) of annuity. The reader is advised to calculate the sum
by the formula and verify the result with the sum obtained above. Since
direct computation as illustrated above is prohibitive when n is large,

the best way is to apply the formula directly.
Let us see how this formula helps in solving the following different
types of problems.

Example | :

Find the amount of an annuity of Rs. 500 payable at the end of
each year for 10 years, if the interest rate is 6% compounded annually.

Solution ; _
We have R = 500, n = 10 and i = .06

» (141
S=R ‘ ]
=500 (l+-.062'°—-l]

(1 06)‘°-l

=500




- L4 i)n
used for factor ( '
--,---;,.......- . R EPIEH DY 1he g,

Re. 1 per petiad for o aeriocs at JelLer)

S == Ry - P s‘:...'.}:j- l
e[

Therefoee b, vasuitiog Tabie. §
solution I&¥ The ahove wiamale Wi, be *

y

, ‘ )y om & . 1 2.
Vpy t?}. . = 201} {50194

$1eRaw 7= 6% and 1w 13 our

; 1
o By, 6,%%.40
Tha &5%ereace 13 dae %0 approyimatics

11.5. Fiofiag B sly» S Is knews.

Example § :

A Yy ot the time of #wid of hix daughMac dicided 13 deposit a
certain amount at the.end of each year IA the fwim of of annuity, He
Waats that a sum of Rs. 20,000 should be made available for meeting the
txpenses of his daughter's marriage which -he expects to.be solemnised
Just after her 18th birthday. If the payments accumulate at 8% com.
- pounded annually, how much should he start depositing annually ?




DVess " o -

1600 _ —
Hence R = —5g9160—1 299182
= RS. 53479

The father should therefore deposit RS. $34.79 each year for 18 years,

Also by Table - 3, we have

20,000
S Sms = 17.45024374

Here agai

11.6. Fiodiog n when S is koown.

Exomple 3 :
How ‘many semi-annual payments of Rs.

i» the form of an ordinary annuity will accumnlate Rs. 3,000 ‘if the

100 each to an account

interest'rate is 8% ?

Solution :
Here we have to find out n when

S = Rs. 3,000.00
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(1.04)*~1= 1.2
V. (1.04) = 2.2
Taking log of both sides
n log (1.04)= log 2.2
-log 2.2 0.3424
log (1.04) ~ T0.0i70

= 20.1 payments.
.= 10 years (2pproximately)
The sum would accumilate aimost to Rs. 3,000 in 20 six-monthly

payments of Rs. 100 each. '

Alternatively by the use of Table - § we have :

i

el =

S = ‘Rs
oon |
S
or = ——
: n || R
1.e. S 3 000

By consulting the talle under 4%, we find the value 29.778 very
near to 30 against n =20,

11.7. Finding <’ when S is known.

It may be noted that if S, R and » are given the rate of interest
per period §cannot be found with the help of logarithms as the value of
the factor [ (14i)"—1] cannot be determined if ;i is ﬁnknown. For such
problems the only possible solution will be found by the use of aanuity
tables. Let us illustrate the method with the help of the follewing
example :

Example 4 :

An annuity of Rs. 300 payable at the end of each quarter 2mounts
to Rs, 13,200 1n 8 years. What is the nominal rate of interest if it is

compounded quarterly ?
Solution :
We bave to find [/ when,
S = Rs. 13,200
R = Rs. 300-
n = 8 X 4 = 32 periods
Inthe formula § = Rs__, we have

n|i
]3'200 = 300.

s.ﬁ.l |
13,200
o S - p —_— 4

.o 'iz—l ; 300" 4

By following along the row n = 32inTable3 we d.o not find a
value exactly gqualto 44. So we have to interpolate by taking the nea
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e eater than 44 . These are

rest value Jess than 44 and the nearest value gr
37.4941 and 44.2270  against 1% and 2% columos.

2 % 44,2270 —— ()
4 44.0000 —_—— (”)
1% 37.4941 ————— )
44.0000 — 37.4941 o — 1%)
: VN Y %X (25
*7% = 1%+ 372270 — 37.4941) .
6.5059

= 1% + g9 X !

= 1% + .969% |

= 1.965%

‘ %/ pe r uominz]
Therefore the desired value of i IS 1.956% per quarter o

interest rate is 1,969 x 4=7.88%.

11 8. Siokiog Fund for Repayment of Debt.

It sometimes happens that a debtor may like to depost equal

amousts into a fund such that the deposits plus their interest 1s equal to
the principal debt plus its interest. Such a fund iscalled a sinking ﬂ{nd.
Ia such a sitvation, the interest earned by the debtor from the fund may
or may not be equal to what he has to pay to his creditor.
Excmple 5 :
Mr. Sherwani wants (o create a sinking fund to pay off his debt of
Rs. 8,000 at 6% compounded annually in 5 years. If the sinking fund
carns 87, interest compounded semi-annually, what should be his six-

monthly deposit so as to enable him to pay off his debt at the end of
3 years 7

Solutlon :
The solution, will be in two steps.
Step-1.: To find the ar'r]ount to be paid at the end of § years at 6‘?
compounded annually, °
A = 8,000 (1+.06)°

= 8,000 1.33822558 (from Table-3)
== RS. 10,705.80

>
Step-2: The ind : . _
stanally. R when S is Rs. 10,705.80 at 8%, compounded semi.
101705.83 - Rs
10°] .04
R = 10,705.80
S
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i 10,705 80 -
= 12.00610712 (from Table-5)
= Rs. 891,70

[ some Cases, the prin‘cipal of along term debt may be repaid
arity date, but theinterest thercon is paid periodically when
. In sych a sit.ua.tion, sinking fund will be established for the
5 e of paying the principal of the debt at maturity and the periodic
purp‘ﬁ't on the debt will not be paid out of the fund. The debtor will
imcr.[orc pe meking two payments on ths resgective payment dates, one
ttv:rf*:he ipterest of the debt and the ctaer for depositing in the fund.

gxample 33+ .
gupose 10 Example J, the interest on the loan is to be paid at the

.ad Of each year while other facts remain unchanged.

Golution - | |
The annual payment of inter=st on the bebt
= Rs. 8,000 X 6% = Kks. 480

Six-monthly deposits in sinking fund will be given by

8,000 = RS
'To_] 04
R — 8,000 _ 8,000 |
T e *12.00610712
W\ .04

= RS, 666.33
119. Depreciation by Sinking Fund Metbod

In this method, it 1s supposed that a sinking fund is maintained for
the purpose of replacing a- asset at the end of the useful life. The
annual depreciation charges are exactly equal to the periodic increase in
the sinking fund constituting the periodic deposit and the interest on the
accumulated balance of the fund. Hence the depreciation charges are
ot equal each year but the accumuleted depreciation charged is equal to
the amount in the sirking fund‘(Ss) at the end of the useful life of
asset, | |

If C isthe total cost and T is tpc trade-in value of the asset, then

$ = C-T
but Sa = RS ~ therefore
: _11-‘ | |
Rs = C—T
/ -n_\l . :
C—T

R =S,
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Example ¢ 1 10,000 has a useful life of § yeapy
rchased for Rs. LAY
An assel purc

Solution :

Here C= 1,10.000, T= 12,000, i=6% and n-::.-S years,
Accumulated Depieciation al the end of 5 years1s given by

S . C-[ = 110000--12,000 = Rs. 98,000

—

A.onual deposit in the sinking fund

(v 00
R -= ——--—~—T-'-_'
S“E"' 9
v (O
_ B (from Table J)
5§ 453709296

= Rs. 17 384.8)

The annual depreciation charges are shown in columns of the follo-
wing schedule :

DEPRECIATION SCHEDULE—SINKING FUND

(2) (3) (4) (3) (6)
(1) Annual Interest | Increase in |Accumnlated| Book Value
End of Deposit | Income from| Fund = {Sinking Fund| of Asset
year in Sinking Fund Annual = Rs.
Fund (5)X6% |Depreciation' Accumulated 1,10,000—(5)
(2)+(3) |Depreciation
(From 4)
0 0 0 0 0 1,10,000 Q0
l  |Rs.17,384.85 0 17,384.85 | 17,384.85 52,615.15
2 17,384.85 | 1,043.09 | 18,427.94 | 35812.75 74,181.21
3 17,384.85 | 2,148.78 | 19,533.63 | 5534642 | 54,6535
4 17,384.85 | 3,320.79 | 29,705.64 | 76,052 05 38,947.94
g 17,384.82¢

21,947.94 | o8,0oeo0 | 12,00000

"Difference due to approsimation corrected,



should be his semi-anaual ¢,

posits into the | . < Rs. 500 at the end of cacl? quarter so g
¢ Rs. 10,000 to purchase 2 refrigerator, If e
eeptin o ny such quart
. d quarlcrly. how mAany ) rcr]y
5%, compounde
interest rate 13 -

. ' e to make ? ' _ '
dcposn;s th’.:;”-Jh::\il qays that she will have Rs. 5,581.60 1n her Saving
1. E

unt at the end of § years. She deposis Rs. 80 one month from
o aCCdO Rs. 80 thereafter at the end of each month. At what:omma[
n - .
?o:rcast rate compounded monthly has she calculated the interest ’
inter

14. . Zahid Enterprisers plan to exchange the old mac.:l}inc at the end
of 4'years for a ntw one¢ worth Rs. 2,50,000. The trade-in value of the
old machine at that time is estimated to be Rs. 25,000. If the money can
be invested at 6% compounded quarterly, how much must the company
invest at the end of each quarter in order to make the exchange ?

o accumulate 3

SECTION B PRESENT VALUE OF AN ORDINARY ANNUITY

11.10. Formula for Present Value

We observed that in finding the amount of an annuity we started
from a zero account and, by making payments into it, the account went
on iIncreasing so that the largest-sum was at the end of the term. .The
idea behiad the present value of an annuity is cxactly the reverse. The
amount is largest at the beginning and regular periodic equal payment's

are made till it is exhausted. This largest sum at the beginning of the
term is called the present valve of an annuity.

In deriving the formula (or the present value of an ordinary annuity

we will have to find out the pressnt values of each periodic payment and

add them up, Continuing the same technique of presentation, the
problem can be represented graphically as follows :-

5.“_— I R ytars---j-:--- - v ___’.3

pavments

R (141} J

RUFIP ee e e e e
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We have to sum up the present values of all the periodic payments
ven at the left end of the above diagram.
Let P be the sum of the present values of all periodic pdync

Then P = R(1+i)" + R(14i)? 4+ ——— =R+ +R(14+1)*
[4{)', the commOD

gi
nts.

It is a geomelric series where furst term 1s R

rapo 18 (141) " and sum s P,

a (1l =) we have

Therefore 1n Sne= i -
| — r

I!

Example 1 :
A loan .of Rs. 94
first one starting after one month from

rged at the rate of 24%, per annu
ment ?

is to be paid back in moathly instalments the
the date of the loan. If the 10-

m on the unpaid principal,

terest is cha
what will be the amount of the monthly instal

Solutuin :
Here R is required, ~ when
P = Rs. 94, n=12andi= 2% == .02 per month,

| — (141)"

=[]

- | —(1.02)"?
94"'R[ 02 ]

Now by using logariths (1.02):*? = .7885, we have
o (1= _.78849318)

M =
, 02
_ R x.21b
02

R = 94 x .02 _
'—.5'—]—5—' Rs. 8.89
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Example 12 :

If RS.
which earns interest at the ra
amount to after the end of the year :

250 are deposited at the beyinning of each quarter ;)

a
te of 8% compounded quarterly wp,, fung

Will it

Solution :

8
Here R = Rs. 230, | = & = 2%, per quater and =4

Si(due) = 250(s_ ..~ 1) =250 (s _ =

— 250 (5.20404016 — 1) = 250x4.20404016
= RS. ',05'.01

Exemple 13 : _ _
Mrs. Ahmad bought a sewing machine by paying Rs. 50 each month

for 10 months, beginning from now If money 1s worth 129, COmpoundeq
monthly, what was the selling price of the machine on cash paymep,

basis ?

Solution
Jt is a problem on anauity due asthe first payment starts now

the beginning of the first paymen! period.

. 1274 '
Here R = Rs. So.lﬁ—n— == ]‘/‘ and n = 10

P (due) = 50 a -+ 50

10-1 l .01

= 50 (a__._] m+ )

= 50 (8.56601758 -~ 1)
= 50 X 9.56601758
= Rs, 478.20

(b) PERPETUITY
An annuity whose payments start on a certain date and continue

indefintely is called a perperuiry. As the payments contipue for ever,
it is impossible to compute the amount of the perpetuity but its present

valuc can be determined easily.
Using the same symbols as before, we start with the usual formula

for the present value viz:

on [

==-—l—l = -
(1 — (14i)") [ (1+f)"

1 , l
As == s |ess than one, (1)

141
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i
Example I4: |
pakistan Manufacturing Co. is expected to pay Rs. 4.80 every Six
' months on 2 share of its stocks. What is the present value of share if
' money is worth 8% compounded semi-annnally *

4 Solution :
Rs. 4.80
p s o — = Rs. 120

Example 16 : |
. o Find the present value of Karachi Toy Company share which
is expected to earn Rs. 5.60 every six month, if money is worth &, €Om-
' pounded quarterly.
Solution .
Since the time periods are different, we will have to calculate the
a,s equivalent rate of 89, compounded six-monthly first,
;:i;; Rupee 1 at x9% compounded six monthly will amount to
" 2 08 ¢ '
(H___i._) and quarterly to (l+ q ) In one year

3 08
Therefore (H-"i‘) = (I+T
X
|+ = = (14.02)2
= 10404
4 .
] 3 - .0404
f + = .0808 = B8.08Y
60
Thus present value P = -F-:- = 0'5 304
= Rs. 138.6l

PRACTICE SET 11-B

% . 1. Find the psesent value of an annuity of Rs. 600 payable at
" " (ht end of each year for 15 years if the interest rate is 3% compounded
ia'r" 2. What is the present value of an annuity il the size of cach
“o payment is Rs, 200 payable at the cnd of each quarter for 8 years at an

st interest rate of 7% compounded quarter ly ?
). Calculate the present value of an annuity of RS.
~for 4 yeargat 6, compounded monthly ?

200 each month




the a '
In the above ¢Xample we have seen that the product of

4
,; ]=‘- (2<4) + (5x2) + (3)

and thus we cap say that

4

Thus vectors provide a simple way of recordiag data aad perfor-
ming all the fundamental arithmetical operations on it.

16.3.

Matrices

Matrix is an extension of the 1dea of vectors.
basic concepts and characteristics of vectors,

vectors [ 2,5 ] and [ 3,7 ] arranged one below

It contains the
Suppose we have two -
the other in the form

2,5 Syuch .
37) * ucd an arrangement of vectors is called a marrix and

porents 2,5,3,7 are called elements of the matrix.
defined as a rectangular array

the com-

Thus a metrix may be
of numbers enclosed in brackets or in bold faced

parentheses. Generally matrices are represented by capital letters such
as A, B and C shows below :

5 1
] 5 . [2,4 _

A mairi§ is described by first stating its number of rows then its
number of columns. This type of description is known as the order of
a matrix, Thus in the above cases matrices A and B are 2 by 2 (written
as2x2) and that of matrics Cis 3 by 2 (written as 3x2). In general if
m represents the number of 7ows and n rcp{gscnts the number of columns,

" the order of the matrix would be m X n and we may call itanm X
matrix.

If m = n, the matrix is called a square matrix, ThusA 2od B are
also called square matrix of order 2,



.multiplication will be possible and the result will be a  mairn

242
Solution .
J 5 6 |
C—D wm=| 2 4| —| 5 2
1 7 4 3
J—-6 5—1
-] 2—-5 d4—2 b
|—4 73
-3 4
| =3 2
-3 4

(iiiy Multiplication
(8) Multipucation of a matrix by a real oumber (Scalar)
When & matrix is multiplied by a real number, each element of the

matrix is multiplied by that real number. The product 80 obtained is a
matrix of the same order as that of the matrix multiplied.

Example 12 :
. . 2.5,7
Multiply the 2 X 3 matrix E = {1 l be 3

2 5 1
j.E=13.
3 1 4

Ix2 3IxSs 3Ix1
I X3 3 x| I X4

[6 15 21
9 3 12

(b) Multiplicetion of Matrix by anotber Matrix
The product of two matrices is found by extension of the procedure

of multiplying two ‘eclors. It should be noted that multiplication of two
matrices will only be possible if the number of columns in the first matrix is
equal 10 the number of rows in the second matrix. If this condition is nol
satisfied multiplication will oot be possible, Thus if the dimensions of

the first matrix are m X n and those of the second matrix ate a x p the
x with

dimensions m X p.
1. To obtain any element in the product matrix, determine first

the row and the column location of that element in the product matrx.
2. Multiply that row of the first matrix with that column of the

second matrix. ,This will give the value of that element.
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| ~ A
The principle a5 tllustrated with the hely of the (pllowing 1w

| g rample /3
13t Matrix nd Matrix Vroduct Matris

e
Wl i

] e
NI !

Example 14

0

#
o Q
~ -

. o Q
o [N
‘-—-—-‘—‘
O

lst Matrix 2nd Matnx
| l". 3 4, S 22, —1
p 4 =
2' 4 6. ""'2 L 32! 2
WORKING : g '
1st Matrix 2nd Matrix Calculations Location iD
Prcduct Matrix

4
Row ! [1,3] % Col. | { ](l/..ﬁ; + (3x6) = 22Row 1, Col. |
6

5
(1x5) + 3x=2)= —1 Row 1. Col. 2

Kow! [1,3] x Col. 2 :

4 .
Row?2 [2,4] x Col 1 [ 6] (2x4) + (4x6) = 32 Row 2. Col. ]

5
Row2 [2,4) % Col.2 (2x5) +(4x—2)= 2Row2 Col.2
- ®
Example 15 : h
Ist Matrix 2nd Matrix Product Matnx
| 3 2 —2 5 4 4 22 -1
320 X 0 3—s| = |—-6 n 2
4 §5 6 -] & & -14 59 3
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WORKING
| _§ocland Location in Pro.
58 Matris 2w NSRS Calcutaons duct Matrix.
. I —
=211 2)-H(3” 0, (2, —1) .
Rowl[l:!z];f.Cnll[ ClJ] . _RowlCol.l

§ |11 x8)+(3x3)1(2:44)
Row 1 [132) » Col 2[ ) Row | Col.2
4

Row 2 Col. 3
2 :

(AX =) +(5x0)4(6x—1)
Row 3 Col. 1

= 22
4 (1 xd1+(3x—=5)-L(2x2)
Row | [1 32] x Col. 3|—S5 Row | Col. )
2 = -7
—2 |3x=—2)+(2x0)+(0x—1)
Row2([320)] x Col. 1 0 Row 2 Col. |
] = —6 “
S 1OAXH+(2xH+(0x4)
Row 2[3 20) x Col, 3 Row 2 Col. 2
4 = 2|
4 1(3x4)4+(2x—5)+(0x2)
Row 2[320])] »x Col. 3| ~-5
2

Row 3 [456) x Col. 1
= —14

Row 3[4 56) x Col 2 Row, 3 Col. 2

: 4
Row 3[4 56) x Col. 3[—5 Row 3 Col. 3
2

16.5. Determinants

A determinant is ¢ rectangular arrengement of rnumbers in rows crd
ceilumrs enclosed intwo vertical lines. It is written in 2 mannper similar to
its associated form of squars metrix cxcept that the bracket of a matrix
1s replaced by two vertical lines, For example for an equivalent form of
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166. Valuaticn of a2 Determina-t

The value of a €2termina-t cas be detsrmines b
(i) By cross multipl ca‘izzof the elez2nts o=
(1) By Bading the m

'-r :‘31

(i) Evolustion of Deterr ~zx:5 by Crezs 213" ;' cailon

- Ae e T AR T
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If a 22 squate matnx A

0, €3 |
. i |
of A 15 given By
i 'C g
\.\ ‘/, i
A - 'vu’ L
. ~ g
\.‘-
r

"Tals ’ -
diazonal and oae s2Icacary diagonal shown a3

It has one primary Clago!

especlively. N
e - have muluple primary via-
f.'.a.C”“lna

~r than 222 orge
ats of Jarger than &/
r T a determinant
and multiple secondary v diagonals. Forexam leIn
hres primary Ci2goo
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The numerical value of a determinant is ‘found oul by multiplying the

c/ements lying on the primary diagonal and subtracting from thcm the pro-
duct of the elements lying on the secondary diagonal.

Thus in a 2x 2 determinant

and ina Ix3 detcrminant
Bl = (pr 4+ p2 + p) — (51 + 52 + 53)

= Q)| Gy ayy + a2 a3 a3, + Gy An az;

= a1y a); ay ~@adyy dz3 42 — a2 Ca1 431
Example 16 : _
d 2 2 =3
(1) |A| = (b) |A]| =
1 2 -5 1]

= (3x2) — (5x1)
= 6-5 =1

2 —3
(b) [A] |

N -5
‘ = (2%x1) 4+ (—3) X (—35)
=2—15 = —-13

Example 17 :
Find the value of the determinant

3 —1 4
|A| =] 2 4 ~—3 \
1 2 6 |
Solutiton : | 11‘
3\ ‘ _l\\ ‘4' \ ',3 ":l )
D \ o’ N, ’ f' \
\\ hA AN e
’ g 7/
y. -’ = :4\2 4 *
' A ' == e’ ~\ . :" \\ 7’ h
’ Y4 ’\ \
/ AL b N\
rl" "2' f\‘é \1\ \{
d % e o Np, Sp,
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= {)3.\*‘ PZ"“]?;-—-S' -~ 5y — 5,
_ (3x:6:2+ (=1x=301) 4 (4x2x2) — @Bx4x1)
) r—(-—-lx?.)\ﬁ)

= 124

T 16 — |6 4 18

the third primary and secandary disa
) Jndary diag

Therefore to facilitate calculation the
nants are rcpeated ou'side the

onals pass through three elements.
first two columns of the determi-

vertical line of the delerminaat.

16.7. Concept of Minors or Cofactors

[t may be noted thut the cross multiplication metinod discussed
above cannot be applied for determinunts cf order higher than 3. Evalu-

ation of determinants ot higher order can be done with the help of minors.
A minor is a determinant of order (n—1) obiained from a determinant of
order n. Thus in a 3x 3 determinant we may have 2.~ 2 minors. A minor
is specified by an element  Thus the minor of the element g;; located in
the i™ row and ;' column in a determinant is denoted by Ay, The
minor A is obtaincd by deleting both the i row and j% column of
the determinant. This can be scen from the following tllustrations :

ln a 2x 2 determinant given by

a, a. a1n” M
i
| A| = hasa minor A, = L = [an|
g 4du urt dig

In a3 x3determinant

| a a? a\

' s minor is
|A| = |an @ au| themin

ain an Ay

ayy @z ) 12 A
[ ]

L - = =
A, = :1= — -2y
ant @ 113 (y: 4y
hould be prcﬁxcd before o minor when 1t is used to eva-
shou | ‘
When i+ 1s #4n even number the sign of the nunor

s odd the sign before the minor is ncgative

A sign
luate a determinant.
A; is posilive but if the sum
LA, :

Exomple 18 .

' | = 2
The minor of an clementl @y S + Ay as |+ |

R R . I N ——————————. -
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,a,,-Jand-i-Anﬂ '-:)1
R FHE

= 4+ |9]

as 2 4+ | = 3 (0dd)

3 2
1 3

If |A| == '

The minor of element a2y is — Az

2 1 35
If VA| = |3 2 4|, ay =3, and therefore
4 3 6
21 s ) S
- Ap = — ?'2*‘4{-:—
} 3 6 36

A signed minor is also called a cofacior of the clement A .
(ii) Evaluation of a Determinant by Minors ( Co-factors)

The following two steps are to be followed °
{. Multiply each element of any column (or sny row) by it

signed minor.
2. Add the a products obtained above. The sum will give the

value of the determinant
Thus for a 2x 2 determinant | A [ is given by

! Al = ¢4 A" - Q21 A!l

For example,
3 2 ?--2-

Fxample 19 :

Fvaluate the following determinant by minors:

3 1 4
| A = (1 2 3
6 4 3

Solution - 31 4 3...‘.'1.-..4.
' Al = |1 23 =3 i 23
6 4 5 b 4 5

: § 4 S § -4
2 3 | 4 11 4
ﬂ'a _l" +6 (Y
4 5 4 5 2 3




o e T

ﬂ i
-
= 3 (10 1y .
- & - - B -
"-'é 'ﬁ'& ;-l
= 3 x (—"2,
1 - — “‘_ 1‘—-’*1 ¢
 — > 'h‘ -
B e T
-
L 4
FNosrp e mm m=m .
et ants ¢cf hoova.. 3 " -
§5€7 order may be oblained by repeating a2

148 Inverse of a Marrix
We kacw tha

ihe reciorncal e

; myersr of a mommber g3 1o OF
inis Bolds goods for all the =

' : , | \
£ . nembers. §y—ilarly the inverse reis-
(romsRiD ex5ls Belacen a3 martrin Rt
§2.278 malirices,

the irzyerse of the mainia inals

IT A 18 2 square mairix, thes A" w

L. De it ioverse such tha!
A.l _ A - A A.q =l .

A

mers | 1s Lhe idemriiy marriz o1 the savve order 25 A 228 AL

Ar (demiity matrix is e squcre mairix rovimg 27 elememis of U3 prin-
cigel dicgonal [the iine jrom the upper left cormer of the mairix o the lower
csamer) equclto | arndthe reni of 172 elemem: 2200,
ot example the 2x 2 iadextity matnin

i1 O

= Lo
0 I

and the 3 x 3 identity matrix,

] 0 ¢

I =10 1 ©

| o0t

]a matrix algebra 2ap identity matrix bebavers in the same mannet

25 1 in ordinary algebra when cperation of multiplication is performed
mus AL = J.A = A is true for 2ll matricess A, This can be seen {rom
the followingz example.

Example 20 -
3 2
L=t 2 2x2 matrix A = : then
!

3 2 1 O
Al

- | B 0 1

3x1) + (2x0) (3x0) + (2x1)
B (Ix1) 4+ (5x0) (1x0) + (5x1)
_ 3 2 _ A

1 5
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16 9. Mecthods of Finding Inverse of » Sguare Matrix
There arc two methods .which are commonly used to flnd out the

inverse of a squars matrix viz.

(i) ~ The Basic Metbod
(ii) By the use of Determinants.

(1) The Basic Method

The inverse of a square matrix (if it exists) can be found by placing
the corresponding identity matrix adjacent 1o original matrix A. The
requircd row operations are performed on this combined new matrix
until the matrix which was A 1s coanverted into an identity matrix and
the new matrix formed at the position of 1dentity matrix becomes the

inverse of the matrix A, This procedure is explained with the help of
the following example.

Example 2]

| 4 -5
Find the inverse of
3 =2
Solution

Place the 2x2 identity matrix next to the original matrix to form
the 2 X4 matrix

4 -5 1 0
3 -2 0 1}

To reduce the original matrix to the identity matrix multiply the
first row by 1/4 to obtain

] —5(4 1/4 0
Hoghe
Multiply the first row by — 3 and add the result to the second row
(o gel

| -5/4 —1/4 0
[0 7/4 —3/[4 l]
Multiply the second row by 4/7 1o get

] =54 14 0
[0 1 =37 4/7]

Multiply the sexond row by 5/4-and add the result to the first row to

obtain
[l 0 =27 SN
0 | =Y7 457
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Thus the inverse of

(1) By Determinants

Thc method of Binding the inverse of a matrix can be simphificd
by using the delerminants, Let the general form of a 2 2 matrix A be
written an the form

b1y bu.l
If A = exists, we will have A A' == [ i the form of
hav by )

[a“ dy2 byy  bn; | U
Q) a;; b;q b;; B 0 1

Multiplying the iwo matrices on the left side and equating corres-
pcnding elements four equations will be obtained. [y solving the four

il

equations, th: following relationships cao be obtained

a1 | —=013
il |A| | ‘A

—dn 81y
b = TAT ha = TAT

and thus we have

az: et ” [P
| A | A | d22 —0n2
= TA]

- i «d2| a1
—— Sm———

| A 1Al

dy1 avi )
where |A|= = ay, @11 — G2 . anF O
: d3y 4an

The inverse of a 2X2 matrix may also be written in terms of sigaed

minors as follows:
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€22 3

>
\

n the 1nverse matrix A~ exists.

' ) - 3 ‘w
) ' wsy thal lf A '. 1], 1€ ' ‘
NPl , | e wrilten in terms of

' : " ; ix can b
Similarly the inverse Ol a 53X Jsquare matrix ¢

signed minors as

A "'"A.h AJI

A’ ad --n'\.': AJ: ""AJ!
Aig =An  An
Example 22 : .
- igned roinors
* : : signed roinors.
Find the inverse of matrix [A] = [3 ___2] by sig

Solution :

-
[A‘ =--'-'l I-.: -8-]—-15-"—1"7
3 =2

1 Al —'Au]
A" o e ——
' A ‘ — A2 Aal
| —2 5]
1/7
- |D
=t 5/7] as obtained before in Example 21
~3/7 4!l

p——
i

Exampie 23

tJ

e

!
Find the inverse of matrix A = 11 by signed minors.

| 'S TN

)
]
2

Solution .

;i -2 1] 1 =2
(Al =1 1 1 [ 1 1
5 3 112 3

- (IXIX1) + (—2X1:¢2) + (IX1x3) — (1x1x2)
—_ (1%1%x3) — (—2%x1X%1)
—= ] —4 4+ 3 =23 42

== -— 3

e - TA] —Ann An —Aj

A=Ay, Ajsy



I | nl =2 P
01 el EO R
: Lo
- -1{3 -—-, l b 11
2 1 9 " - | ,
: 3 2 3 11 l
— 2 5 .3
= =i/3] 1 =1 0o
1 =7 3

—1/3 1/13 0

[ 2/3 —53 |
—13 3 -l

16.10. Solution of Linear Equations
The usual climination method we bave studied in Chapter 3.

Here we shall deal with the following theee special methods of solving

liaear equations :—
(i) By Matrix
(ii) By Inverse of Matrix
(iii) - By Determinants
(i) By Matrix
Let us consider the followiug set of equations:
Exemple 24
Solve ¢
ax + Sy = .~
Ix == 2y = 12

Solution. _
In the matrix form the equations can bz expressed as
®

SRR

The three m:ztnccs in cquation (i) are called cocflicicnts, variables
«nd constants respactively, For the sake of convenicnce we may write
the variablas at the top of their respective coeflicients 1s {cllows |
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S0
ICs
PRACTICE SET 5-A |

Solve for x thz followrng cquations

l.
X

R | - x
(fll) 4*"+(""7)=‘-2J-'-(-l) (IY) ""5"‘"-———5—' =--j._.+ “51“
X l 3
(V) (-“'+2)2=(I-—5)2+7 (v1) T--T’=—-‘i£-+|
5 gives 837

9" What number iricreased by 2
3 The Weaviog Department of a factory otcupies 3.5 times ag
ent. If the Weaving Department

much floor space as the Shipping Departm
:occupics 4,200 square feet, what 18 the space occupied by the Shipping

Department 7
- 4. Heat and Electricity together cost & company Rs. 1.080; fox
asumption for heating purposes is three

the month of January. If the co
w much each expense cost 10 the company ?

| {imes &S much as light‘. ho

5. A group bonus is to be divided among four employees in the
ratio of their basic salarie ‘e in the ratio of 7 4, 2and §
respectively. If a total bonus d among them what

would cach employee receive ? |
6. A typewriter is sold for 1,500/-. The gross profit is 2/3 of the

cost, what are the cost and the gross profit ?

s which a
of Rs, 540/- is to be divide

SECTION B SIMULTANEOUS EQUATIONS

“54. Form

1] exclusively deal with such equations.

variables. This section Wi
bles x and .

Let us start with an equation of two varia

2x4 3y=24
ft means that thesum of 5 times x and three times yis cqual

{0 34. To make it realistic 1n a statement jorm we can 53y that : how
 many - kilos of tomatocs and peas can be purchased with Rs. 24 in
~.band'if the prices of tomalocs and peas are Rs.2 and Rs. 3 per kilo

respectively ? | | .
Arbitrarily we may assign different values to x and y to satisfy, the

- 'eq'uation. A set of values is given bclow.:
x=0 3 12 g —3 15
y=8 6 0 2 10 =2

lf. 'thcs:: poiats are plotted on a graph it may be scen that alb
such points will be on one and the same straight line. For this rcason

such equations .are called linear cquations. As the power of each variable




" . Fpl
'S also
he equat; NWon of the first degree. If the puwer o1 any
ON |8 ¢
' 5d 1o be a second degree equativs and 44

'((-”ﬂ h a“("“ will not be a ?.”-llg,l' line but will
PAs are d”o(.uncd N the next chapter).

© Cquation 2x43y«24 can be satishied by

all lying on a straight line. But, in general,
ko ' two unknowm. there i3 fmly A
cquations gare called W0 which satisfies, both the equations. The twer
reduced to the sam r"?dcpcndmt ¢quations. If the two equations can b
©fomm, they are said to be dependent. Thus x |y~
10 the former b d_pf'n‘dcm “quations becauss the latter can be reduced
Coromon SOlutioi l-wdmg it by 2. If two cquations are such that no
“XISts, they are said 1o be inconsisient equations. Thus

4T¢ Inconsistent having no puint in common.
Parallel to each other.

equations 2nd build up the

Solve Ix+5y=30 (1)
_ 3x~2y=7 (2)
Solution :

The fitst step is 1o eliminate one of the two variables x or y

and gei the simple equation in terms of the other variable. This will
enabie us to get the value of this variable.

The second step would be to substitute this value in any of the
original equations and get the value of the second variable.

The entire procedure is explained as follows :

1. Eliminate by subtraction or addition.

(a) By suotraction (climination of x)
Muluply equation (1) by 3 and (2) by 2
6x+ 15y=90 (3)
bx— 4y=14 (4)
!
Subtract (4) from (3)
-19y=176
16

= 19 =4

(b) By addition (climination of y)
Multiply equation (1) by 2 and (2) by
x4 10y=60 (3)
j§x~=]0ym 3§ (4)
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Add (3) and (4)

19x=9¢
95
tE =S

, tit variable obikined in step1
Quations.

- Put this va]y, in ¢
¥+ (5% 4) = 30
2X420=30
2x=10

X= S
ould be substituted in (1) to get the valve

quation (1)

lE(b) is ad -
Ofy. Opted x b sh

[ the climinating variable has positive sign in both

climination will be affected by subtraction but if the signs

4TS opposite it will be done by eddition).

5.6. Equstions with Three Unknowos

S0 far we have noticed that for solving a simple equation of one
Varisble only one equation is required and for solving completely a sct'of
cquations of two variables, two equations are nccessary. By indlfctm:
reasoniog, we can draw the conclusion that for solving three variables
completely a set of three equations is required, for four vanables fou:
equations and soon. In general, ‘n' variable would require as.ctof‘n
equations to solve them completely if at all any common solution exists.

The procedure of solution will be the same. In'each step onc
variabie is climinated :iil we are left over with only one varivble. As

the number of variables increase 'the procedure becomes more and moro
cumbersome.

Example [ :

Find the solution set of the system of cquations :

2x 4+ 3p42=13 s (1)
Ix4-2y+4:=17 (2)
dx4Sy+2:1=14 (3)

Solution :

Elimination of x [rom equations (1) and (2)
6x49y+432=139

(4)
6x+4y + §7=34 § (5)
Subtract (3) from (4)
Sp—52e2$ (6)
Similarly from equations (2) and (3)
12x48y'+162=68 (7)
12x4 15y 462172

(8)
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1)=10:.24 . (9)

Elimination of y from equations (€) end (9)

38y--3¢:=15 (10)
3Sy—50.20 (11)
subtract (1) from (10)
15225
>w |
ue of 2 in equation (6)
oy =(5%1)=$
Sy=10
ye1

Substituting the val

Substituting the value of y==2 and z=] o equation (1)
Zx-{-(3x2)+l = |3
2x4T=2]3
2x=6
X223

The solution set is therefore X=3, y=1and z==1,

5.7. Two equations Ia Three Unkgowns

We have scen thet three equations arce required to determine the
values of three varisbles completely. Let us now see how far w0
succeed in giving arbitrary values to one variable and getting corres-
ponding values of other two variables. Thus instead of getting one set of-
solution for all variables, we will get several such sets. In solving
some of the business problems such situations do often ariso and the
businessman selects that set of solution which optimizes his objective. This

metbod is used in solving problems by linear programming technique
discussed ia Chapter 17,

Example 3
Find the solution sct of the system :
x+dy+z=4 (1)
X=y+2:=$ (2)

Solution :

Multiply cq}lation (2) by 2
2x—2y4-42=10 (3)
Subtract (1) from (3)

) —Sy+3z=6
3z2=5y4+6

I=—-+2., - )
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The values of v and 2 expressed 1)
obtained in equation (4) and (3) satisfly bolh |

' . P
TN
IILNI'JJ C "J .

what valueis given toy Lety=¢¥

Then equations (4) and (§) will become
—Te

1
) B st |

J

¢
!

and z=—-—-l3/-——- i |

| be .
] WV w ¥

The solution set 10 €S of ¢ Wi

)
( values of this colution set cin ot -btained by giving
N ten x=1,y=0and z=2

lyes to¢. For €xam.p.s, il ¢=0, ¢

ﬂ; s membertof the solution set.
! be —13 and 12 respectively. Thus (=13, 6, 12)

lution set. [n this maaner innumerabls

Differen

.bitrzr;;‘_ va
ﬁus{k 0,2 i be
g ,-" C-_6_, x and {.'Wl

s yet another member of 'the $O
such solution se cad be obtained.

tement Problems in Two Unkoowns .

£§8 Sis

Example 4 :

The cost
and the cost of 4 dozen €ggs
cost per dozen of each item ?

of 3 dozen eggs and four dozen oranges is Rs. 27
and S dozen oranges is Rs. 35. What is the

Solution :
1¢ xbe the cost in Rupees of one doien eggs and y be the cost

in Rupees of one dozen oranges. Then

3.r+4y=.-27 I “)
4X+ 5)"’35 e (2)

For climin'ating\ x multiply (1) by 4 and 2) by3
12x+16y=108 (3)

12x+ 15y = 105 e (4)
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