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ABOUT THIS BOOK

The following three themes have been fully integrated throughout the Pearson Edexcel International
Advanced Level in Mathematics series, so they can be applied alongside your learning.

1. Mathematical argument, language and proof
* Rigorous and consistent approach throughout
* Notation boxes explain key mathematical language and symbols

2. Mathematical problem-solving The Mathematical Problem-Solving Cycle

 Hundreds of problem-solving questions, fully integrated specify the problem

into the main exercises
* Problem-solving boxes provide tips and strategies interpret results

collect information
» Challenge questions provide extra stretch

process and
3. Transferable skills represent information

» Transferable skills are embedded throughout this book, in the exercises and in some examples
» These skills are signposted to show students which skills they are using and developing

Finding your way around the book

Each chapter is mapped to the
specification content for easy
reference

Each chapter starts with a
list of Learning objectives | — o
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Problem-solving boxes
provide hints, tips and
strategies, and Watch
out boxes highlight
areas where students
often lose marks in
their exams

Step-by-step worked
examples focus on the
key types of questions
you'll need to tackle

Exercise questions
are carefully graded
so they increase in
difficulty and gradually
bring you up to exam
standard

Exercises are packed
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are ready for the exams
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Each section begins
with explanation and
key learning points

Challenge boxes give
you a chance to tackle
some more difficult

Each chapter ends with a Chapter review
and a Summary of key points

After every few chapters, a Review exercise
helps you consolidate your learning with
lots of exam-style questions
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Transferable skills are
signposted where
they naturally occur
in the exercises and
examples
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viii QUALIFICATION AND ASSESSMENT OVERVIEW

QUALIFICATION AND
ASSESSMENT OVERVIEW

Qualification and content overview

Mechanics 2 (M2) is a optional unit in the following qualifications:
International Advanced Subsidiary in Mathematics

International Advanced Subsidiary in Further Mathematics
International Advanced Level in Mathematics

International Advanced Level in Further Mathematics

Assessment overview
The following table gives an overview of the assessment for this unit.

We recommend that you study this information closely to help ensure that you are fully prepared for
this course and know exactly what to expect in the assessment.

‘ Percentage ‘ Mark | Time ‘ Availability
M2: Mechanics 2 33% % of 1AS 75 1 hour 30 mins | January, June and October
Paper code WMED2/01 16% % of IAL First assessment June 2019

IAS: International Advanced Subsidiary, IAL: International Advanced A Level.

Assessment objectives and weightings Minimum

weighting in
IAS and IAL

Recall, select and use their knowledge of mathematical facts, concepts and techniques in a

AO1 R
variety of contexts.

30%

Construct rigorous mathematical arguments and proofs through use of precise statements,
logical deduction and inference and by the manipulation of mathematical expressions,
including the construction of extended arguments for handling substantial problems
presented in unstructured form.

AO2 30%

Recall, select and use their knowledge of standard mathematical models to represent
situations in the real world; recognise and understand given representations involving
standard models; present and interpret results from such models in terms of the original
situation, including discussion of the assumptions made and refinement of such models.

AO3 10%

Comprehend translations of common realistic contexts into mathematics; use the results of
AO4 | calculations to make predictions, or comment on the context; and, where appropriate, read 5%
critically and comprehend longer mathematical arguments or examples of applications.

Use contemporary calculator technology and other permitted resources (such as formulae
AO5 | booklets or statistical tables) accurately and efficiently; understand when not to use such 5%
technology, and its limitations. Give answers to appropriate accuracy.
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Relationship of assessment objectives to units

Assessment objective

P2 AO1 AO2 AO3 AO4 AO5
Marks out of 75 20-25 20-25 10-15 7-12 5-10
% 265-331 262-331 131-20 9i-16 63-131

Calculators

Students may use a calculator in assessments for these qualifications. Centres are responsible for
making sure that calculators used by their students meet the requirements given in the table below.

Students are expected to have available a calculator with at least the following keys: +, —, x, +, , X%,
VX, lr' X, In x, e, xl, sine, cosine and tangent and their inverses in degrees and decimals of a degree,
and in radians; memory.

Prohibitions

Calculators with any of the following facilities are prohibited in all examinations:
+ databanks

* retrieval of text or formulae

* built-in symbolic algebra manipulations

+ symbolic differentiation and/or integration

» language translators

» communication with other machines or the internet



x EXTRA ONLINE CONTENT

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

Use of technology

Explore topics in more detail, visualise
problems and consolidate your understanding.
Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

SolutionBank provides worked solutions for questions in the book. Download all
the solutions as a PDF or quickly find the solution you need online.

OB
@ Find the point of intersection 352

graphically using technology.

GeaGebra

GeoGebra-powered interactives

CASIO.

Graphic calculator interactives

I Smukanecus eqations

p=a'—3r+1

Schione. (2,-1} 1,51

El [EXE]l:Show coordinates
Yl=x2 =1 |

1=
INTSECT

Interact with the mathematics you are learning
using GeoGebra's easy-to-use tools

Explore the mathematics you are learning and
gain confidence in using a graphic calculator

Calculator tutorials

Our helpful video tutorials will
guide you through how to use
your calculator in the exams.
They cover both Casio's scientific
and colour graphic calculators.

the "C, and power functions on your calculator.

Finding the value of the first derivative

to access the function press:

(uen) @ (ener) @

P Pearson

@ Work out each coefficient quickly using % Step-by-step guide with audio instructions

on exactly which buttons to press and what
should appear on your calculator's screen




1 PROJECTILES .

SR,

Learning objectives

After completing this chapter you should be able to:
® Use the constant acceleration formulae to solve
problems involving vertical motion under gravity - pages 2-5
Model motion under gravity for an object projected horizontally
- pages 2-5
Resolve velocity into components - pages 5-7
Solve problems involving particles projected at an angle
—» pages 8-14
Derive the formulae for time of flight, range and greatest
height, and the equation of the path of a projectile - pages 14-19

Prior knowledge check

A small ball is projected vertically upwards from a point P with speed
15ms~L. The ball is modelled as a particle moving freely under gravity.
Find:

a the maximum height of the ball

b the time taken for the ball to return to P. « Mechanics 1 Section 2.6

Use the diagram to write expressions for x and y in

terms Of v and 6. « International GCSE Mathematics A particle r’no\nng in a

vertical plane under
the action of gravity

a Givensinf= T53-’ find:
is sometimes called

i cosf ii tand

a projectile. You can
use projectile motion
to model the flight of
a basketball.

: 8 _
b Giventand = To' find:

i sind ii cos@ « Pure 2 Section 6.2
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m Horizontal projection

You can model the motion of a projectile as a particle being acted on by a single force, gravity.
In this model you ignore the effects of air resistance and any rotational movement (i.e. spinning) on
the particle.

You can analyse the motion of a projectile by considering its horizontal motion and its vertical
motion separately. Because gravity acts vertically downwards, there is no force acting on the particle
in the horizontal direction.

= The horizontal motion of a projectile is modelled D e
as having constant velocity (a = 0).

acceleration formulae for the vertical
You can use the formula s = vt.

motion of a projectile:

The force due to gravity is modelled as being constant, v=u+at .
so the vertical acceleration is constant. §= (“ ; ")t s=ut+>ar
= The vertical motion of a projectile is modelled as vi=u® +2as §= vt — %mz

having constant acceleration due to gravity (a = g). ) )
& Mechanics 1 Section 2.5

Use g = 9.8 ms? unless the question specifies a
different value.

Example o ) prosLem-soLving

A particle is projected horizontally at 25ms~! from a point 78.4 metres above a horizontal surface.
Find:

a the time taken by the particle to reach the surface

b the horizontal distance travelled in that time.

25ms”
First draw a diagram showing all the information
given in the question.

784 m
: xm = u. is the initial horizontal velocity.
u, is the initial vertical velocity.
Projected horizontally, R(—), Ho= 25 :

Taking the downward direction
as positive, R(]), u, =0 ————— The particle is projected horizontally so u, = 0.
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a R(l), u=0,5=784,a=98,1="7

-+

L
S = ul + Eﬂf“

784 =0+ %986 x 2

£

784 = 4.9
Eﬁ = {2
49 =

2

CHAPTER 1 3

X =25 x4 so

The sign of g (positive or negative)

depends on which direction is chosen as positive.
Positive direction downwards: g =9.8 ms=2
Positive direction upwards: g = -9.8 ms=?

The time taken must be positive so choose the
positive square root.

Your answer to part a tells you the time taken
for the particle to hit the surface. The horizontal
motion has constant velocity so you can use:
distance = speed x time.

A particle is projected horizontally with a velocity of 15 ms-!. Find:

a the horizontal and vertical components of the displacement of the
particle from the point of projection after 3 seconds

b the distance of the particle from the point of projection after 3 seconds.

15ms’ -
pm
t=3s
) xXm o
Projected horizontally, R(—), wy=15
Taking the downward direction
as positive, R(]), u, =0

a B mi=@iv=gra= 95 =3

5 = ut + 5at®
_1-‘=O+%x9.8x32
y=441m
R(=) w=158=x£t=3
s=vt
X=15x.3 =45m

b 45m

441m d =452 + 4412
=/3969.81
d=63.0m(3 sf)

dm

Draw a diagram based on the information in the
question.

Use s = uf + %arz to find the vertical distance. This
is the same distance as the particle would travel
in 3 seconds if it was dropped and fell under the
action of gravity.

The distance travelled is the magnitude of the
displacement vector. Sketch a right-angled
triangle showing the components and use
Pythagoras’ Theorem.
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A particle is projected horizontally with a speed of Ums™! from a point 122.5m above
a horizontal plane. The particle hits the plane at a point which is at a horizontal distance
of 90 m from the starting point. Find the initial speed of the particle.

Ums™”’

122.5m

20 m

Projected horizontally, R(—), ="l Problem-solving

Taking the downward direction Many projectile problems can be solved by first

as positive, R(]), uy using the vertical motion to find the total time
Eil): u=0.5="1229.0=98.t =7¢ taken.

s=ul + %u[e
122,5:O+%x9,8xf2

122.5 = 4.9¢2
IZ = 25 =10 F— 55
R(=), v=Us=90,t=5
§ = vt Substitute ¢ = 5 into the equation for horizontal
90=Ux5 motion to find U.

U=90+5 50 U=18ms"

Exercise @ m PROBLEM-SOLVING

1 A particle is projected horizontally at 20ms™! from a point i metres above horizontal ground.
It lands on the ground 5 seconds later. Find:

a the value of /

b the horizontal distance travelled between the time the particle is projected and the time it hits
the ground.

2 A particle is projected horizontally with a velocity of 18 ms-!. Find:
a the horizontal and vertical components of the displacement of the particle
from the point of projection after 2 seconds

b the distance of the particle from the point of projection after 2 seconds.

3 A particle is projected horizontally with a speed of Ums~! from a point 160 m above a
horizontal plane. The particle hits the plane at a point which is at a horizontal distance
of 95m from the point of projection. Find the initial speed of the particle.

4 A particle is projected horizontally from a point 4 which is 16 m above horizontal ground.
The particle strikes the ground at a point B which is at a horizontal distance of 140 m from A.
Find the speed of projection of the particle.
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® 5 A particle is projected horizontally with velocity 20 ms~! along a flat smooth table-top from
a point 2 m from the table edge. The particle then leaves the table-top which is at a height of
1.2 m from the floor. Work out the total time taken for the particle to travel from the point of
projection until it lands on the floor.

® 6 A darts player throws darts at a dartboard which hangs vertically. The motion of a dart is modelled
as that of a particle moving freely under gravity. The darts move in a vertical plane which is
perpendicular to the plane of the dartboard. A dart is thrown horizontally with an initial velocity of
14ms-!. It hits the dartboard at a point which is 9 cm below the level from which it was thrown.
Find the horizontal distance from the point where the dart was thrown to the dartboard.
(4 marks)

7 A particle of mass 2.5 kg is projected along a horizontal rough surface with a velocity of Sms-L.
After travelling a distance of 2 m the ball leaves the rough surface as a projectile and lands on the
ground which is 1.2 m vertically below. Given that the total time taken for the ball to travel from
the initial point of projection to the point when it lands is 1.0 seconds, find:

a the time for which the particle is in contact with the surface (4 marks)
b the coefficient of friction between the particle and the surface (6 marks)
¢ the horizontal distance travelled from the point of projection to the point where the

particle hits the ground. (3 marks)

@ Horizontal and vertical components

Suppose a particle is projected with initial velocity U, U
at an angle « above the horizontal. The angle a is
called the angle of projection.

You can resolve the velocity into components that
act horizontally and vertically:

.. 5t u, = Ucos This is the same tech.nlque
U as you use to resolve forces into
u,

sina=—  so  u,=Usina tamponehts ) ;
U ¢« Mechanics 1 Section 5.1

= When a particle is projected with initial velocity U,
at an angle « above the horizontal:

e The horizontal component of the initial velocity is U cos .
* The vertical component of the initial velocity is Usin .
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Example o m PROBLEM-SOLVING

A particle is projected from a point on a horizontal plane with an initial
velocity of 40 ms™! at an angle o above the horizontal, where tan o = %

a Find the horizontal and vertical components of the initial velocity.

Given that the vectors i and j are unit vectors acting in a plane,
horizontally and vertically respectively,

b express the initial velocity as a vector in terms of i and j.

Problem-solving

When you are given a value for tan «, you can

h & find the values of cos a and sin a without working
s}
out the value of a. Here tan e = 3 = ﬂ
4 adj
o so sketch a right-angled triangle with
4 opposite side =3 and adjacent side = 4.
a tano-:% soh=V324+42=5
sina = —3 cosa = iJ @ Find cos ¢ and sin « using ‘%
R(—), i, =ucosa =40 x iJ =32ms™ your calculator.

R(T), wu,=usina =40 x ;: =24 ms™
You can write velocity as a vector using i-j

b U=(32i + 24j)ms™
notation. Remember to include units.

A particle is projected with velocity U = (3i + 5j) ms~!, where i and j are the unit vectors
in the horizontal and vertical directions respectively. Find the initial speed of the particle
and its angle of projection.

U
5j
ER Speed is the magnitude of the velocity vector.
If the initial velocity is (pi + ¢j) m s71, the initial
Speed, |U| =v3%+ 52 = /34 ms -—l speed is \p? + ¢2.
tan o = rj
a = 590° (3 s.f) When an initial velocity is given in the form

(pi + gj) ms~1, the values of p and g are the
horizontal and vertical components of the
velacity respectively.

Initial speed is V34 ms~! and the particle
is projected at an angle of 59.0° above the

horizontal.
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Exercise @ m PROBLEM-SOLVING

In this exercise, i and j are unit vectors acting in a vertical plane, horizontally and vertically
respectively.

1 A particle is projected from a point on a horizontal plane with an initial velocity of 25m s~
at an angle of 40° above the horizontal.

a Find the horizontal and vertical components of the initial velocity.

b Express the initial velocity as a vector in the form (pi + ¢gj)ms='.

2 A particle is projected from a cliff top with an initial velocity of 18 ms~! at an angle of 20° below
the horizontal.

a Find the horizontal and vertical components of the initial velocity.

b Express the initial velocity as a vector in the form (pi + gj) ms-!.

3 A particle is projected from a point on level ground with an initial velocity of 35ms-!
at an angle o above the horizontal, where tan o = TSE
a Find the horizontal and vertical components of the initial velocity.

b Express the initial velocity as a vector in terms of i and j.

4 A particle is projected from the top of a building with an initial velocity of 28 ms~!
: 7
at an angle # below the horizontal, where tan ) = 5.
a Find the horizontal and vertical components of the initial velocity.

b Express the initial velocity as a vector in terms of i and j.

5 A particle is projected with initial velocity U = (6i + 9j) ms~'.
Find the initial speed of the particle and its angle of projection.

6 A particle is projected with initial velocity U = (4i — 5j)) ms~'.
Find the initial speed of the particle and its angle of projection.

® 7 A particle is projected with initial velocity U = (3ki + 2kj) ms~'.
a Find the angle of projection.
Given the initial speed is 3V13 ms~!,
b find the value of k.
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m Projection at any angle

You can solve problems involving particles projected
at any angle by resolving the initial velocity into
horizontal and vertical components.

The distance from the point where the Greatest height
particle was projected to the point where it
strikes the horizontal plane is called the range.

The time the particle takes to move from its
point of projection to the point where it strikes
the horizontal plane is called the time of flight of the particle.

< Range >

= A projectile reaches its point of greatest height when the vertical component of its velocity is
equal to 0.

Example o L (X3  PROBLEM-SOLVING

A particle P is projected from a point O on a horizontal plane with speed 28 m s~! and with angle
of elevation 30°. After projection, the particle moves freely under gravity until it strikes the plane at
a point A. Find:

a the greatest height above the plane reached by P b the time of flight of P ¢ the distance OA.

Resolving the velocity of projection

horizontally and vertically:

R(=). u,=28cos530° = 24.248... 38 €05 30°
R(T), u, = 28sin30° = 14
a Taking the upward direction as positive: At the highest point the vertical component of
RN, u=14,v=0,a=-98,5s="? [ the velocity is zero.
v2 =u? + 2as
02=142 _ 2 x98 x5 )l The vertical motion is motion with constant
fic L A 10 acceleration.
2% 298

The greatest height above the plane When the particle strikes the plane, it is at the

reached by P is 10m. ’7 same height (zero) as when it started.
b R(T), s=0Qu=14,a=-98,1t="7°
s=ut+ %a:z t = 0 corresponds to the point where P was
O =14t - 49 projected and can be ignored.
= t(14 — 4.91)
{ 14 LGLLEIN in this example the value for g was
t=0 ort=—-F=2857
2 g =t given to 2 significant figures so your answers
The time of flight is 2.95 (2 s.f) should be given to 2 significant figures.
¢ R(—), distance = speed x time -—L
=28 cos 30° x 2.857... There is no horizontal acceleration.

=69.2862...
04 =69m (2 >f) Use the unrounded value for the time of flight.
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A particle is projected from a point O with speed V"'ms~! and at an angle of elevation of 6, where
tanfl = %. The point O is 42.5 m above a horizontal plane. The particle strikes the plane at a point A4,

5safter it is projected.
a Show that /' = 20.

Vms

425m

xm A

Resolving the velocity of projection
horizontally and vertically:

R(—=), u,=Vcosl = —JJ V

u, = Vsinfl = iJ vV

R(T),

a Taking the upward direction as positive:
RN, s=-425u=5V,g=-98,t=5

i
s =ut + zat®

-425=2Vx5-49 x 25
4V =49 x 25 - 425 = 80
V= 57? = 20, as required.

b Let the horizontal distance moved be x m:

R(—). distance = speed x time
x=2Vx5=3V=60
Using Pythagoras' Theorem:
04?2 = 42.5% + 602 = 5406.25
04 =/5406.25 = 73527...
The distance between O and A4 is 74 m,
to 2 significant figures.

b Find the distance between O and A.

Start by drawing a diagram.

You will need sin # and cos @ to resolve the initial
velocity. When you know tan f you can draw a
triangle to find cos ¢ and sin 6.

4

tanf/=3

sinB:% 5/ |4
3

cosf =7 3

Use the formula s = ur + %af"— to obtain an
equation in V.

Use the value of ¥ found in part a to find the
horizontal distance moved by the particle.

A particle is projected from a point O with speed 35ms-! at an angle of elevation of 30°.

The particle moves freely under gravity.

Find the length of time for which the particle is 15 m or more above O.
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35ms
/'/"“\ The particle is 15 m above O twice. First on the

1 way up and then on the way down.
15m
307 il

In this example the horizontal component of the
initial velocity is not used.

Resolving the initial velocity vertically:
R(T), U, = 35Ein30 =175
e=e =S g ==08 =
§=ul + 7;'6“'2
15 =175t — 4912
49 - 175t +15 =0 "

Form a quadratic equation in 7 to find the two
times when the particle is 15 m above O. Between
these two times, the particle will be more than

15 m above O.

Multiplying by 10:
422 - 175t + 150 =0
e m Use your calculator to solve a
=G = 1= % " quadratic equation. ‘

==

15 10 5
7 -7 =7=0715(>sf) You should give this answer as a decimal to
The particle is 15m or more above O for —————— 2 significant figures, 0.71 s, following previous use

Q71s (2 s1). of g=9.8ms2
EN G o
A ball is struck by a racket at a point 4 which is 2m (5i + 8j)ms™

above horizontal ground. Immediately after being
struck, the ball has velocity (5i + 8j) ms~!, where

i and j are unit vectors horizontally and vertically
respectively. After being struck, the ball travels

freely under gravity until it strikes the ground at 21;11‘4
the point B, as shown in the diagram. 1
Find: B

a the greatest height above the ground reached by the ball

b the speed of the ball as it reaches B

¢ the angle the velocity of the ball makes with the ground as the ball reaches B.

The velocity of projection has been given as

a vector in terms of i and j. The horizontal
component is 5 and the vertical component is 8.

a Taking the upward direction as positive:
Rl w=86v=0,a=-96,5=7
v = u? + 2as
0°P=8-2x98xs

o4
19.6

The greatest height above the ground
reached by the ball is 2 + 3.265... = 5.3 m,
to 2 significant figures.

This is the greatest height above the point of
= 3.265... projection. You need to add 2 m to find the height
above the ground.

5=
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b The horizontal component of the velocity
of the ball at Bis Sms™.

CHAPTER 1 1

The vertical component of the velocity of
the ball at B is given by:
R(M. s=-2,u=8a=-98v="

Ve =u® + 2as

=87+ 2 x (-9.8) x (-2) =103.2
The speed at B is given by:
v2 =52 +103.2 = 128.2

y =4126.2
The speed of the ball as it reaches B is
Mms™ to 2 significant figures.

c The angle is given by:

tanf = ﬂ%si

The angle the velocity of the ball makes

= f#=64°(2 s.i)

with the ground as the ball reaches B is
64°, to the nearest degree.

Exercise @ m PROBLEM-SOLVING

The horizontal motion is motion with constant
speed, so the horizontal component of the
velocity never changes.

There is no need to find the square root of 103.2
at this point, as you need v? in the next stage of
the calculation.

As the ball reaches B, its velocity has two
components as shown below.

The magnitude (speed) and direction of the velocity
are found using trigonometry and Pythagoras’
Theorem.

In this exercise, i and j are unit vectors acting in a vertical plane, horizontally and vertically respectively.

Whenever a numerical value of ¢ is required, take g = 9.8 ms~2 unless otherwise stated.

1 A particle is projected with speed 35ms~! at an angle of elevation of 60°.
Find the time the particle takes to reach its greatest height.

2 A ball is projected from a point 5m above horizontal ground with speed 18 ms-! at an angle of
elevation of 40°. Find the height of the ball above the ground 2 s after projection.

3 A stone is projected from a point above horizontal ground with speed 32ms-!, at an angle of
10° below the horizontal. The stone takes 2.5s to reach the ground. Find:

a the height of the point of projection above the ground

b the distance from the point on the ground vertically below the point of projection to the

point where the stone reaches the ground.

4 A projectile is launched from a point on horizontal ground with speed 150 ms~! at an angle of

10° above the horizontal. Find:

a the time the projectile takes to reach its highest point above the ground

b the range of the projectile.
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5 A particle is projected from a point O on a horizontal plane with speed 20ms~' at an angle of
elevation of 45°. The particle moves freely under gravity until it strikes the ground at a point X.
Find:

a the greatest height above the plane reached by the particle
b the distance OX.

® 6 A ball is projected from a point 4 on level ground with speed 24 ms-!. The ball is projected at
an angle 6 to the horizontal where sinf = % The ball moves freely under gravity until it strikes
the ground at a point B. Find:
a the time of flight of the ball

b the distance from A to B.

® 7 A particle is projected with speed 21 ms~! at an angle of elevation «. Given that the greatest
height reached above the point of projection is 15m, find the value of a, giving your answer to
the nearest degree.

8 A particle P is projected from the origin with velocity (12i + 24j) m s~!, where i and j are
horizontal and vertical unit vectors respectively. The particle moves freely under gravity.
Find:

a the position vector of P after 3s

b the speed of P after 3s.

® 9 A stone is thrown with speed 30 m s~! from a window which is 20 m above horizontal ground.
The stone hits the ground 3.5s later. Find:

a the angle of projection of the stone

b the horizontal distance from the window to the point where the stone hits the ground.

10 A ball is thrown from a point O on horizontal ground with speed Um s ! at an angle of
elevation of 6, where tan § = 3. The ball strikes a vertical wall which is 20 m from O at a point
which is 3 m above the ground. Find:

a the value of U (6 marks)

b the time from the instant the ball is thrown to the instant that it strikes the wall. (2 marks)

11 A particle P is projected from a point A 4
with position vector 20j m with respect
to a fixed origin O. The velocity of
projection is (5ui + duj)ms~'. A
The particle moves freely under gravity,

(5ui + duj)ms!

passing through a point B, which has i
position vector (ki + 12j) m, where k is 20m T

a constant, before reaching the point C 12m

on the x-axis, as shown in the diagram. l C
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The particle takes 4 s to move from A4 to B. Find:

a the value of u (4 marks)
b the value of k (2 marks)
¢ the angle the velocity of P makes with the x-axis as it reaches C. (6 marks)

When finding a square root involving

use of g =9.8 m s to work out an answer, an exact
surd (irrational number) answer is not acceptable.

A stone is thrown from a point 4 with speed 4
30ms ! at an angle of 15° below the horizontal.
The point A4 is 14 m above horizontal ground.
The stone strikes the ground at the point B,

as shown in the diagram. Find:

a the time the stone takes to travel tam
from A to B (6 marks)
b the distance AB. (2 marks)

A particle is projected from a point on level ground with speed Um s™! and angle of elevation a.
The maximum height reached by the particle is 42 m above the ground and the particle hits the
ground 196 m from its point of projection.

Find the value of o and the value of U. (9 marks)

In this question use g = 10 ms=—2. Ums!
An object is projected with speed Um s™! from
a point A at the top of a vertical building.

The point 4 is 25m above the ground. e e s
The object is projected at an angle o above

the horizontal, where tan « = l—z The object
hits the ground at the point B, which is at a
horizontal distance of 42 m from the foot 25m
of the building, as shown in the diagram.

The object is modelled as a particle moving

freely under gravity. B
Find: ~ 42m >

a the value of U (6 marks)
b the time taken by the object to travel from A4 to B (2 marks)

¢ the speed of the object when it is 2.4 m above the ground,
giving your answer to 2 significant figures. (5 marks)
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15 An object is projected from a fixed origin O with velocity (4i + 5j)) ms~!. The particle moves
freely under gravity and passes through the point P with position vector k(i — j) m, where k is a
positive constant.

a Find the value of k. (6 marks)
b Find:

i the speed of the object at the instant when it passes through P

ii the direction of motion of the object at the instant when it passes through P. (7 marks)

16 A basketball player is standing on the floor 10m from the basket. The height of the basket is
3.05m, and he shoots the ball from a height of 2m, at an angle of 40° above the horizontal.

The basketball can be modelled as a particle moving in a vertical plane. Given that the ball
passes through the basket,

a find the speed with which the basketball is thrown. (6 marks)
b State two factors that can be ignored by modelling the basketball as a particle. (2 marks)

Challenge

A vertical tower is 85 m high. A stone is projected at a speed of 20m 5!
from the top of a tower at an angle of « below the horizontal. At the
same time, a second stone is projected horizontally at a speed of

12m s ! from a window in the tower 45 m above the ground.

Given that the two stones move freely under gravity in the same vertical
plane, and that they collide in mid-air, show that the time that elapses
between the moment they are projected and the moment they collide
is2.5s.

m Projectile motion formulae

You need to be able to derive general formulae related to the motion of a particle which is projected
from a point on a horizontal plane and moves freely under gravity.

Example @ m REASONING/ARGUMENTATION

A particle is projected from a point on a horizontal U
plane with an initial velocity U, at an angle e above

the horizontal, and moves freely under gravity until

it hits the plane at point B. Given that the acceleration

due to gravity is g, find expressions for: o

a the time of flight, T’ R
b the range, R, on the horizontal plane.
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Taking the vpward direction as positive and N
- 4 § m Explore the parametric O

r:i’o‘vmq th_e ;e'l‘oafy it equations for the path of a particle
s = ’r5m @ and their Cartesian form, both algebraically
Ré=). .= Ucosa and graphically using technology.

a Con5id8r‘|ng vertical motion:
R(T), u=Usina,s=0a=-gt=T
s =ut + %a.’z
O = (Usina)T - % T e

When the particle reaches the horizontal plane,
the vertical displacement is 0.

_ Taking out the factor 7, one solutionis 7=0
g s .
0= T( Usina — 72—) which is at the start of the motion.

i gT
either T=0 (at 4) or Usinae —— =0

2 =
2Usin w Problem-solvmg
so T = g

Follow the same steps as you would if you were

given values of U and « and asked to find the
time of flight and the range. The answer will

SR be an algebraic expression in terms of Uand o

b Considering horizontal motion:
R{—), vw=Ucosa,s=R t=T

R=UcosaxT using T= é(’r;inﬂ instead of a numerical value.
R=U i 2Usina  2U?sina cosa
SAMACO0 Dl o= g Substitute for T'in the equation R = Ucosax T
Using 2 sina cosa = sin 2a: Ucos o x 2Usin a _ Ucos o " 2Usina
U? sin 2av g 1 g

Re——7—

Use the double-angle formula for sin 2a.

m gis usually left as a letter in the

formulae for projectile motion.

A particle is projected from a point with speed U at an angle of elevation o and moves freely
under gravity. When the particle has moved a horizontal distance X, its height above the point of

projection is y.
g
a Show that y=xtana - >

7 (1 + tan® ).

A particle is projected from a point O on a horizontal plane, with speed 28 ms™! at an angle of
elevation . The particle passes through a point B, which is at a horizontal distance of 32 m from O
and at a height of 8 m above the plane.
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b Find the two possible values of «, giving your answers to the nearest degree.

Vi
U
x
0 X
a R(=), u,=Ucosa ’7 Resolve the velocity of projection horizontally
R(T)« U, = Usin o and Verti(a“y.
For the horizontal motion:
R(=), s=w You have obtained two equations, labelled (1) and
X=ucosa x{ (1) = (2). Both equations contain ¢ and the result you
For the vertical motion, taking upward as have been asked to show has no ¢ in it. You must
positive: eliminate (i.e. remove) ¢ using substitution.
R(T), §=ut + -;-m‘e
y=Usnaxt-sgt @ If the upward direction is taken as positive, the

vertical acceleration is —g.
Rearranging (1) to make ¢ the subject of

the formula:
= (1) and (2) are parametric equations describing

s | o (C) —— the path of the particle. You can eliminate the
Substituting (3) into (2): parameter, ¢, to find the Cartesian form of the path.

y=Usina x ,x —lg( ,x )L
Ucosaa 2°\Ucos«

: sin o 1
Using tana = o5 a and osa = Seca, . . L
< To obtain a quadratic expression in tan ¢, you
y=xtana - 23’:_ el need to use the identity sec2a = 1 + tan? o
72
Using sec?a = 1 + tanZa,

2

i
y=xtana - %—, (1 + tan® ), as required.
u=

b Using the result in a with U = 28, x = 32, You should use your calculator to check the
y=8andg=98 solutions to this equation.
& =32tana — 64(1 + tanfa)
Rearranging as a quadratic in tana: There are two possible angles of elevation for
G4tanfa — 32tana + 144 =0 which the particle will pass through B. This sketch
A SR = PO ENE L Si=0 illustrates the two paths.
(2tana — N2tana - 9) =0 ¥y

1.2
tana = > 3

a = 27° and 77°, to the nearest degree
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= For a particle which is projected from a point on m e
a horizontal plane with an initial velocity U at derive the equations. But be careful of

an angle o above the horizontal, and that moves using them in projectile problems, They

freely under gravity: are hard to memorise, and it is usually
. .. 2Usina safer to answer projectile problems using
Timerof fllghe= g the techniques covered in Section 1.3.
+ Time to reach greatest height = Sisiniay
+ Range on horizontal plane = Esin2a
g m The equation for the
1+tan’o i it
- Equation of trajectory: y = xtan « _gsz__?_l trajectory of the particle is a
2U quadratic equation for y in x. This
where y is the vertical height of the particle, x is the proves that the path of a projectile
horizontal distance from the point of projection, moving freely under gravity is a
and g is the acceleration due to gravity. quadratic curve, or parabola.

Exercise @ m REASONING/ARGUMENTATION

Whenever a numerical value of g is required, take g = 9.8 m s-2 unless otherwise stated.

® 1 A particle is launched from a point on a horizontal plane with initial velocity Um s~! at an angle
of elevation «. The particle moves freely under gravity until it strikes the plane.
The greatest height of the particle is 4#m.

U?sin? o

Show that /1 =
2g

® 2 A particle is projected from a point with speed 21 ms~! at an angle of elevation a and moves
freely under gravity. When the particle has moved a horizontal distance x m, its height above the

point of projection is y m.

X2
a Show that y=xtana - ———.
y 90 cos’ a

b Given that y = 8.1 when x = 36, find the value of tan a.

® 3 A particle is launched from a point on a horizontal plane with initial speed /m s~! at an angle
of elevation a. The particle moves freely under gravity until it strikes the plane. The range of the
particle is Rm.

a Show that the time of flight of the particle is L seconds.

) g
U?sin 2a
g
¢ Deduce that, for a fixed u, the greatest possible range is when o = 45°.

b Show that R =

2
d Given that R= %, find the two possible values of the angle of elevation at which the

particle could have been launched.
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® 4 A firework is launched vertically with a speed of vms~'. When it reaches its maximum height,
the firework explodes into two parts, which are projected horizontally in opposite directions,
each with speed 2vms-!. 4,2
Show that the two parts of the firework land a distance —— m apart.

g
5 In this question use g = 10m s
A particle is projected from a point O with speed U at an angle of elevation « above the

horizontal and moves freely under gravity. When the particle has moved a horizontal distance x,
its height above O is y.

g
2U2cos?a’
A boy throws a stone from a point P at the end of a pier. The point P is 15 m above sea level.
The stone is projected with a speed of 8 ms~! at an angle of elevation of 40°. By modelling the
stone as a particle moving freely under gravity,

a Show that y = xtana — (4 marks)

b find the horizontal distance of the stone from P when the stone is 2 m above sea level. (5 marks)

6 A particle is projected from a point with speed U at an angle of elevation a above the horizontal
and moves freely under gravity. When it has moved a horizontal distance ., its height above the
point of projection is y.

2

205
An athlete throws a javelin from a point P at a height of 2 m above horizontal ground.
The javelin is projected at an angle of elevation of 45° with a speed of 30 ms-'.

By modelling the javelin as a particle moving freely under gravity,

a Show that y=xtana — (1 + tan? ). (5 marks)

b find, to 3 significant figures, the horizontal distance of the javelin from P
when it hits the ground (5 marks)

¢ find, to 2 significant figures, the time elapsed from the point the javelin
is thrown to the point when it hits the ground. (2 marks)

7 A girl playing volleyball on horizontal ground
hits the ball towards the net 9 m away from a
point 1.5 m above the ground. The ball moves
in a vertical plane which is perpendicular to
the net. The ball just passes over the top of
the net, which is 2.4 m above the ground,
as shown in the diagram.

The ball is modelled as a particle projected
with initial speed Ums! from point O,
1.5m above the ground at an angle « to the horizontal.

a By writing down expressions for the horizontal and vertical distances from O to the ball,
¢ seconds after it was hit, show that when the ball passes over the net:

8lg
0.9=9tana - %000 (6 marks)
Given that « = 30°,

b find the speed of the ball as it passes over the net. (6 marks)
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8 In this question, i and j are unit vectors in a horizontal and upward vertical direction respectively.
An object is projected from a fixed point A4 on horizontal ground with velocity (ki + 2kj) ms-1,
where & is a positive constant. The object moves [reely under gravity until it strikes the ground at B,
where it immediately comes to rest. Relative to O, the position vector of a point on the path of
the object is (xi + yj)m.
gx?

2

Given that 4B = Rm and the maximum vertical height of the object above the ground is H m,

a Show that y =2x - (5 marks)

b using the result in part a, or otherwise, find, in terms of x and g,
iR i H (6 marks)

Challenge

A stone is projected from a point on a straight sloping hill. Given that
the hill slopes downwards at an angle of 45° and that the stone is
projected at an angle of 45° above the horizontal with speed Um s,

22 U2

show that the stone lands a distance m down the hill.

Chapter review o

Whenever a numerical value of g is required, take g = 9.8 m s~2 unless otherwise stated.

1 A ball is thrown vertically downwards from the top of a tower with speed 6ms~'.
The ball strikes the ground with speed 25 ms~'. Find the time the ball takes to move
from the top of the tower to the ground.

2 A child drops a ball from a point at the top of a cliff which is 82 m above the sea.
The ball is initially at rest. Find:
a the time taken for the ball to reach the sea b the speed with which the ball hits the sea.

¢ State one physical factor which has been ignored in making your calculation.

® 3 The velocity—time graph represents the motion Velocity
of a particle moving in a straight line, accelerating S
from velocity u at time 0 to velocity v at time 7. t

a Use the graph to show that:
u+ v)’f
2

iv=u+at ii s=(

b Hence show that:

o Time
i vV=u?+2as il s=ut+ %atz iii s=vr- %m2
4 A particle is projected vertically upwards with a speed of 30 ms~! from a point A.

The point B is i metres above A. The particle moves [reely under gravity and is
above B for 2.4s. Calculate the value of /. (5 marks)
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® 5 The diagram is a velocity-time graph representing v(ms) ,
the motion of a cyclist along a straight road.
At time ¢ = 0s, the cyclist is moving with velocity
ums~'. The velocity is maintained until time
t = 15s. when she slows down with constant
deceleration, coming to rest when ¢ = 23s. 0
The total distance she travels in 23 s is 152 m.
Find the value of u.

u

15 23 1(s)

6 A particle P is projected from a point O on a horizontal plane with speed 42 ms-! and with
angle of elevation 45°. After projection, the particle moves freely under gravity until it strikes
the plane. Find:

a the greatest height above the plane reached by P
b the time of flight of P.

7 A stone is thrown horizontally with speed 21 ms~! from a point P on the edge of a cliff
h metres above sea level. The stone lands in the sea at a point O, where the horizontal distance
of Q from the cliff is 56 m.

Calculate the value of A.

® 8 A ball is thrown from a window above a horizontal lawn. The velocity of projection is 15ms™!
and the angle of elevation is o, where tan a = %. The ball takes 4 s to reach the lawn. Find:

a the horizontal distance between the point of projection and the point
where the ball hits the lawn (3 marks)

b the vertical height above the lawn from which the ball was thrown. (3 marks)

® 9 A projectile is fired with velocity 40 ms! at an angle of elevation of 30°
from a point 4 on horizontal ground. The projectile moves freely under
gravity until it reaches the ground at the point B. Find:

a the distance AB (5 marks)

b the speed of the projectile at the first instant when it is 15 m above the ground. (5 marks)

10 A projectile P is projected from a point on a horizontal plane with
speed U at an angle of elevation 0.

.5
a Show that the range of the projectile is % (6 marks)
b Hence find, as # varies, the maximum range of the projectile. (2 marks)

2
¢ Given that the range of the projectile is 23% find the two possible value of 6.

Give your answers to the nearest 0.1°. (3 marks)
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A golf ball is driven from a point 4 with a speed of 40 ms-! at an angle of elevation of 30°.
On its downward flight, the ball hits a tree at a height 15.1 m above the level of A, as shown in
the diagram above. Find:

a the time taken by the ball to reach its greatest height above 4 (3 marks)
b the time taken by the ball to travel from 4 to B (6 marks)
¢ the speed with which the ball hits the tree. (5 marks)

A particle P is projected from a fixed origin O with velocity (12i + 5j))ms~'. The particle moves
freely under gravity and passes through the point A4 with position vector A(2i — j) m, where A is
a positive constant.

a Find the value of . (6 marks)
b Find:

i the speed of P at the instant when it passes through A

ii the direction of motion of P at the instant when it passes through A. (7 marks)

In this question use g = 10ms~2.

A boy plays a game at a fairground. He needs to throw a ball through a hole in a vertical target
to win a prize. The motion of the ball is modelled as that of a particle moving freely under
gravity. The ball moves in a vertical plane which is perpendicular to the plane of the target.
The boy throws the ball horizontally at the same height as the hole with a speed of 10 ms-!.

It hits the target at a point 20 cm below the hole.

a Find the horizontal distance from the point where the ball was thrown to the target.
(4 marks)
The boy throws the ball again with the same speed and at the same distance from the target.

b Work out the possible angles above the horizontal the boy could throw the ball so that it
passes through the hole. (6 marks)

In this question use g = 10ms~2.

A stone is thrown from a point P at a target,
which is on horizontal ground. The point P
is 10 m above the point O on the ground.
The stone is thrown from P with speed
20ms! at an angle of a below the

: 3
horizontal, where tan o = 3.

21
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The stone is modelled as a particle and the target as a point 7. The distance OT is 9 m.
The stone misses the target and hits the ground at the point Q, where O7TQ is a straight line,
as shown in the diagram. Find:

a the time taken by the stone to travel from P to Q (5 marks)
b the distance 70. (4 marks)
The point A is on the path of the stone vertically above T.

¢ Find the speed of the stone at A. (5 marks)

15 A vertical mast is 32 m high. Two balls P and Q are projected at the same time. Ball P is
projected horizontally from the top of the mast with speed 18 ms!. Ball Q is projected
from the bottom of the mast with speed 30 ms~! at an angle o above the horizontal.
The balls move freely under gravity in the same vertical plane and collide in mid-air.

By considering the horizontal motion of each ball,

a prove that cosa = % (4 marks)

b Find the time which elapses between the instant when the balls are projected and

the instant when they collide. (4 marks)

Challenge Problem-solving

A cruise ship is 250 m long, and is accelerating forwards in a straight You need to calculate the

line at a constant rate of 1.5 m s~2. A golfer stands at the stern initial speed of the ball relative

(back) of the cruise ship and hits a golf ball towards the bow (front). to the golfer. This is the speed

Given that the golfer hits the golf ball at an angle of elevation of 60°, the ball WOUld Efpear to

and that the ball lands directly on the bow of the cruise ship, find be tra.vellmg atif IO

the speed, v, with which the golfer hits the ball. standing on the ship.

Summary of key points

1 The force of gravity causes all objects to accelerate towards the Earth. If you ignore the effects
of air resistance, this acceleration is constant. It does not depend on the mass of the object.

2 An object moving vertically freely under gravity can be modelled as a particle with a constant
downward acceleration of g=9.8ms=.

3 The horizontal motion of a projectile is modelled as having constant velocity (a = 0).
You can use the formula s = vt.

4 The vertical motion of a projectile is modelled as having constant acceleration due to
gravity (a = g).

5 When a particle is projected with initial velocity U, at an angle o above the horizontal:
+ The horizontal component of the initial velocity is Ucos a.
+ The vertical component of the initial velocity is Usin a.

6 A projectile reaches its point of greatest height when the vertical component of its velocity is
equal to 0.
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7 For a particle which is projected from a point on a horizontal plane with an initial velocity U at
an angle o above the horizontal, and that moves freely under gravity:

- Time of flight = ZUZ"” &

- Time to reach greatest height = US;” L
2 .

+ Range on horizontal plane = U;ignzﬁ

1 +tan?
» Equation of trajectory: y = x tana — gxa(z—Uza)

where y is the vertical height of the particle, x is the horizontal distance from the point of
projection, and g is the acceleration due to gravity.
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Learning objectives

After completing this chapter you should be able to:

e Understand that displacement, velocity and acceleration _
may be given as functions of time — pages 25-27 &

e Use differentiation to solve kinematics problems - pages 28-32
Use integration to solve kinematics problems - pages 33-36

Use calculus to solve problems involving maxima and
minima - pages 37-39
® Use calculus to derive constant acceleration formulae = pages 43-45

_

Prior knowledge check

d ; ¥ 2
1 Find—~ given: V
dx
a y=3x"-5x+6 b}':g\.-§+%_1
207

¢ Pure 1 Section 8.5

2 Find the coordinates of the turning points on the
curve with equation:

a y=3x2-9x+2 b y=x*-6x>+9x+5

¢ Pure 1 Section 8.7

Find f(x) given:
a f'(x)=5x+8,f0)=1
b f'(x)=3x2-2x+5, f(0) =

A space rocket experiences
variable acceleration during
launch. The rate of change of
velocity increases to enable the
rocket to escape the gravitational
pull of the Earth.

¢ Pure 1 Section 9.3

4 The initial velocity of a particle P moving with
uniform acceleration (2i — 3j) ms=2is (=2i + jyms-L.
Find the velocity of P after ¢ = 2 seconds.

< Mechanics 1 Secton 3.5
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m Functions of time

If the acceleration of a moving particle is variable, it changes with time m PO

and can be expressed as a function of time. 1 o
gradient of a velocity-time

In the same way, velocity and displacement can also be expressed graph.
as functions of time. 4 Mechanics 1 Section 3.2

These velocity—time graphs represent the motion of a particle travelling in a straight line.
They show examples of increasing and decreasing acceleration.

Increasing acceleration Decreasing acceleration
Velocity Velocity
Time Time
The rate of increase of velocity The rate of increase of velocity
is increasing with time and the is decreasing with time and the
gradient of the curve is increasing. gradient of the curve is decreasing.

A body moves in a straight line, such that its displacement, s metres,
from a point O at time ¢ seconds is given by s = 2¢3 — 3¢ for ¢ > 0. Find:

a swhent=2 b the time taken for the particle to return to O.
a §=2x23=3x2 Substitute ¢ = 2 into the equation for s.
=16 - 6 = 10 metres

When the particle returns to the starting point,
the displacement is equal to zero.

b 22-3t=0
021 -3)=0 eithert =0 or 22 =3

2_3 ]
=t _250.*_1",2 seconds

Time taken to return to O = \"é seconds «———— Answer is +1||.% as equation is valid only for ¢ > 0.

2

A toy train travels along a straight track, leaving the start of the track at time ¢ = 0.
It then returns to the start of the track. The distance, s metres, from the start of the
track at time ¢ seconds is modelled by s = 42 — 3, where 0 < t < 4.

Explain the restriction 0 < ¢ = 4.
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s is distance from start of track so s = 0. ————— Use the initial conditions given.
S0 42-r=0
24-0)=0 ‘— Distance is a scalar quantity and must be = 0.

P=0Qforallt.and 4 -1 <Oforal >4, o ) ;
s0 12(4 — 1) is only non-negative for t < 4 The restriction ¢ = 0 is due to the motion

beginning at 7 = 0, not due to the function.
Motion begins at t = O hence t = O

Hence O <t < 4 Problem-solving

You could also sketch the graph of s = 412 — £ to

Example o m PROBLEM-SOLVING show the values of ¢ for which the model is valid.

A body moves in a straight line such that its velocity, vms~!,
at time ¢ seconds is given by v = 2¢2 — 167 + 24, for t = 0.

Find:
a the initial velocity b the values of 7 when the body is instantaneously at rest

¢ the value of ¢ when the velocity is 64 ms-! d the greatest speed of the body in the interval 0 < 7 < 5.

av=0-0+24 The initial velocity means the velocity at ¢ = 0.
v=24ms™
b 22 _16t+ 24 =0 The body is at rest when v =0, so solve the

2wy aioi_ 0 quadratic equation when v = 0.

t-6x-2=0
The body is at rest when t = 2 seconds
and t = & seconds.

c 2 -1ct+ 24 =64
212 -16t-40=0
2-8t-20=0
(t—10)t+2)=0
Eithert =10 or t = -2
Velocity = €4 ms~' when ¢ = 10 seconds

d v

Rearrange the quadratic equation to make it
equal to zero and factorise.

The equation for velocity is valid for 1 = 0,
so ¢ = —2 is not a valid solution.
3

£
24\ Sketch a velocity-time graph for the motion
of the body. You can use the symmetry of the
quadratic curve to determine the position of the
turning point. <« Mechanics 1 Section 2.2

LUK You need to find the greatest speed.

[4) 2 c i This could occur when the velocity is positive or
negative, so find the range of values taken by v in
4, -8) theinterval 0 =1 < 5.

Whent=4,v=24)7-164)+24=-8

SoinOst=s5rangeofrvis-B<sv=24 @ Explore the solution using O

Greatest speed is 24 ms™ technology.
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Exercise @ (S{/NE3) PROBLEM-SOLVING

1 A body moves in a straight line such that its displacement, s metres, at time ¢ seconds
is given by s = 9r — £*. Find:
a swhenz=1 b the values of { when s = 0.

2 A particle P moves on the x-axis. At time ¢ seconds the displacement, s metres,

is given by s = 57 — £*. Find: _ _
a the change in displacement between =2 and t = 4 % J;i}ggﬁ ff?;: dlsr t_hg

b the change in displacement in the third second.

3 A particle moves in a straight line such that its velocity, vms~!, at time ¢ seconds
is given by v =3 + 5¢ — ¢ for t = 0. Find:
a the velocity of the particle when 7 = 1
b the greatest speed of the particle in the interval 0 = ¢t =< 4

¢ the velocity of the particle when ¢ = 7 and describe the direction of motion
of the particle at this time.

4 Attime f = 0, a toy car is at point P. It moves in a straight line from point P and then returns
to P. Its distance from P, s m, at time ¢ seconds can be modelled by s = _%(4: - ?). Find:
a the maximum displacement b the time taken for the toy car to return to P
¢ the total distance travelled d the values of ¢ for which the model is valid.

5 A body moves in a straight line such that its velocity, vms~, at time ¢ seconds 1s given by
v=3£—-10¢+ 8, for ¢ = 0. Find:

a the initial velocity

b the values of # when the body is instantaneously at rest
¢ the values of £ when the velocity is 5ms™!

d the greatest speed of the body in the interval 0 = ¢ = 2.

® 6 A particle P moves on the x-axis. At time ¢ seconds the velocity of P is vms~! in the direction of
x increasing, where v = 8¢ — 272, When ¢ = 0, P is at the origin O. Find:

a the time taken for the particle to come to instantaneous rest (2 marks)
b the greatest speed of the particle in the interval 0 = ¢ =< 4. (3 marks)

® 7 Attime ¢ = 0, a particle moves in a straight horizontal line from a point O, then returns to the
starting point. The distance, s metres, from the point O at time ¢ seconds is given by:

s=32-8, 0st=T
Given that the model is valid when s = 0, find the value of 7. Explain your answer. (3 marks)
® 8 A particle P moves on the x-axis. At time ¢ seconds the velocity of P is vms~! in the direction of
x increasing, where:
y=13=10r+3), x=0
a Find the values of ¢ when P is instantaneously at rest. (3 marks)
b Determine the greatest speed of P in the interval 0 = ¢ < 3. (4 marks)
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@ Using differentiation

Velocity is the rate of change of displacement.

= |f the displacement, s, is expressed as a function of ¢, The gradient of a displacement-
time graph represents the velocity.

. ds
then the velocity, v, can be expressed as v = P P N

In the same way, acceleration is the rate of change of velocity.

= |f the velocity, v, is expressed as a function

of ¢, then the acceleration, a, can be DheEladiEgR e vEloc) RinE Bl el

represents the acceleration.

2
expressed as a = E:I_v _ds ¢ Mechanics 1 Section 2.3

dr B @ d2s . . )
AT is the second derivative (or second-order

derivative) of s with respect to .
4 Pure 1 Section 8.7

Example ° m PROBLEM-SOLVING

A particle P is moving on the x-axis. At time ¢ seconds, the displacement x metres from O is given
by x = ¢* - 32¢ + 12. Find:

a the velocity of P when =3

b the value of ¢ for which P is instantaneously at rest

¢ the acceleration of P when ¢ = 1.5.

a x=1"-32t+12 You find the velocity by differentiating the
s % = 413 _ 32 [ displacement.
When t = 3,

To find the velocity when ¢ = 3, you substitute
¢t =3 into the expression.

v=4x3%-32=76
The velocity of P when t = 3 is 76 ms~' in

the direction of x increasing.
9 The particle is at rest when v = 0. You substitute

b VEHR <820 v = 0 into your expression for v and solve the
3= 32 =5 resulting equation to find .
4
t=2
o) v=4 - 32
_Av o You find the acceleration by differentiating the
=g velocity.
When t = 1.5,

a=12 % 1.52 =27
The acceleration of P when t =15 is 27 ms=2.

You can use calculus to determine maximum and minimum values of displacement,
velocity and acceleration.
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Example o (Y{(NE:}) PROBLEM-SOLVING

A particle of mass 6 kg is moving on the positive x-axis. At time 7 seconds, the displacement,
=2t

s metres, of the particle from the origin is given by s = 27 + eT , where t = 0.
a Find the velocity of the particle when ¢ = 1.5.

Given that the particle is acted on by a single force of variable magnitude F'N which acts in the
direction of the positive x-axis,

b find the value of Fwhen ¢ =2.

dy
_dsE 2. i2eret o If y = aek! then — = kaek!
a v_d!_SL 3 ms dt
When t = 1.5 seconds:
3 x 1505 2e3 Differentiate to find an expression for v and
V= : it

substitute ¢ = 1.5.
=364 ms (3 sf)

B gt gt hm e Bl s Problem-solving

dr ~ 3
When t = 2 seconds: You know the mass of the particle, so if you
saeade find the acceleration you can use F =ma to
a=15x2054+ — . ) _
23 find the magnitude of the force acting on it.
SRSl Differentiate the velocity, then substitute ¢ = 2
F=ma=6x108350... = 6.5IN (3 s.f) to find the acceleration when ¢ = 2 seconds.

Example o (S{({E:}) PROBLEM-SOLVING

A child is playing with a yo-yo. The yo-yo leaves the child’s hand at time ¢ = 0 and travels vertically
in a straight line before returning to the child’s hand. The distance, s m, of the yo-yo from the
child’s hand after time ¢ seconds is given by s = 0.67 + 0.42 - 0.2£3,0 < ¢ < 3,

a Justify the restriction 0 = 1 = 3.
b Find the maximum distance of the yo-yo from the child’s hand, correct to 3 s.[.

a s=06t+ 04 -0.2r°
=02(3 + 2t - 17 s is a cubic function with a negative coefficient of £,

P androotsat¢=0,¢r=3 and t=-1.
<« Pure 1 Section 4.1

\ 5 > Comment on the value of s at the limits of the range
\ﬂ 3\ [ and the behaviour of s within the range.

$=Q.at t=0and =3
§ is positive for all values of ¢ between |,
O and 3.

s < O fort> 3. Since s is a distance

the model is not valid for 1 > 3.
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b 98 _ BiE s OB =02 You know from your answer to part a that the
dt P L maximum value of s must occur at the turning point.
d_‘.' =0 To find the turning point, differentiate and set
06 +08t-06°=0 %: 0. & Pure 2 Section 7.2
32-4t-3=0
4 +,52 : : ; ;
= o 1866685 or—0.5351.., Multiply each term by -5 to obtain an equation with

a positive /2 term and integer coefficients. This makes

s = 0.6(1.8685...) + 0.4(1.6685...)? ) ,
your working easier.

- 0.2(1.86665...)3

=.2129::. = 1. 21mi3isf
by Use the quadratic formula to solve the equation and
take the positive value of .
Substitute this value of ¢ back into the original
equation to find the corresponding value of s.
Remember to use unrounded values in your

calculation, and check that your answer makes sense

; in the context of the question.
Exercise @ ) erosiem-soLvine

1

® 3

@ s

@ o

Find an expression for i the velocity and ii the acceleration of a particle given that the
displacement is given by:

1 2 1
as=4t4—7 bx=§t3+§ c s=032-D2t+53) d x=
A particle is moving in a straight line. At time ¢ seconds, its displacement, x m, from a fixed point
O on the line is given by x = 27° — 8¢. Find:

3-28+5
2t

a the velocity of the particle when ¢ = 3 b the acceleration of the particle when 7 = 2.

A particle P is moving on the x-axis. At time ¢ seconds (where 7 = 0) , the velocity of Pis vms™!
in the direction of x increasing, where v=12 -1 - £~

Find the acceleration of P when P is instantaneously at rest.

A particle is moving in a straight line. At time ¢ seconds, its displacement, x m, from a fixed point
O on the line is given by x =4 — 392 + 1201.

Find the distance between the two points where P is instantancously at rest.

A particle P moves in a straight line. At time ¢ seconds the acceleration of P is ams=2 and the
velocity vms~!is given by v = kr — 372, where k is a constant.

The initial acceleration of Pis4ms=2.

a Find the value of k. (3 marks)
b Using the value of k found in part a, find the acceleration
when P is instantaneously at rest. (3 marks)

The print head on a printer moves such that its displacement s cm from the side of the printer at
time ¢ seconds is given by:

2@ =152 +121+30),0<1<3

Find the distance between the points when the print head is instantaneously at rest,
in cm to 1 decimal place. (6 marks)
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7

® 10

EP 11

@ 12

A particle P moves in a straight line such that its distance, s m, SA
from a fixed point O at time 7 is given by:

§=04r-032-18t+50=<t<3
The diagram shows the displacement—time graph of the motion of P.
a Determine the time at which P is moving with minimum velocity.

b Find the displacement of P from O at this time.

~Y

¢ Find the velocity of P at this time.

A body starts at rest and moves in a straight line. At time ¢ seconds the displacement of the
body from its starting point, sm, is given by:

s=4f - 0<1<4.
a Show that the body returns to its starting position at ¢ = 4. m Write s = £ - 1) and
b Explain why s is always non-negative. consider the sign of each

¢ Find the maximum displacement of the body from its factorin therange 0 <7< 4.
starting point.

At time r = 0 a particle P leaves the origin O and moves along the x-axis.
At time ¢ seconds the velocity of P is vms-!, where:

v=>(6-0%t=0
a Sketch a velocity-time graph for the motion of P.
b Find the maximum value of v and the time at which it occurs.

A particle P moves along the x-axis. Its velocity, vms~! in the positive x-direction
at time 7 seconds, is given by:

v=22-3t+5,1=0
a Show that P never comes to rest.

b Find the minimum velocity of P.

A particle P starts at the origin O at time ¢ = 0 and moves along the x-axis.
At time ¢ seconds the distance of the particle, s m. from the origin is given by:

s=97t2—t3,0£r:£4.5
a Sketch a displacement-time graph for the motion of P. (2 marks)
b Hence justify the restriction 0 = ¢ = 4.5. (2 marks)
¢ Find the maximum distance of the particle from O. (5 marks)
d Find the magnitude of the acceleration of the particle at this point. (3 marks)

A train moves in a straight line along a 4 km test track. The motion of the train is modelled as
a particle travelling in a straight line, and the distance, s m, of the train from the start of the
track after time f seconds is given by s = 3.67 + 1.76/* — 0.02#, 0 = ¢ = 90. Show that the train
never reaches the end of the track. (7 marks)

31




32 CHAPTER 2 VARIABLE ACCELERATION

13 A body, M, of mass 5 kg moves along the positive x-axis. The displacement, s metres,
of the body at time 7 seconds is given by s = 373 + 2e~%, where ¢ = 0.

Find:
a the velocity of M when f=0.5 b the acceleration of M when ¢ = 3.

Given that M is acted on by a single force of variable magnitude /N which acts in the direction
of the x-axis,

¢ find the value of FFwhen ¢ = 3 seconds.

® 14 A particle P moves in a straight line so that, at time ¢ seconds, its displacement, s m, from a
fixed point O on the line is given by
3, 0<t<6
§=
Vt+3, 1>6

Find:
a the velocity of P when ¢t =4 b the velocity of P when ¢ =22.

® 15 A particle P moves in a straight line so that, at time 7 seconds, its displacement from
a fixed point O on the line is given by

31431, 0=¢r=3
s={ 241 - 136, LR
-252+961-612, t>06
Find:
a the velocity of P when ¢ =2 b the velocity of P when ¢t =10

¢ the greatest positive displacement of P from O
d the values of s when the speed of Pis 18ms-!.

16 A runner takes part in a race in which competitors have to sprint 200 m in a straight line.
At time ¢ seconds after starting, her displacement, s, from the starting position is modelled as:

s=kit,0=st=T

Given that the runner completes the race in 25 seconds,

a find the value of & and the value of 7T (2 marks)
b find the speed of the runner when she crosses the finish line (3 marks)
¢ criticise this model for small values of . (2 marks)

17 A particle P is moving in a straight line. At time ¢ seconds, where 1 = 0,
the acceleration of P is ams=2 and the velocity vms=! of P is given by

v=248sinkt
where k 1s a constant.
The initial acceleration of Pis4ms=—2

a Find the value of k. (3 marks)
Using the value of & found in part a,

b find, in terms of 7, the values of 7 in the interval 0 = ¢ = 4 for whicha =0 (2 marks)
¢ show that 44 =64 — (v — 2)? (5 marks)

d find the maximum velocity and the maximum acceleration. (2 marks)



VARIABLE ACCELERATION CHAPTER 2 33

@ Using integration
Integration is the opposite process to differentiation.
You can integrate acceleration with respect to time

to find velocity, and you can integrate velocity with
respect to time to find displacement.

m The area under a velocity-time graph
represents the displacement.

« Mechanics 1 Section 2.2

. displacement =85= _[v dz
. . ds :
Differentiate P velocity =v= _[a dr | Integrate
dv _ d3s

=——=acceleration =a
dr de

Example o (I (NEJ) PROBLEM-SOLVING

A particle is moving on the x-axis. At time ¢ = 0, the particle is at the point where x = 5.
The velocity of the particle at time 7 seconds (where 7 = 0) is (6¢ — ) m s~!. Find:

a an expression for the displacement of the particle from O at time 7 seconds
b the distance of the particle from its starting point when 7 = 6.

a x= _[v dt You integrate the velocity to find the

—ag B . ) i s 5 displacement. You must remember to
=& 3 8 clee0d caltany Qe add the constant of integration.

Whent=0,x=5 « Pure 1 Section 9.1

5=3KOE—%+€=C=>C=5

The displacement of the particle from O after This information enables you to find
——— L 5) s the value of the constant of integration.
- 3 « Pure 1 Section 9.3
b Using the result in a, when t = 6
3
,\‘:3x62~%+ 5=4

The distance from the starting point is
(41 = 5)m = 36m.

A particle is moving in a straight line with acceleration at time ¢ seconds given by
a=cos2mrms=2, where t = 0

The velocity of the particle at time 7 = 0 is %T ms~!. Find:

a an expression for the velocity at time ¢ seconds

b the maximum speed

¢ the distance travelled in the first 3 seconds.
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a v= [cos2rtdt fecos at d¢ =%sin at+c
= Lsin2m +¢
o 1 1 L 1
Whent=0, v=—=50¢c= Substitute ¢ = 0, v = — into the equation to find c.
27 2m 2m

O g 1 &
¥ —( —2?T5|n2m‘ +—2ﬁ) ms
1 2.

b Maximum speed =l 1 =—ms™

= The maximum value of sin x is 1.
21 27 2m W

izt
b gfo (sin2are + 1}t To find the distance travelled in the first 3
seconds, integrate v between r=0and 1 =3:

i/ - J3sin2me + 3-)de = 5= [ (sin2me + 1) dr
- 22+ 3)~ (-2

= im or 0477 m (3 s.f)
2T

A particle travels in a straight line. After ¢ seconds its velocity, vms~!, is given by v=5- 32, t = 0.
Find the distance travelled by the particle in the third second of its motion.

- m Before using definite integration to

find the distance travelled, check that v doesn't
\ 2 3 change sign in the interval you are considering.
|

3

S L
= 27{[ 27{605 2wt + I]

A sketch of the velocity-time graph can help.

The distance travelled is the area under the
— velocity-time graph. Use definite integration
to find it. « Pure 2 Section 8.2

s=[2(5 - 32

The velocity is negative betweenf=2and r=3

s=[5t- 3= 05 - 27) - (10 - 8) __ sothe displacement will be negative. You are
=-12-2=-14 asked to find the distance travelled so give the
Distance travelled = 14 metres positive numerical value of the displacement.

Exercise @ (I3 PROBLEM-SOLVING

1 A particle is moving in a straight line. Given that s = 0 when ¢ = 0, find an expression for the
displacement of the particle if the velocity is given by:

32 -
av=3r-1 b 112213—7 c v=22/r + 47

2 A particle is moving in a straight line. Given that v = 0 when ¢ = 0, find an expression for the
velocity of the particle if the acceleration is given by:

2
2 a=8f—2p ba=6+%
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3

EP 12

A particle P is moving on the x-axis. At time 7 seconds, the velocity of Pis (8 + 21 — 3r>)ms~! in
the direction of x increasing. At time ¢ = 0, P is at the point where x = 4. Find the distance of P
from O when ¢ = 1.

A particle P is moving on the x-axis. At time 7 seconds, the acceleration of P is (16 — 2¢) m s=2
in the direction of x increasing. The velocity of P at time 7 seconds is vms™. Whent=0,v=16
and when ¢ = 3, x = 75. Find:

a vinterms of ¢ b the value of x when ¢ = 0.

A particle P is moving in a straight line. At time 7 seconds, its velocity, vms~!, is given by
v==6 - 51t +90. When ¢ = 0 the displacement is 0. Find the distance between the two points
where P is instantaneously at rest.

At time ¢ seconds, where 1 = 0, the velocity vms~! of a particle P moving in a straight line is given by
v=12+t- 612 When ¢t =0, Pis at a point O on the line. Find the distance of P from O when v =0.

A particle P is moving on the x-axis. At time ¢ seconds, Problem-solving

the velocity of P is (4t — ##) ms~! in the direction of x

increasing. At time 7 = 0, P is at the origin O. Find: dauwlinsed o canIGerEh

) . motion when v is positive
a the value of x at the instant when ¢ > 0 and P is at rest and negative separately.

b the total distance moved by P in the interval 0 = 1 = 5.

A particle P is moving on the x-axis. At time 7 seconds, the velocity of P is (6¢Z — 26¢ + 15)ms~!
in the direction of x increasing. At time ¢ =0, P is at the origin O. In the subsequent motion P
passes through O twice. Find the two non-zero values of f when P passes through O.

A particle P moves along the x-axis. At time 7 seconds (where ¢ = 0) the velocity of P is
(32— 12t + 5) ms~! in the direction of x increasing. When ¢ = 0, P is at the origin O. Find:
a the values of # when P is again at O

b the distance travelled by P in the interval 2 = ¢ =< 3.

A particle P moves on the x-axis. The acceleration of P at time ¢ seconds, ¢ = 0,

is (41 — 3)m s~ in the positive x-direction. When 7 = 0, the velocity of Pis4ms™!

in the positive x-direction. When ¢ = T' (T # 0), the velocity of Pis4ms~!in the

positive x-direction. Find the value of T. (6 marks)

A particle P travels in a straight line such that its acceleration at time 7 seconds is (f — 3) ms~2.
The velocity of P at time ¢ seconds is vms~'. When ¢ =0, v = 4. Find:

a vin terms of ¢ (4 marks)
b the values of 7 when P is instantaneously at rest (3 marks)
¢ the distance between the two points at which P is instantaneously at rest. (4 marks)

A particle travels in a straight line such that its Problem-solving

acceleration, ams=2, at time ¢ seconds is given by : .
6reD ) 4. thedissl You need to use integration to find
a =61+ 2. When 1 = 2 seconds, the displacement, s, expressions for the velocity and

is 10 metres and when ¢ = 3 seconds the displacement displacement, then substitute in
is 38 metres. Find: the given values. Use simultaneous
a the displacement when 7 = 4 seconds (6 marks) equations to find the values of the

b the velocity when 7 = 4 seconds. (2 marks) Co-tnTs ol e Tanon.
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13 A particle P moves in a straight line. The acceleration, a, of P at time 7 seconds is given by
a=(1-sinrt)ms=2 where t = 0.
When ¢ = 0, the velocity of Pis 0ms-! and its displacement is 0 m. Find expressions for:
a the velocity at time ¢ seconds

b the displacement at time ¢ seconds.

14 A particle moving in a straight line has acceleration a, given by
a=sin3rtms=2 =0
At time ¢ seconds the particle has velocity vms~! and displacement s m. Given that when ¢ =0,

v :land si=1, find;
R

a an expression for v in terms of ¢
b the maximum speed of the particle

¢ an expression for s in terms of 7.

® 15 An object moves in a straight line from a point O. At time 7 seconds
the object has acceleration, a, where

a=—-cosdrims20=tr<4
When ¢ = 0, the velocity of the object is 0 ms~! and its displacement is 0 m. Find:
a an expression for the velocity at time 7 seconds
b the maximum speed of the object In part e, consider
¢ an expression for the displacement of the object at time ¢ seconds the number of times
d the maximum distance of the object from O the velocity changes

e the number of times the object changes direction during its motion. sign.

® 16 A particle moves in a straight line. At time 7 seconds after it begins its motion, the acceleration
of the particle is 3v7 m s=2 where ¢ > 0.

Given that after 1 second the particle is moving with velocity 2ms-!, find the time taken for the
particle to travel 16 m.

17 A particle P moves on the x-axis. At time  seconds the velocity of P is vms™! in the direction
of x increasing, where v is given by

10¢ - 213, 0<t<4

b= 24-(%)4, (>4
When ¢t =0, P is at the origin O.
Find:
a the greatest speed of Pin the interval 0 = r =4 (4 marks)
b the distance of P from O when ¢t =4 (3 marks)
¢ the time at which P is instantaneously at rest for t > 4 (1 mark)

d the total distance travelled by P in the first 10 seconds of its motion. (7 marks)
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Challenge

The motion of a robotic arm moving along a straight track
is modelled using the equations:

v=£+2 Oérskandv=10+£—£k$z510
2l 312

The diagram shows a sketch of the velocity-time graph of
the motion of the arm.

VA

1

0 10

Work out the total distance travelled by the robotic arm.

m Differentiating vectors

You can use calculus with vectors to solve problems involving motion
in two dimensions with variable acceleration.

To differentiate a vector quantity in the form f(z)i + g(s)j you differentiate
each function of time separately.

@ o i i Notation ion i .
mIfr=xi+)j, then wv= ﬂ =F=xi+)j - Dot notation is a short-hand for

dt differentiation with respect to time:

L . _d _dy

and a=g!=g—r=r=x|+yj =g and y=g

dr df " &y

= &x s

= and J de?

S ETTHE @ ({(NE3) PROBLEM-SOLVING

A particle P of mass 0.8 kg is acted on by a single force F N. Relative to a fixed origin O,
the position vector of P at time ¢ seconds is r metres, where

r=251+50172j,1=0
Find:
a the speed of P whent=4
b the acceleration of P as a vector when ¢t =2
¢ Fwhent=2.
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Differentiate 21> and 50~ separately to find the
i- and j-components of the velocity.

a v=rt=(Bri- 2513 )ms
Whent=4:v= (96i = %j]rrw“

| i T
Speed = {967 + (22)" = 96.1ms™ (3 =) - The speed is the magnitude of .

bia=f= (12!i + Zgb-—:‘"*’j)ms‘z
When ¢t = 2: a = 24i + 6.6291...jms~?

L a=F= % or alternatively, a = v = ?TY

¢ F=ma=05(24i + 66291...)) ~———  UseF=ma and round each coefficient to
= (12.2i + 5.30j)N (3 s.f) 3 significant figures.

Exercise @ m PROBLEM-SOLVING

1 At time ¢ seconds, a particle P has position vector rm with respect to a fixed origin O, where
r=3t-4)i+(F-40j,t=0
Find:
a the velocity of P when¢=3
b the acceleration of P when ¢ = 3.

2 A particle P of mass 3 grams moving in a plane is acted on by a force FN. Its velocity at time
t seconds is given by v= (i + (2t - 3)j)ms-1, 1 = 0.
Find F when 7 = 4.

® 3 In this question, i and j are the unit vectors east and north respectively.
A particle P is moving in a plane. At time ¢ seconds, the position vector of P, rm, relative to a
fixed origin O is given by r = 5¢734 + 2j, t = 0.
a Find the time at which the particle is directly north-east of O.
b Find the speed of the particle at this time.
¢ Explain why the particle is always moving directly west.

@ 4 At time r seconds, a particle P has position vector rm with respect to a fixed origin O, where
r=42i+ (24t -3%j,t=0

a Find the speed of P when ¢ = 2. (3 marks)
b Show that the acceleration of P is a constant and find the magnitude of this
acceleration. (3 marks)

@ 5 A particle P is initially at a fixed origin O. At time ¢ = 0, P is projected from O and moves
so that, at time ¢ seconds after projection, its position vector r m relative to O is given by

r=(£-120i+ 4 -60)j,t =0

Find:

a the speed of projection of P (5 marks)
b the value of ¢ at the instant when P is moving parallel to j (3 marks)
¢ the position vector of P at the instant when P is moving parallel to j. (3 marks)

The motion of the particle is due to it being acted on by a single variable force, FN.
d Given that the mass of the particle is 0.5 kg, find the magnitude of F when 1 = 5s. (4 marks)
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@ 1

A particle P is moving in a plane. At time r seconds, the position vector of P, rm., is given by

r = (312 - 61 + 4)i + (£* + k?)j, where k is a constant.

When 7 = 3, the speed of Pis 12/5Sms-!.

a Find the two possible values of k. (6 marks)

b For each of these values of k, find the magnitude of the acceleration of P when
r=:1.5. (4 marks)

Relative to a fixed origin O, the position vector of a particle P at time ¢ seconds is r metres, where
r=602%+13,1=0

At the instant when ¢ = 4, find:

a the speed of P (5 marks)

b the acceleration of P, giving your answer as a vector. (2 marks)

A particle P moves in a horizontal plane. At time 7 seconds, the position vector of P is r metres
relative to a fixed origin O where r is given by

r=(18¢t-483i+ct}, t =0,
where ¢ is a positive constant. When ¢ = 1.5, the speed of Pis 15ms-!. Find:
a the value of ¢ (6 marks)
b the acceleration of P when ¢ = 1.5. (3 marks)

At time ¢ seconds, a particle P has position vector r metres relative to a fixed origin O, where
r=022-30i+ (5t + )j,t=0

Show that the acceleration of P is constant and find its magnitude. (5 marks)

A particle P moves in a horizontal plane. At time ¢ seconds, the position vector of P

is r metres relative to a fixed origin O, and r is given by r = (207 — 2£%)i + k%, t = 0,

where k is a positive constant. When ¢ = 2, the speed of Pis 16 ms~!. Find:

a the value of % (6 marks)

b the acceleration of P at the instant when it is moving parallel to j. (4 marks)

m Integrating vectors

You can integrate vectors in the form f(t)i + g(t)j by m e
integrating each function of time separately. the constant of integration will also be a
"v= fadt andr= f\rdt vector. Write it in the form ¢ = pi + gj.

S & E @ ]R8  PROBLEM-SOLVING

A particle P is moving in a plane. At time ¢ seconds, its velocity vm s~ is given by

v=3ti+%z2j,320

When ¢ = 0, the position vector of P with respect to a fixed origin O is (2i — 3j) m.
Find the position vector of P at time ¢ seconds.

39




r= fvdr = f[éri + —;—rgj)dr
3. B

—2—i+E’j+c
When t =0, r=2i - 3j:
2i-3j=0i+0j+c

c = 2i - 3j J

Hence
r:%?u{;+ﬁ—@:ﬁ§+ﬂH4§—ﬂj

The position vector of P at time t seconds is

(& +2)i+ (G- 3)ym
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You integrate 3¢ and %rz in the usual way, using
n+l
fr"dt = nt? You must include the constant of

integration, which is a vector, c.

You are given an initial condition (or boundary
condition) which allows you to find ¢. Substitute
t=0and r = 2i - 3j into the integrated
expression and solve to find ¢.

< Pure 1 Section 9.3

Collect together the terms ini and j to complete
your answer.

A particle P is moving in a plane so that, at time ¢ seconds, its acceleration is (4i — 2¢j) ms=2.
When ¢ = 3, the velocity of Pis 6ims-! and the position vector of P is (20i + 3j)m with

respect to a fixed origin O. Find:

a the angle between the direction of motion of P and i when r =2

b the distance of P from O when 1 = 0.

a v=[adt = [4i - 20t

=41i-j+c
When t = 3, v = Gi:
Gi=12i-9j+c
c=-6i+19
Hence

v =41 - 2] - 6i + I
=({4t-6)i+ (9 - te)j)rn5‘1
When t = 2:
v=(B-06)i+(9—-4)j=2i+ 5jms
The angle v makes with i is given by
tanf =3 = 0~ 68.2°
When t = 2, the angle between the direction
of motion of P and iis 68.2° (1 d.p.).

The direction of motion of P is the direction of

'— the velocity vector of P. Your first step is to find

the velocity by integrating the acceleration.

You then use the fact that the velocity is 6i ms~!

~ when =3 to find the constant of integration.

You find the angle the velocity vector

makes with i using trigonometry.

y 5

/5

i2
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b r= Jvdt = f(("rf - 6)i + (9 - A)j)dt '—L You find the position vector by integrating
= (212 - G + (9!, . %)J b the velocity .uector. Rememberto include the
- constant of integration.
When t = 3, r = 20i + 3j:

20i + 3j=(16-18)i+ (27 - 9)j+d The constant of integration is a vector. This
=18j+d constant is different from the constant in part a

d = 20i - 15j so you should give it a different letter.
Hence

= (272 - et + (9t = £)j + 20i - 15]
o= )i ( 3 )i - m Read the question carefully to work
When ¢ = O, r = (20i - 15j) m: out whether you need to find a vector or a scalar

i)

OP = |20i - 15| =202 + 152 = 25m quantity. The distance from O is the magnitude
When t = O, the distance of P from O is of the displacement vector, so use Pythagoras'
25m. Theorem.

The velocity of a particle P at time 7 seconds is ((372 — 8)i + Sj)ms~!. When ¢ = 0, the position
vector of P with respect to a fixed origin O is (2i — 4j)m.

a Find the position vector of P after ¢ seconds.

A second particle O moves with constant velocity (8i + 4j)ms~'. When ¢ = 0, the position vector of
Q with respect to the fixed origin O is 2im.

b Prove that P and Q collide.

a Let the position vector of P after There are two position vectors in this question
and to write them both as r m would be
confusing. It is sensible to write the position

p = [vdt = (37 - &)i + 5par vector of P as pm and the position vector of Q
=(F-8i+5+c asqm.

When t = O, p = 2i — 4j:

2i—4j=0i+0j+c=c=2i -4

Hence

p = (2 — B + 54 + 2i — 4
= (> - &t + 2)i + (5t — 4)j

The position vector of P after t seconds is

(2 — &t + 2)i + (5t — 4)j)m.

[ seconds be p metres.
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b Let the position vector of Q after Use the equation for the position vector of a
particle moving with constant velocity. You could

! seconds be qm.
also integrate 8i + 4j with the boundary condition

r=rg+ vl
q = 2i + (8i + 4))t = (81 + 2)i + 41 q=_2iwhen/=0.
Equating the position vectors of P and Q: "
(12 =81+ 2)i + (51— 4)j = Bt + 2)i + 44
Equate coefficients of j: 5t — 4 = 4t Equate the position vectors for each particle. If
=1=4 they collide there will be a single value of ¢ for
Check with coefficients of i: which p = q. This means that the coefficients of i
Whent=4,5-8t+2=43-84)+2 will be equal and the coefficients of j will be equal.
=34
and 8t +2=84) +2 =234 The coefficient of i involves a £ term so it is
So the particles will collide when easier to start by equating the j components.
1 = 4 seconds.
| Now check i as well, as the particles only collide if

both coefficients match.

Exercise @ m PROBLEM-SOLVING

@1

® 2

A particle P starts from rest at a fixed origin O. The acceleration of P at time ¢ seconds

(where ¢ = 0) is (6% + (8 — 4£)j)ms2, Find:

a the velocity of P when ¢t =2 (3 marks)
b the position vector of P when 7 =4. (3 marks)

A particle P is moving in a plane with velocity vms~! at time 7 seconds where
v=032+2)i+(66-4)j,t=0

When ¢ = 2, P has position vector 9jm with respect to a fixed origin O. Find:

a the distance of P from O when t =0 (4 marks)

b the acceleration of P at the instant when it is moving parallel to the vector i. (4 marks)

At time ¢ seconds, where ¢ = 0, a particle P is moving in a plane with velocity vms~!

and acceleration ams~2, where a = (21 — 4)i + 6 sin (.
m
_ 2
a vinterms of wand ¢ (5 marks)

(3 marks)

Given that P is instantaneously at rest when ¢ = - seconds, find:

b the exact speed of P when ¢ = 3?#

At time ¢ seconds (where ¢ = 0), a particle P is moving in a plane with acceleration ams=2, where
a=(5t-3)i+(8-1)j

When ¢ = 0, the velocity of P is (2i — 5j)ms~!. Find:

a the velocity of P after ¢ seconds (3 marks)

b the value of ¢ for which P is moving parallel to i — j (4 marks)

¢ the speed of P when it is moving parallel to i — j. (3 marks)
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At time ¢ seconds (where ¢ = (), a particle P is moving in a plane with acceleration
(2i — 2¢j)ms=2. When ¢ = 0, the velocity of P is 2jms-! and the position vector of P
is 6im with respect to a fixed origin P.

a Find the position vector of P at time ¢ seconds. (5 marks)

At time ¢ seconds (where ¢ = 0), a second particle Q is moving in the plane with velocity
(322 - 4)i — 2¢j)ms-1, The particles collide when ¢ = 3.

b Find the position vector of Q at time ¢ = 0. (4 marks)

At time ¢ = 0, a particle P is at rest at a point with position vector (4i — 6j)m with respect to a
fixed origin O. The acceleration of P at time ¢ seconds (where £ = 0) is ((4¢ — 3)i — 6/7))ms2.
Find:

a the velocity of P when t = % (5 marks)
b the position vector of P when r = 6. (5 marks)

At time ¢ seconds (where r = () a particle P is moving in a plane with acceleration ams~2, where
a= (84— 61)i + (8¢ — 3)j.

When ¢ = 2, the velocity of Pis (16i + 3j)ms-!. Find:

a the velocity of P after 7 seconds (4 marks)

b the value of ¢ when P is moving parallel to i. (3 marks)

At time ¢ seconds the velocity of a particle P is ((4f — 3)i + 4j)ms~.
When ¢ = 0, the position vector of P is (i + 2j) m, relative to a fixed origin O.
a Find an expression for the position vector of P at time ¢ seconds. (4 marks)
A second particle QO moves with constant velocity (5i + kj)ms~! relative to the fixed origin O.
When ¢ = 0, the position vector of Qis (11i + 5j)m.
b Given that the particles P and Q collide, find:

i the value of k

ii the position vector of the point of collision. (6 marks)

Challenge

A particle P is moving in a plane. At time ¢ seconds, P is moving
with velocity vm s—!, where v = 37 cos ti + 5¢j. Given that P is
initially at the point with position vector 4i + j m relative to a fixed

origin O, find the position vector of P when ¢ = %

@ Constant acceleration formulae

You can use calculus to derive the formulae for motion with constant acceleration.

Example @ m REASONING/ARGUMENTATION

A particle moves in a straight line with constant acceleration, a ms=2. Given that its initial velocity
is ums~! and its initial displacement is 0 m, show that:

a
b

its velocity, vm s~!, at time ¢s is given by v = u + at
its displacement, sm, at time ¢s is given by s = ur + %azz.

43
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a v:_[ad!
=at+¢
Whent=0,v=u,
sou=ax0+c=c¢
Sov=u+ at

Use the initial condition you are given for the
velocity to work out the value of ¢.

b s= vt
I(n + at) dt Use the equation for velocity you have just proved.

= ut +3at? + ¢
R Use the initial condition you are given for the

displacement to work out the value of ¢.

1
s00=ux0+zxax®+c¢

(=0 LELUEINY The suvat equations can be used

S0 5 = ut +5at® only when the acceleration is constant.

Exercise @ m REASONING/ARGUMENTATION

® 1 A particle moves on the x-axis with constant acceleration ¢ ms—2. The particle has initial velocity
0 and initial displacement x m. After time ¢ seconds the particle has velocity vm s~!
and displacement s m.

Prove that s = %aﬂ + Xx.

2 A particle moves in a straight line with constant acceleration Sms-2.
a Given that its initial velocity is 12 ms~! use calculus to show that its velocity at time s
is given by v =12 + 5¢.
b Given that the initial displacement of the particle is 7m, show that s = 121 + 2.572 + 7.

® 3 A particle moves in a straight line from a point O. At time 7 seconds, its displacement, sm,
from P is given by s = ut + %ar2 where 1 and ¢ are constants. Prove that the particle moves with
constant acceleration a.

4 Which of these equations for displacement describe constant acceleration? Explain your answers.

2
As=20-p Bs=dt+7 c_e:’z Ds=3t—t—22 Es=6

5 A particle moves in a straight line with constant acceleration. The initial velocity of the particle
is 5ms~! and after 2 seconds it is moving with velocity 13 ms~'.
a Find the acceleration of the particle. (3 marks)

b Without making use of the kinematics m A = e
formulae, show that the displacement, . f AT R 00T
specify that you cannot use certain formulae

sm, of the particle from its starting or techniques. In this case you need to use

position is given by: calculus to find the answer to part b.
s=pt+qt+r,t=0

where p, ¢ and r are constants to be found. (5 marks)
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A train travels along a straight track, passing point 4 at time 7 = 0 and passing point B
40 seconds later. Its distance from A at time ¢ seconds is given by:

§=251-0220=<1<40
a Find the distance AB. (1 mark)
b Show that the train travels with constant acceleration. (3 marks)

A bird passes point B at time ¢ = 0 at an initial velocity towards 4 of 7ms-".
It flies in a straight line towards point 4 with constant acceleration 0.6 ms=2.

¢ Find the distance from A4 at which the bird is directly above the train. (6 marks)

Chapter review e

1

A particle P moves in a horizontal straight line. At time ¢ seconds (where 7 = 0) the velocity
vms-! of Pis given by v= 15 - 3¢. Find:

a the value of r when P is instantaneously at rest

b the distance travelled by P between the time when ¢ = 0 and the time when P is
instantaneously at rest.

A particle P moves along the x-axis so that, at time ¢ seconds, the displacement of P
from O is x metres and the velocity of Pis vms~!, where:

v=61+30
a Find the acceleration of P when 1 = 4.
b Given also that x = =5 when ¢ = 0, find the distance OP when 1 = 4.

A particle P is moving along a straight line. At time 7 = 0, the particle is at a point A and is
moving with velocity 8 ms-! towards a point B on the line, where 4B = 30 m. At time 7 seconds

(where ¢t = 0), the acceleration of P is (2 — 2r) ms~2 in the direction E

a Find an expression, in terms of ¢, for the displacement of P from A at time 7 seconds.
b Show that P does not reach B.

¢ Find the value of 7 when P returns to 4, giving your answer to 3 significant figures.

d Find the total distance travelled by P in the interval between the two instants when
it passes through A.

A particle starts from rest at a point O and moves along a straight line OP with
an acceleration, a, after ¢ seconds given by a = (8 — 2¢>) ms=2. Find:

a the greatest speed of the particle as it moves in the direction OP (5 marks)

b the distance covered by the particle in the first two seconds of its motion. (4 marks)
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5 A particle P passes through a point O and moves in a straight line. The displacement, s metres,
of P from O, ¢ seconds after passing through O is given by:

s=—t3+11£2-24¢

a Find an expression for the velocity, vms~!, of P at time ¢ seconds. (2 marks)
b Calculate the values of 7 at which P is instantaneously at rest. (3 marks)
¢ Find the value of t at which the acceleration is zero. (2 marks)
d Sketch a velocity—time graph to illustrate the motion of P in the interval 0 = ¢ = 6, showing

on your sketch the coordinates of the points at which the graph crosses the axes. (3 marks)
e Calculate the values of 7 in the interval 0 = 1 = 6 between which the speed of P
is greater than 16 ms-!, (6 marks)

® 6 A body moves in a straight line. Its velocity, vms-1, at time ¢ seconds is given by v =3#2 - 117 + 10.

Find:

a the values of ¢ when the body is instantaneously at rest (3 marks)
b the acceleration of the body when ¢ = 4 (3 marks)
¢ the total distance travelled by the body in the interval 0 < ¢ < 4. (4 marks)

@ 7 A particle moves along the positive x-axis. At time ¢ = 0 the particle passes through the origin
with velocity 6ms~!. The acceleration, ams—2, of the particle at time ¢ seconds 1s given by
a=2¢ -8t fort = 0. Find:

a the velocity of the particle at time ¢ seconds (3 marks)

b the displacement of the particle from the origin at time 7 seconds (2 marks)

¢ the values of ¢ at which the particle is instantaneously at rest. (3 marks)
@ 8 A remote-control drone flies such that its vertical height, sm, S4

above ground level at time ¢ seconds is given by the equation:
‘o 4= 1263 + 2812 + 400

’ 50 :
The diagram shows a sketch of a displacement—time graph !
of the drone’s motion. !

0=r=8§

8
Determine the maximum and minimum height of the drone. (7 marks)

9 A rocket sled is used to test a parachute braking mechanism for a space capsule.
At the moment the parachute opens, the sled is 1.5 km from its launch site and is travelling away
from it at a speed of 800ms~!. The sled comes to rest 25 seconds after the parachute opens.

The rocket sled is modelled as a particle moving in a straight horizontal line with constant
acceleration. At a time ¢ seconds after the parachute opens, its distance, s m, from the launch
site is given by:

s=a+bt+etr,0=1<25
Find the values of «, b and ¢ in this model. (6 marks)

@ 10 A particle P moves along the x-axis. It passes through the origin O at time 7 =0
with speed 7ms~! in the direction of x increasing.
At time ¢ seconds the acceleration of P in the direction of x increasing is (20 — 6/) ms~2.
a Show that the velocity vm s~ of P at time ¢ seconds is given by:
v="T4+ 20t - 37 (3 marks)
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15

b Show that v = 0 when 7 = 7 and find the greatest speed of P
in the interval 0 < ¢ < 7. (4 marks)

¢ Find the distance travelled by P in the interval 0 < ¢t < 7. (4 marks)

A particle P moves along a straight line. Initially, P is at rest at a point O on the line. At time
t seconds (where ¢ = 0) the acceleration of P is proportional to (7 — ¢?) and the displacement
of P from O is s metres. When ¢ = 3, the velocity of Pis 6ms-!.

Show that s = 5;1%(42 — ). (7 marks)

A mouse leaves its hole and makes a short journey along a straight wall before returning to its
hole. The mouse is modelled as a particle moving in a straight line. The distance of the mouse,
sm, from its hole at time # minutes is given by:

s=r-108+252,0<¢t<5
a Explain the restriction 0 = r = 5. (3 marks)
b Find the greatest distance of the mouse from its hole. (6 marks)

Al a time ¢ seconds after launch, a space rocket can be modelled as a particle
moving in a straight line with acceleration, @ ms=2, given by the equation:

a=(6.77Tx 107 - (3.98 x 10472 + 0.105¢ + 0.859, 124 <t=<446

a Suggest two reasons why the space rocket might experience variable acceleration
during its launch phase.

Given that the velocity of the rocket at time ¢ = 124 is 974 ms~!:

b find an expression for the velocity vms~! of the rocket at time 7.
Give your coefficients to 3 significant figures.

¢ Hence find the velocity of the rocket at time ¢ = 446, correct to 3 s.f.

From ¢ = 446, the rocket maintains a constant acceleration of 28.6 ms=2 until
it reaches its escape velocity of 7.85kms~!. It then cuts its main engines.

d Calculate the time at which the rocket cuts its main engines.

Two particles P and Q move in a plane so that at time ¢ seconds, where = 0, P and Q have
position vectors rp metres and r, metres respectively, relative to a fixed origin O, where

rp= (32 + 4)i + (2t - 3)j

ro=(+ 6)i +

Find:
a the velocity vectors of P and Q at time ¢ seconds (5 marks)
b the speed of P when ¢ =2 (2 marks)

¢ the value of ¢ at the instant when the particles are moving parallel to one another. (4 marks)
d Show that the particles collide and find the position vector of their point of collision. (6 marks)

At time ¢ seconds, a particle P has position vector r m with respect to a fixed origin O, where
r=(32—4)i+ (8 -4~
a Show that the acceleration of P is a constant.

b Find the magnitude of the acceleration of P and the size of the angle which the acceleration
makes with j.
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® 16 At time 1 seconds, a particle P has position vector r m with respect to a fixed origin O, where
r =2cos3ti — 2sin 3¢j
a Find the velocity of P when ¢ = % (5 marks)
b Show that the magnitude of the acceleration of P is constant. (4 marks)

17 A particle of mass 0.5kg is acted upon by a variable force F. At time ¢ seconds,
the velocity vims™! is given by v = (4d¢t — 6)i + (7 — ¢)#%j, where ¢ is a constant.
a Show that F = (2ci + (7 — ¢)¢j) N. (4 marks)
b Given that when ¢ = 5 the magnitude of F is 17N, find the possible values of c. (5 marks)

® 18 At time ¢ seconds (where t = 0) the particle P is moving in a plane with acceleration ams~2,

where a = (8¢ — 61)i + (8¢ — 3)j.

When ¢ = 2, the velocity of Pis (16i + 3j)ms™!. Find:

a the velocity of P after 7 seconds (3 marks)
b the value of ¢ when P is moving parallel to i. (4 marks)

@ 19 A particle P moves so that its acceleration a ms™2 at time 7 seconds, where 1 = 1, is given by

i e
a=4t+ 5171j
When ¢ = 1, the velocity of Pis (4i + 10j) ms™'.
Find the speed of P when ¢ = 5. (6 marks)

20 In this question, i and j are horizontal unit vectors due east and due north respectively.
A clockwork train is moving on a flat, horizontal floor. At time ¢ = 0, the train is at a fixed
point O and is moving with velocity (3i + 13j)ms~!. The velocity of the train at time ¢ seconds
isvms~!, and its acceleration, ams=, is given by a = 2 + 3j.
a Find v in terms of ¢. (3 marks)

b Find the value of ¢ when the train is moving in a north-east direction. (3 marks)

Challenge

1 A particle starts at rest and moves in a straight line. At time ¢ seconds after the
beginning of its motion, the acceleration of the particle, « m s72, is given by:
a=32-18t+20,t=0
Find the distance travelled by the particle in the first 5 seconds of its motion.

2 A particle travels in a straight line with an acceleration, a m s—, given by a = 61 + 2.
The particle travels 50 metres in the fourth second. Find the velocity of the
particle when ¢ = 5 seconds.

3 A particle moves on the positive x-axis such that its displacement, sm, from O at
time ¢ seconds is given by
s=QR0-AVt+1,t=0
a State the initial displacement of the particle.
b Show that the particle changes direction exactly once and determine the time
at which this occurs.
¢ Find the exact speed of the particle when it crosses O.
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4

Relative to a fixed origin O, the particle R has position vector r metres at time

t seconds, where
r = (6sinwi)i + (4coswi)j

and @ is a positive constant.

a Find i and hence show that v2 = 22 (13 + 5 cos 2mt), where vm s is the speed
of R at time ¢ seconds.

b Deduce that 4w < v = 6w.

¢ Attheinstant whent= % find the angle between r and I,

giving your answer in degrees to one decimal place.

Summary of key points

1

If the displacement, s, is expressed as a function of ¢,
then the velocity, v, can be expressed as
yods
dr
If the velocity, v, is expressed as a function of ¢, then the

acceleration, @, can be expressed as

L dv_ds
S dt de
displacement =§5= fvdt I
- - ds :
Differentiate AP velocity == Ia dr | Integrate
fvE. o E acceleration = a
vy dr de

If a particle starts from the point with position vector r, and moves with constant velocity v,
then its displacement from its initial position at time ¢ is wr and its position vector r is given by
r=ry+ Vi

For an object moving in a plane with constant acceleration:
s v=u+at

 r=ur+ 1ar

where

+ uis the initial velocity

- ais the acceleration

+ vis the velocity at time ¢

» ris the displacement at time 1.

dr

If r = xi + yj, then v:a:i‘:fciﬂ}j
_dv_ﬂ_.._ - “
and a=g=gz=t=%i+j)

7 v=fadtandr=fvdt



3 CENTRES

Learning objectives

After completing this chapter you should be able to:

e Find the centre of mass of a set of particles arranged along a straight line - pages 51-52 [
e Find the centre of mass of a set of particles arranged in a plane - pages 53-57 §
e Find the positions of the centres of mass of standard uniform plane laminas - pages 57-61
® Find the positions of the centres of mass of composite laminas -> pages 61-68
® Find the centre of mass of a framework - pages 68-72
® Solve problems involving a lamina in equilibrium - pages 72-79
® Solve problems involving a framework in equilibrium - pages 79-83
® Solve problems involving non-uniform laminas and frameworks - pages 83-87

Prior knowledge check / i

1 Work out the values of x and y:

8( 1\) = 4( i) + 6(;) « International GCSE Mathematics |

2 A uniform plank AB of length 6 m and mass 16 kg lies
on the edge of a table. A mass of 4 kg is attached to one
end of the plank at B, causing the plank to be on the
point of tilting.

@

Find the distance AC.
3 Find the area of quadrilateral ABCD.

¢ Mechanics 1 Section 8.5

The centre of mass of large
vehicles must be calculated,
tested and sometimes
adjusted, so that the vehicle
does not topple over easily.

@

<« International GCSE Mathematics
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@ Centre of mass of a set of particles on a straight line

You can find the centre of mass of a set of particles arranged along a straight line by considering
moments. You will use the fact that Y _m, x;= X Y_m,

Example ° I{(IEJ) PROBLEM-SOLVING

A system of three particles with masses 2kg, Skg and 3 kg are placed along the x-axis at the points
(3, 0), (4, 0) and (6, 0) respectively. Find the centre of mass of the system.

0 Zkg 5 Skg @ Explore the centre of mass of O
I I I systems of particles using GeoGebra.
Draw two diagrams, the first showing the weights

02 x ’I of the three particles, the second showing the

I".“

e}

total weight Mg acting at the centre of mass G.

D¢+ 5¢+ 3g = Mg . Compare the two systems vertically.
Note that the g cancels.
10=M
Taking moments about O:
(2g x 3) + (52 x 4) + (3g x 6) = Mg x X ——— Equate the moments of the two systems about O.
(2x3)+(5x4)+(3x6)=10Xx
6 +20 J::i = T_OT L Substitute for M.
=X

The centre of mass is at (4.4, Q).

A system of n particles with masses m,, n,, ..., m, are placed along the x-axis at the points
(x1. 0), (x5, 0). .... (x,. 0) respectively. Find the centre of mass of the system.

F]I] .'172 arw m

[

o ® @ @ >
(x, O) (x,, O (x., ©) z )
v Draw two diagrams.
< x >
0 »
G X

Then M =m; +mz + ... +m, '— There is no need to include g as it cancels.
and my X, + Mz Xo + ... + mx, = MX

e mx tmax, + . Fmx, =y +my+ ... +m)X

or imi Xi= % im,. This is a key result and should be learned.
i=1 i=1

m: x:
33 x; & Note that this result holds for positive and
N i: 3 negative coordinates.
i=1 J

So X
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= |f a system of » particles with masses m,, m,, ..., m, m This result could also
are placed along the x-axis at the points be used for a system of particles
(%, 0), (x5, 0), ..., (x,, 0) respectively, then: placed along the y-axis:
" n
> omx; =X m, E:m L yf;:m
i=1 i=1

where (x, 0) is the position of the centre of mass of the system.

Exercise m PROBLEM-SOLVING

Find the position of the centre of mass of four particles of masses 1 kg, 4kg, 3kg and 2 kg
placcd on the x-axis at the points (6, 0). (3. 0), (2, 0) and (4, 0) respectively.

2 Three masses of 1kg, 2kg and 3 kg, are placed at the points with coordinates (0, 2), (0, 5)
and (0, 1) respectively. Find the coordinates of G, the centre of mass of the three masses.

3 Three particles of masses 2 kg, 3 kg and 5 kg, are placed at the points (-1, 0), (-4, 0) and (5, 0)
respectively. Find the coordinates of the centre of mass of the three particles.

4 A light rod PQ of length 4m has particles of masses 1 kg, 2 kg and 3 kg attached to it at the
points P, Q and R respectively, where PR = 2m. The centre of mass of the loaded rod is at the
point G. Find the distance PG.

5 Three particles of masses 5 kg, 3 kg and m kg lie on the y-axis at the points (0, 4), (0, 2) and
(0, 5) respectively. The centre of mass of the system is at the point (0, 4). Find the value of m.

6 A light rod PQ of length 2m has particles of masses 0.4 kg and 0.6 kg fixed to it at the points P
and R respectively, where PR = 0.5 m. Find the mass of the particle which must be fixed at Q so
that the centre of mass of the loaded rod is at its midpoint.

7 The centre of mass of four particles of masses 2m, 3m, 7m and 8m, which are positioned at the
points (0, @), (0, 2), (0, —=1) and (0, 1) respectively, is the point G. Given that the coordinates of
G are (0, 1), find the value of a.

Particles of masses 3 kg, 2 kg and 1 kg lie on the y-axis at the points with coordinates (0, -2),
(0, 7) and (0, 4) respectively. Another particle of mass 6 kg is added to the system so that the
centre of mass of all four particles is at the origin. Find the position of this particle.

® @ @ o

9 Three particles A4, B and C are placed along the x-axis. Particle A has mass 5kg and is at the
point (2, 0). Particle B has mass m, kg and is at the point (3, 0) and particle C has mass m, kg
and is at the point (-2, 0). The centre of mass of the three particles is at the point G (1, 0).
Given that the total mass of the three particles is 10 kg, find the values of 1, and m,. (3 marks)

—_—
=

Three particles of masses (m — 1) kg, (5 — m) kg and m kg lie on the y-axis at the points with
coordinates (0, =1), (0, 1) and (0, 2) respectively. A fourth particle of mass (m + 1) kg is added
at the point (0, 0) so that the centre of mass of all four particles is at the point (0, 1).

Show that m =0.5kg. (3 marks)

Challenge

Three particles, of masses 1 kg, 2 kg and 3 kg respectively, lie on the x-axis at points P, Q and R with
PQ: QR = 2:3.The centre of mass of the particles is at G. Show that the ratio of the lengths PQ: PG is 12:19.
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@ Centre of mass of a set of particles arranged in a plane

Youcanuse > m;x;=X»_m;and »_m, y; =7 »_m; to find the centre of mass of a set of point masses
arranged in a plane by considering the x-coordinate and y-coordinate of the centre of mass separately.

Example o m PROBLEM-SOLVING

Find the coordinates of the centre of mass of the following system of particles:
2kgat(1,2);3kgat (3, 1); Skgat (4, 3)

" @ Explore the centre of mass of

4 particles arranged in a plane using GeoGebra.
5k
3 4
2k
5 9
3k
1 5
0 1 2 3 4 * Draw two diagrams, the first showing the three
: — particles, the second showing the total mass M
) placed at the centre of mass (x, y).
M
-
x,»
0 %
2¢ + 3¢ + 5¢ = Mg Equate the total weights.
10=M Note that g cancels.
Method 1

Taking moments about the y-axis:

(2g x 1)+ (3¢ x 3) +(5¢ x 4) = MgXx

PxN+3B3x3)+5x4)=2+3+5X
2+9+20=10%X%
31
Taking moments about the x-axis:
(22 x 2)+(3g x )+ (5 x 3)=(2 + 3 + D)gy
The centre of mass is at (3.1, 2.2).

Equate the moments of the system about the
y-axis.

Substitute for M.

X

Equate the moments of the system about the
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Problem-solving
Method 2

(1) ( ) = 5(;;) —(2+3+5) (;) :2;2&:2 reduce the working by using position
[ ) + %O] . (1O)J The top line is
31 = Sz —r
2?) (.TQHJ and the bottom line is
(22) = (T) Nomy; =y m;

The centre of mass is at (3.1, 2.2).

—— Divide both sides by 10.

m |f a system consists of i particles: mass
m, with position vector r;, mass m;, with

position vector ry, ..., mass m, with position m Tie postlonvestor of s polnveaibe
vectorr,, then written in terms of i and j or as a column vector.

Z mr;=Tt st For example, the position vector of

; e o 3
where F is the position vector of the centre i peliGraits Bl bl o (4)

of mass of the system.

Find the coordinates of the centre of mass of the following system of particles:
4kgat (-1, 3); 2kgat (-2, —-4); 8kg at (4, 0); 6 kgat (1, -3)

[ pmy h [ li ith iti i
4(.3)+2( 2) ( ) (13] (4+2+6+6)(;)'— Iosr;e;l;tte?)plesmt positive or negative

() + () + (5) + () = 20(5)
Sa) =2

= [;].— Simplify the LHS.

Centre of mass is at (1.5, =0.7).

m |f a question does not specify axes or coordinates you will need to choose your own axes and origin.
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A light rectangular plate ABCD has AB =20cm and AD = 50 cm. Particles of masses 2 kg, 3 kg,
Skgand 5kg are attached to the plate at the points 4, B, C and D respectively.
Find the distance of the centre of mass of the loaded plate from:

a AD b AB
YA First draw a diagram.
1 S5kg Skg Choose point A4 as the origin and put it
D ¢ in the bottom left-hand corner of your
diagram.
Using AB and AD as ‘axes’, 4 is (0, 0),
Bis (20,0), Cis (20, 50) and D is (0, 50).
2hd Phde
A B o
fo) (20) 20 @] X .
2(2) +3(%) +5(29) + 5(sp) =@ + 3+ 5 + 5(5)— Using T, =rSm
G} fe0) . 1100 Gl i
(o) + (%) * (220) * (250) = 15(5)
120 _al% -
( =g Simplify LHS.
(_3) " (Z ) Divide both sides by 15.
%5 100 | = \¥,
a ‘;,_ cm 3

b Lem m Check that your answers are

sensible in the context of the question.
Example e

The centre of mass should lie inside the
rectangle.

Particles of masses 4 kg, 3 kg, 2kg and 1 kg are placed at the points (x, ), (3, 2), (1, =5) and (6, 0)

respectively. Given that the centre of mass of the four particles is at the point (2.5, -2), find the

values of x and y.

4( ) + 3(3) ( 15) + 1 (6) =4 +3+2+ 1}(25)-7 Using > nn,r; = r>_m;
4x ( \
() )+ (o) + (6) = (Z2)
4x + 17 25
(4} = ) 20)
4x +17 = 25
4y - 4 = =20

Equate the i and j components.

e Solve the two equations for x and y.
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Example o

Three particles of masses 2 kg, 1 kg and m kg are situated at the points (-1, 3), (2,9) and (2, -1)
respectively. Given that the centre of mass of the three particles is at the point (1, y), find:

a the value of m

b the value of y.

o) ) i) 241+ mlf) e Smern
(2)+(5)+ (2m) = @ +omf3)
( 1 52inm) - ( (33++nf:}1fJ
2m=3+m
15-m=3+m7y

|— Equate theiand j components.

a m=23 || o
b 15-3=(3+3)F The first equation is easy to solve for m.
12=6y
=7 Substitute for m in the second equation and solve

for 7.

Exercise m PROBLEM-SOLVING

Two particles of equal mass are placed at the points (1, —3) and (5, 7) respectively.
Find the centre of mass of the particles.

2 Four particles of equal mass are situated at the points (2, 0), (-1, 3), (2, -4) and (-1, -2)
respectively. Find the coordinates of the centre of mass of the particles.

3 A system of three particles consists of 10kg placed at (2, 3), 15kg placed at (4, 2) and 25kg
placed at (6, 6). Find the coordinates of the centre of mass of the system.

4 Find the position vector of the centre of mass of three particles of masses 0.5kg, 1.5kg
and 2 kg which are situated at the points with position vectors (6i — 3j), (2i + 5j) and (3i + 2j)
respectively.

5 Particles of masses m, 2m, Sm and 2m are situated at (-1, =1), (3, 2), (4, =2) and (-2, 5)
respectively. Find the coordinates of the centre of mass of the particles.

6 A light rectangular metal plate PORS has PQ = 4cm and PS =2 cm. Particles of masses 3 kg,
S5kg, 1 kg and 7kg are attached respectively to the corners P, O, R and S of the plate.
Find the distance of the centre of mass of the loaded plate from:

a the side PQ b the side PS.
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® 7

® 8

Three particles of masses 1kg, 2kg and 3 kg are positioned at the points (1, 0), (4, 3)
and ( p, q) respectively. Given that the centre of mass of the particles is at the point (2, 0),
find the values of p and g.

A system consists of three particles with masses 3m, 4m and 5m. The particles are situated at
the points with coordinates (-3, —4), (0.5, 4) and (0, -5) respectively. Find the coordinates of
the position of a fourth particle of mass 7m, given that the centre of mass of all four particles
is at the origin.

A light rectangular piece of card ABCD has AB = 8cm and 4D = 6 cm. Four particles of
masses 300 g, 200 g, 600 g and 100 g are fixed to the rectangle at the midpoints of the sides 45,
BC, CD and DE respectively. Find the distance of the centre of mass of the loaded rectangle
from the sides AB and AD. (4 marks)

A light rectangular piece of card ABCD has AB = 8cm and AD = 6 cm. Three particles of
masses 3 g, 2 g and 2 g are attached to the rectangle at the points 4, B and C respectively.

a Find the mass of a particle which must be placed at the point D for the centre of
mass of the whole system of four particles to lie 3 cm from the line AB. (2 marks)

b With this fourth particle in place, find the distance of the centre of mass
of the system from the side 4 D. (4 marks)

Challenge

Alight triangular piece of card ABC has sides AB=6cm, AC=5cm and
BC =5 cm. Three particles of masses m kg, 0.2 kg and 0.2 kg are fixed to
the triangle at the midpoints of the sides 4B, BC and AC respectively.
The point P lies at the intersection of the lines joining each vertex

of the triangle with the midpoint of the opposite side. Given that the
centre of mass of the whole system lies at P, find the value of m.

@ Centres of mass of standard uniform plane laminas

You can find the positions of the centres of mass of standard uniform plane laminas,
including a rectangle, a triangle and a semicircle.

An object which has one dimension (thickness) very m For example, a sheet of
small compared with its other two (length and width) paper or a piece of card could
is modelled as a lamina. This means that it is regarded as be modelled as a lamina.

being two-dimensional with area, but no volume.

A lamina is uniform if its mass is evenly spread throughout its area.

If a uniform lamina has an axis of symmetry, then its centre of mass must lie on the axis of
symmetry. If the lamina has more than one axis of symmetry, then it follows that the centre
of mass must be at the point of intersection of the axes of symmetry.
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Uniform circular disc

Since every diameter of the disc is a line of symmetry,
the centre of mass of the disc is at their intersection.
This is the centre of the disc.

Uniform rectangular lamina
A uniform rectangular lamina has two lines of symmetry, :

each one joining the midpoints of a pair of opposite sides. ‘G
The centre of mass is at the point where the two lines meet.

Uniform triangular lamina
A uniform triangular lamina has axes of symmetry only
if it is either equilateral or isosceles.

A uniform equilateral triangle has three axes of symmetry,
each one joining a vertex to the midpoint of the opposite
side. These three lines are called the medians of the triangle. ;

® The centre of mass of a uniform 5 m It can be proved that
triangular lamina is at the the centroid G (and therefore

|nt'erse$t|o'n of the medians. . the centre of mass) of any
This point is called the centroid triangle is two-thirds of the

of the triangle. way down each median from
each vertex:

Note that the medians are not axes of
symmetry of the triangle unless the
triangle is equilateral (in which case all
three medians are axes of symmetry) or
isosceles (in which case one median is also
an axis of symmetry).

Vo G B
where 4" is the midpoint of
BC, B' is the midpoint of CA4
and C' is the midpoint of 4B:
AG _BG _ CG _2

SRS oo

® |f the coordinates of the three vertices of
a uniform triangular lamina are (x,, y;),

(X2, 2) and (xs, y5) then the coordinates of m This is the two-dimensional version of a

th tre of G f by taki similar result for a uniform rod: if the ends of the
SSRALIRIOLMARS Al BNSN By WG rod are (x;, y,) and (x,, y,) then its centre of mass

the average (mean) of the coordinates of L e
the vertices: is its midpoint, { ——, ———.

X +X +X P+, +
Gis.thepc)int(1 3-’- 3’)’1 );;_ y3)
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Uniform sector of a circle

A uniform sector of a circle of
radius r and centre angle 2a,
--- Axisof symmetry ~ Where a is measured in radians,
has its centre of mass on the
axis of symmetry at a distance

arsine from the centre.
3o

A uniform triangular lamina has vertices
Explore centres of mass of

Ad, 4_)’ B0,2) .and g nlinthite standard uniform plane laminas using GeoGebra.
coordinates of its centre of mass.

f Vo ) Find the mean of the vertices of the triangle.
G'|5f:he:point(1+3+5],(4+2+3):(3‘3).— l ik lang

e i This is the centroid of the triangle.

Find the centre of mass of the uniform R
triangular lamina shown.

P 2a o

Teking P as the origin and PQ and PR as axes: Here we need to choose our own axes and origin.

Pis (0,0); Qis (Pa, O); Ris (O, a)
Write down the coordinates of each of the three

G is the point vertices.

'O+ 2a+0 O+O+cr)_('§g i)
3 ’ 3 Sorlic L Find the mean of the three vertices.

2a a
m When you choose your own axes you

The centre of mass is —- from PR and — from PQ.
must not leave your answer in coordinate form.

] 3
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m PROBLEM-SOLVING

The diagram shows a uniform semicircular lamina of e
radius 6 cm with centre O.
Find the centre of mass of the lamina.

0

«— 6Cm —»<«— 6cm —>

The centre of mass must lie on the line
through O which is perpendicular to AB. ————— This is the axis of symmetry of the lamina.
Let OG =y. Then:

_ 2xéx 5i”‘é‘ Use the result for a sector which is in the
HETTEm formula booklet with r = 6 and a:g.
2
sol2axd
~ 3w .
=T M=
> sin 3
=15 3;2; You must give the angle in radians for this formula.
= %— Simplify.

The centre of mass of the lamina is on the

line OC at a distance %cm from O.

Exercise @ m PROBLEM-SOLVING

1 Find the centre of mass of a uniform triangular lamina whose vertices are:
a (1,2),(2,6)and (3, 1) b (-1,4),(3,5)and (7, 3)
¢ (-3,2),(4,0)and (0, 1) d (a, a), (3a, 2a) and (4a, 6a)

2 Find the position of the centre of mass of a uniform semicircular lamina
of radius 4 cm and centre O.

3 The centre of mass of a uniform triangular lamina 4 BC is at the point (2, ¢). Given that 4
is the point (4, 3), B is the point (b, 1) and C is the point (-1, 5), find the values of « and b.

4 Find the position of the centre of mass of the following uniform triangular laminas.

a B 3a c b, 4. 3 ¢ C d B
2[! ]
2a
4a 4a l_‘
A
l 28 da > —>
A2 — B
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® 5 A uniform triangular lamina is isosceles and has the line y = 4 as its axis of symmetry.
One of the vertices of the triangle is the point (2, 1). Given that the x-coordinate of
the centre of mass of the lamina is =3, find the coordinates of the other two vertices.

® 6 A uniform rectangular lamina ABCD is positioned such that 4B lies on the line y = 2x + 1.
Given that A is at the point (0, 1) and C'is at the point (6, 7), find:

a the coordinates of the points Band D

b the coordinates of the centre of mass of the lamina.

7 A uniform triangular lamina A BC has coordinates A(2, 1), B(4, 1) and C(x, y).
The centre of mass of the lamina lies on the line x = 3. Given that the triangle
ABC has an area of 4cm?, work out;

a the possible values of x and y (3 marks)

b the possible coordinates of the centre of mass. (4 marks)

8 The diagram below shows an equilateral triangle A BC where AC is 4 cm.

B
A 4cm C
5 4\;""37
Show that the centre of mass lies——cm from B. (3 marks)

3

m Centre of mass of a composite lamina

A composite uniform lamina consists of two or more standard uniform laminas joined together.
You can find the centre of mass of a composite lamina by considering each part of the lamina as a
particle positioned at its centre of mass. The masses of each part of the lamina will be proportional
to their areas.

Example @ (S{({E:J) PROBLEM-SOLVING

A uniform lamina consists of a rectangle PQRS joined to an s R
isosceles triangle QRT, as shown in the diagram. T
Find the distance of the centre of mass of the lamina from: 4cm r
a PO l

P 8cm >0

b PS 13cm'
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Since the lamina is uniform, the mass

Let the mass per urit area be mkg per cm?.
per unit area will be a constant.

[

Split the lamina along the line QR:

S R R by R
You must always split up the lamina
G o T = oG T into standard shapes.
G, is the centre of mass of the
P 0o 0 P ] rectangle.
Atezich PORS =6 % d= ot t(fizalzgtr; centre of mass of the
So, mass of PORS = 32m
Similarly, mass of ORT = -,;— x4 x3xm | B
=Em

1 x base x height.
So, total mass of the lamina = 32m + 6m = 26m

Take P as the origin, and axes along PQ and PS. It's usually a good idea to take the

The centre of mass of PORS is at the point (4, 2). t origin at the bottom left-hand
The coordinates of Q are (&, O). corner of your diagram.
The coordinates of R are (8, 4).

The coordinates of T are (11, 2).
The centre of mass of AQRT will be

This is the centre of the rectangle, G,.

(8 +8+11 0+4 + 2) Take the mean of the coordinates of
<! ’ 3 / the vertices of the triangle.
- B
Replace the lamina by two particles: This is G..

32m placed at (4, 2)

and 6m placed at (9, 2) This is the key idea behind the
5 method.
32111(;) + (Sm(g) = 3&11('%)
128Y | (54) _ 21X t x\ e
(g4 ) + (12) = 38(}) (_) is the position vector of the
(15)62) X 33(;) centre of mass.

Bz o
Tl Cancel the ms and simplify.

2=y
a Distance from PQ is 2 cm.
Note that you could have got the
answer to part a using the fact that
the l[amina has an axis of symmetry.
You should always use this as it will
considerably reduce the amount of
working required.

b Distance from PS is %cm.

® The centre of mass of a uniform plane lamina will always lie on an axis of symmetry.
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Example @
The diagram shows a uniform lamina.
F E
‘[ L L
n| e
J 2cm
) )
A= 8cm > B

Find the distance of the centre of mass of the lamina from:

a AF b AB
Method 1
G| *F .G, = ! | N
Area 12 20
X 5 X.
y 1 y

jL
i
i

)
7)
(_12 52w 20(;_)
(58) = 2(5)
34=Xx
14=7
Method 2 =
G,
Area = 16 20
x 1 4 X%
¥y 3 1 V
4(3) +16(3) = 20(3)
(12) + (5) = 20(5)
(50) = 20(3)
34 =x
14=y

m You can find the centre

of mass in three different ways.

You can summarise the area of each part of the
shape and the positions of G, and G; in a table.
Because the lamina is uniform you only need to
know the area of each piece.

The centre of mass of the first rectangle is (1, 2).

The centre of mass of the second rectangle is at
its centre (5, 1).

Using Y m;r; =1y m;

Simplify.
Solve for x and y.

Split the shape using the dotted line shown.
The centre of the square is (1, 3).
The centre of the rectangle is (4, 1).

Using Y mr=ry_m;

}— As before.
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Method 3 You obtain the lamina by starting with a rectangle

: <, | B and removing another rectangle.
5 - = L. G, isat (4,2).

G, is at (5, 3).
Area | 32 12 20
x 5 X
L g 4 Note the subtraction, since you are removing, not
n 1l s o adding, the second rectangle.
32(3) = 12(3) = 2015)
128\ (60} _ ,H(X'
(ea) - (5¢) = 20(5)
68\ . (¥
(38) = 20(5)
SREE As before.
14=3
a Distance from AFis 3.4cm. Remember to give your answers in the form
b Distance from ABis 1.4 cm. asked for.

A uniform circular disc, centre O, of radius 5cm, has two circular holes cut in it, as shown below.

Va

2
=¥

The larger hole has radius 2 cm and the smaller hole has radius 1 ¢cm. The coordinates of the
centres of the holes are (0, 2) and (2, -2) respectively. Find the coordinates of the centre of

mass of the remaining lamina.
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Problem-solving

O When you remove part of a lamina, you can deal
= = = with the removed sections by adding sections
O with negative mass.
Area |7 x 52|m x 22| 7 x 12 || n(52 - 22 — 12) Setting out the key information in a table helps
x 0 0 2 X to clarify your working.
¥y 0] 2 -2 y
1 l 1 Note the subtraction signs for each removed
2(OV 1 02(OY L 2f 2\ = 452 4 02 L 42y %) section.
a5t o) 2 2e(p) e 5) =aee L 22 L)
o\ (O 2\ ¥ o
(_O_) - (8) - (_2.) e 20(.)__‘.] —— C(ancel the 7s and simplify.
2 %
(_g) = 20(.)‘ ]
01\ _ (X = =
(.—0.3) S (}_) Solve for x and y.

The coordinates of the centre of mass of the
lamina are (=0.1, =0.3).

Exercise @ SKILLS PROBLEM-SOLVING

1 The following diagrams show uniform plane figures. Each one is drawn on a grid of unit squares.
Find, in each case, the coordinates of the centre of mass.

a b v4 c Vv
o X 0 X o' X
d V4 e VA
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® 2

f ¥ g By
0 X 0 i
The uniform lamina PORST is formed by removing the P R
triangle POR from the rectangle PRST with centre Q.
The rectangle has sides of length 4a and 2a. Find the
distance of the centre of mass of PORST from Q. L
(4 marks)

i i S

The uniform lamina shown in the diagram is formed by

Q
da
B
removing a square DEFG of side length a from the equilateral
triangle 4ABC of side length 5a. The centre of mass of DEFG
lies on the perpendicular bisector (a line that divides something E a4 F
into two equal parts) of 4C. Given that AC and DG are parallel D
and a distance « apart, work out the distance of the centre of D— G
Sa

mass of the whole lamina from B. (6 marks) A

The diagram shows a metal template in the shape of a B

right-angled triangle 4 BC. The template is modelled

as a uniform lamina. 186
A

a Find the distance of the centre of mass
of the lamina from A. (4 marks)

24cm 6

The mass of the template is 15 kg. A particle of mass 5kg
is attached to vertex C of the template.

b Find the position of the centre of mass of the template with the attached particle. (3 marks)

Problem-solving

When you attach a particle to a lamina, you can work out the new
centre of mass by considering the lamina as a single particle whose
weight acts at its centre of mass.
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5 The diagram shows a uniform lamina formed from P 12cm Q
two rectangles. All the angles are right angles. 2cm
a Find the position of the centre of mass 6em
of the lamina. (4 marks)

The mass per unit area of the lamina is 30 gcm=2.
Two particles of masses 200 g and 500 g are attached
to points P and Q on the lamina respectively.

b Find the new centre of mass of the lamina, giving any lengths correct to 3 significant figures.

(3 marks)

6 The diagram shows a uniform piece of card ABCDEFGH B 6]

where AB=6cm, BC=10cm, CD =8cm, DE=2cm,

EF=4cm, FG=6cm, GH=2cm, HA =2cm.

Assume that A is the origin and AH lies on the x-axis.

a Show that the centre of mass lies at the point (%%) G F

(7 marks) A I

The template needs to be changed so that the centre

of mass lies at the point (% . %] To achieve this, two & 2

squares of side length 3 cm are cut out of the card.

Their midpoints are (cz%) and (5%]

b Explain how you can use symmetry to determine the value of a. (2 marks)

¢ Find the value of a. (5 marks)

® 7 A uniform circular disc has centre O and radius 3a. C
The lines AB and CD are perpendicular diameters of
the disc. A circular hole of radius x is made in the disc,
with the centre of the hole at the point £ on AB and
the edge of the hole touching O to form the lamina 4 (E O B
shown on the right. Given that the centre of mass \ e sa ]
of the lamina lies on the line 4B a distance of %a
from the point B, find the value of x in terms of a.

(6 marks)
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Challenge

A regular hexagon A BCDEF of side length x has the triangle DEF removed to
leave the irregular pentagon 4 BCDF as shown in the diagram below.

& D @ D
X
B E B
A 18 A i
Given that the centre of mass of the hexagon is at the point M and that the centre
of mass of the pentagon is at the point N, show that the length of MN is f—sx.

@ Centre of mass of a framework

You can find the centre of mass of a framework by @ The centre of mass of a uniform
using the centre of mass of each rod or wire which straight rod is located at its midpoint

makes up the framework.

Uniform circular arc

m This result can be found in the

T G )
‘::"'\ """" --- Axis of symmetry formula booklet.

A uniform circular arc of radius r and centre angle 2a, where a/is measured in radians, has its centre of

rsin a

= from the centre.

mass on the axis of symmetry at a distance

= A framework consists of a number of rods joined together or a number of pieces of wire joined
together.

Provided that you can identify the position of the centre of mass of each of the rods or pieces of wire
that make up a framework you can find the position of the centre of mass of the whole framework.
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A [ramework consists of a uniform length of wire which has been bent F 2 E
into the shape of a letter L, as shown.

Find the distance of the centre of mass of the framework from 4B and AF.

5
6
@ Explore centres of mass of a

framework using GeoGebra. D c
I
A 4 B

Since the wire is uniform, the mass of each edge will be

proportional to its length. The centre of mass of each

edge will be at its midpoint. Each term on the LHS consists of the
Taking A as the origin and axes along AB and AF: length of an edge multiplied by the
: . : o e = position vector of the midpoint of the
46+ tlos) + 2(7) +ol) +2le)  els) =2of5) | ecee
l0)+(0) +(3) + (i73) + (1) + ) = 20(5)
[28) = 20(1:) — Simplify and collect terms.
( 1"5 ) = (f) This is X.
Distance from AF is 1.5 cm. ES |7
Distance from ABis 2.5 cm. This is y.

Find the position of the centre of mass of a framework constructed from a uniform piece of wire
bent into the shape shown,

E 2cm D

where the wire BCD is a semicircle, centre O, of radius 3 cm and wire BAED forms three sides of a
rectangle ABDE.
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Take O as the origin and axes along OC and OB. Use the result for the centre of mass of a

l o _ B uniform circular arc with a:%and =20
3?7(?) + 2(_;) + 2 ( ) (10 + 37)(11) find the centre of mass of the arc BCD.
O(_@_) ( 2) ( ) ( ] (T) 3 is the length of the arc.
+ : = (10 + 3m|=
R ] (i_] '—L Simplify.
= (10 + 3m| =
2 ' T Collect terms.

Xi=

(10 + 3m)

Rg You could have used the symmetry to deduce

this without any working.

(G is the centre of mass of the framework, on

2
+
the axis of symmetry, a distance - 10+ 37°

to the right of O.

Exercise @ m PROBLEM-SOLVING

1 By regarding the shapes shown below as uniform plane wire frameworks, find the coordinates of
the centre of mass of each shape.

a  ys b V4

EREES
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2 Find the position of the centre of mass of the framework A
shown in the diagram, which is formed by bending a
uniform piece of wire of total length (12 + 27) cm to form a
sector of a circle, centre O, radius 6 cm. (4 marks)

6cm

® 3 A framework consists of a uniform length of wire which A 3a B
has been bent into the shape of a letter T, as shown. y

Find the distance of the centre of mass of the framework H 7 C
from AB. (6 marks)

F a E

4 A uniform framework is constructed by bending wire into the shape of a semicircle and a
diameter. The semicircle has radius 15 cm.

a Find the distance of the centre of mass of the framework
from AB. (4 marks)

The metal used to form the framework has a mass of 8 grams
per cm. Two identical particles of masses 100 g are attached A
to the framework, at 4 and B.

b Find:
i the total mass of the loaded framework
ii the distance of the centre of mass of the loaded framework from A4B. (4 marks)

O<«—I15cm—>

5 The diagram shows a triangular framework formed from A _3m_ B
uniform wire. Particles of masses 10 kg, 20 kg and 30 kg
are attached to vertices A, B and C respectively.

The mass of the unloaded framework is 15 kg.

Find the position of the centre of mass of the loaded
framework. (8 marks) C

6 A uniform length of wire is bent to form the shape shown in D L
the diagram.

ACB is a semicircle of radius 3 cm, centre O.
ADO and BEO are both semicircles of radius 1.5 cm.
Find the position of the centre of mass of the framework. (6 marks)
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7 A 3.5m ladder is modelled as a framework made from uniform wire
as shown in the diagram. The rungs are 50 cm wide and are 50 cm
apart and the top and bottom rungs are 50 cm from the base and
top of the ladder respectively. The base of the ladder rests on
horizontal ground and the ladder stands vertically.

a Find the height of the centre of mass above the ground. (2 marks)
The bottom rung is removed from the ladder. I500m
b Show that the height of the centre of mass of the ladder has
increased by % m. (4 marks) 50cm
A metal framework A BCDE is made B D
from two congruent right-angled c

triangles such that ACD and BCE

are straight lines, as shown in the

diagram. A E
Given that AB =4cm and CD = 3 cm, work out the distance between C
and the centre of mass of the framework.

m Laminas in equilibrium

You can solve problems involving a lamina in equilibrium. A lamina can be suspended by means of a
string attached to some point of the lamina, or can be allowed to pivot freely about a horizontal axis
which passes through some point of the lamina.

= When a lamina is suspended freely from a fixed point, or pivots freely about a horizontal axis,
it will rest in equilibrium in a vertical plane with its centre of mass vertically below the point of
suspension or the pivot.

m The lamina on the left is suspended from
] ) a fixed point. There are only two forces acting on
Fixed point it: the weight of the lamina and the tension in

Point of & the string. Bath forces pass through the point of
PUSRRTERN Pivot suspension.

' The lamina on the right is free to rotate about a
fixed horizontal pivot. There are only two forces
acting on it: the weight of the lamina and the
reaction of the pivot on the l[amina. Both pass
through the pivot.

The resultant of the moments about O in both
laminas is zero.

String
o
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Example @ m PROBLEM-SOLVING

Find the angle that the line 4B makes with the vertical il this F 2cm E
L-shaped uniform lamina is freely suspended from:
a A
b B 4em
¢ E 6cm
3 D G
D D
2cm
A 4cm B
First find the centre of mass of the lamina.
Split the lamina along CD". Split the lamina into two rectangles.
Take A as the origin and axes along AB and AF:
2 (1 - (T Area ABCD' =8
8(7) + 8 4) = 163) Area DEFD' = 8
o4 e
= 1g 7
(-40-) (-J' ) L simplify.
%=t
§=25
a F E
e Downward vertical PrOblem-SOhﬂng
You do not need to draw the lamina
G hanging. Draw a line from the point of
L suspension to the centre of mass. Mark
T D C this in as the vertical.
2.3 —— This is the angle
l P K;//_ between the vertical
and the line AB.
A<+15—» B
tanf = 1252

= f§=1590°(3 sf) 0 is the angle required.




74 CHAPTER 3 CENTRES OF MASS

b F E
/(;
1
T NJD g
2.5 «—— Downward This time draw a line from B to G and
5 vertical mark this as the vertical.
:—| o
A T5=» B
tana = 2 2'? 5 a is the angle required.
w £
= a = 45°
c F E
a
[~ Downward This time draw a line from E to G and
vertical mark this as the vertical.
G
Ea
I'q
T - ke 3 s the angle required.
2.5
l Jii _l FEG = 3 (alternate angles)
A<15—> B
Using angle FEG:
§ iEEeh =
= 2-15 tan '%—AF_y
i "TEF-X

= 2=81.2°(3 sf)

The L-shaped lamina in Example 14 has mass M kg. Find the angle that FE makes with the vertical
when a mass of %ng is attached to B and the lamina is freely suspended from F.

Problem-solving

1.5 124 X
M(_2‘5_] % TM(O) = M(J—.) Consider the lamina as a single particle whose
weight acts at its centre of mass.

1.9\ _ ufX
(25) = %l7)

B i Recall from Example 14 that the centre of mass
({) i (_ﬂ_) of the lamina is at (1.5, 2.5).

7 25
e WiE The centre of mass of the added mass is at (4, 0).
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So the centre of mass of the loaded lamina is

at the point (lq— -211—’]
E. . HE
g
: Redraw the diagram showing the angle that you
: require.
: G is the centre of mass and @ is the angle FE
G D o makes with the vertical when the lamina is
suspended from F.
A B

25
6‘_H(;_\@—*ﬁ*_ﬁ_1
RS~ Tag 8

0 = 65.1° (3 s.f)

You can determine whether a body will remain in equilibrium or
if equilibrium will be broken by sliding or toppling.

® |f a lamina rests in equilibrium on a rough inclined plane
then the line of action of the weight of the lamina must
pass through the side of the lamina AB which is in contact
with the plane.

The weight of the lamina produces a clockwise moment about A
which keeps the lamina in contact with the plane.

If the angle of the plane is increased so that the line of action of
the weight passes outside the side A B then the weight produces
an anticlockwise moment about A. The lamina will topple over.

You can usually assume that the coefficient of friction between
the lamina and the plane is large enough to prevent the lamina

from slipping down the plane.

The L-shaped lamina from Example 14 is placed with 4B in contact with

a rough inclined plane. The angle of the plane is gradually increased.

Assuming that the lamina does not slide down the plane, find the angle

that the plane makes with the horizontal when the lamina is about to topple over.

75
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The plane must be rough enough to prevent
the lamina from sliding down.

When the lamina is about to topple its centre
of mass G will be vertically above the point 4. ————— The moment of W about A is zero.
AM =% =15 AN=3 =25

B L See Example 14.
Angle GAM = 90° — «

50, angle AGM = a L G}i\Mz in\P

5 AM _ X
In AAMG, tan a = e 5 Since AAMG is right-angled.
oakD o2 Multiplying top and bottom by 2
28 5 ke -

a = 31° (nearest degree)

m T, A similar result applies for a rigid body.

is about to topple, its centre of mass will
be vertically above the lowest point of the
lamina which is in contact with the plane.

The only forces acting on the body are its weight and the total reaction between
the plane and the body. As the body is in equilibrium, these forces must be equal
and opposite and act in the same vertical line.

® When a rigid body rests in equilibrium on a horizontal or rough inclined plane,
then the line of action of the weight of the body must pass through the area of
contact with the plane.
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Exercise @ L {[NE3 PROBLEM-SOLVING

1 a The diagram shows a uniform lamina.

The lamina is freely suspended from the point O and hangs
in equilibrium.
Find the angle between 04 and the downward vertical.

b The diagram shows a uniform lamina.

The lamina is freely suspended from the point O and hangs
in equilibrium. Find the angle between OA and the
downward vertical.

¢ The diagram shows a uniform lamina.

The lamina is freely suspended from the point O and hangs
in equilibrium.
Find the angle between OA4 and the downward vertical.

2 The diagram shows a uniform lamina.

The lamina is freely suspended from the point A and hangs
in equilibrium.
Find the angle between AB and the downward vertical.

3 The diagram shows a uniform lamina.

The lamina is free to rotate about a fixed smooth horizontal axis
perpendicular to the plane of the lamina, passing through the
point A, and hangs in equilibrium.

Find the angle between 4B and the horizontal.

77
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® 4 PQRS is a uniform lamina. S<«—d4cm—> R

Find the distance of the centre of mass of the I

lamina from:
bem

a PS (4 marks)
b PO (4 marks) J

The lamina is suspended from the point Q and P
allowed to hang in equilibrium.

10cm 4“‘Q

¢ Find the angle that PQ makes with the vertical. (3 marks)

The L-shaped lamina shown has mass M kg. B 2
Find the angle that BC makes with the vertical
when a mass of 0.2M kg is attached to F and the dem
lamina is freely suspended from C. (8 marks)

The L-shaped lamina A BCDEF shown has sides of length 4B =2cm, A B
BC=4cm, CD=2cm, DE=2cm, EF=4cm and FA = 6¢cm.

a Work out the horizontal distance of the centre of mass from FA.

b Work out the vertical distance of the centre of mass from EF.

The lamina is placed on a rough slope that is inclined at an angle of
6 to the horizontal.

¢ Assuming that the lamina does not slide, work out the maximum value F E
of # that can be reached without the lamina toppling.

The right-angled triangular lamina A BC shown has mass
Mkg and sides of length BC = 3cm and AC = 6cm.
A mass of 0.2M kg is attached to the lamina at A. N

Assuming that the lamina does not slide, work out the maximum

value of 6 that can be reached without the lamina toppling. c

2}
The lamina shown is a quarter circle with radius 4 cm and B
mass M kg. Find the angle that 4 B makes with the vertical 4em

when a mass of 0.5M kg is attached to C and the lamina is
freely suspended from B. (6 marks) A c
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Challenge

The rectangular lamina ABCD shown B
has mass M kg and sides of length

AB=CD=4cm, BC= DA =6cm. A

A mass of kM kg is attached at A.

The lamina is placed on a rough slope

that is angled at 30° to the horizontal.

Assuming that the lamina does not slip,
show that the maximum value of k that 30°
can be reached before the lamina topples
1
is—-=

o

m Frameworks in equilibrium

Problems involving frameworks in equilibrium can be solved using the same methods that are used to
solve problems involving laminas in equilibrium.

The inverted T-shaped uniform framework of weight W shown in the diagram is freely suspended
from D and G by two vertical strings, so that A H is horizontal. The strings and the framework lie in
the same plane.

a Find, in terms of W, the tensions 7, and 75.

The string at D breaks and the framework hangs freely in pl2em o
equilibrium from G. A7

b Find the angle that DE makes with the vertical when the

. Sgeg.i 6cm
framework comes to rest in equilibrium.
B 2cm G
. : : . ) c F
a let AH lie on the x-axis and AB lie on the 2em
y-axis with the point A4 at the origin. A Gom H

o) +2lg) welg) +25) +<[:)

First find the centre of mass of the framework.

+ (5J + 2(6) + 6(3J = 26(1)
2 il O y
X\ _ (&4 Problem-solvin
28(5) = (o5) =
5 3 The framework is in equilibrium, so the resultant
(1—,) = (:) moment must be 0. The centre of mass of the
o & framework is a horizontal distance of 1 cm from
Res(N T+ T =W D, so the clockwise momentis 1 x W= W,
Taking moments about D gives The anticlockwise moment is due to T, so is equal

W=4T,= T, =+Wand T, = 2W to 475
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b The centre of mass lies 32— cm from AH.

D 'j E
| Redraw the diagram showing the angle that you
require.
i O is the centre of mass and @ is the angle DE
i makes with the vertical when suspended from D.
0
B G
[ r
A H

_oM _8-F s
T DM~ 1 =
B =784° (3 sf)

The inverted T-shaped uniform framework used in Example 19 has mass Wkg.
a Find the location of the centre of mass when a mass of i Wkg is fixed at point H.
b Find the angle that DE makes with the vertical when the system is freely suspended from E.

. W(i)m(g)
3)-0)

tand

Recall from Example 19 that the centre of mass
of the lamina is at (3, %).

|
Bl
| =
gl

The centre of mass of the added mass is at (6, 0).

3=

—

Y]

i

Il
P N N [ 4]

—

O 12 Sl S
B vle < vle g
g |

T
- (o)
ik L j18 as Find the centre of mass of the framework and the
So the centre of mass is at the point (—J i 3_,) T added mase
4 D IjQ E
| Redraw the diagram showing the angle that you
5 require.
O is the centre of mass and # is the angle DE
i makes with the vertical when the framework is
5 ‘0 " suspended from .
& F
A H
&8
L e T
TWBET g i F

fl = 66.4° (3 sf)
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Exercise @

1

The uniform framework shown in the diagram is freely suspended from B
the point B and hangs in equilibrium. Find the angle between BC and
the downward vertical.

10 cm
A 6em  C
The uniform framework shown in the diagram is freely suspended from BJ 10 cm LC
the point D and hangs in equilibrium. Find the angle between CD and - 5cm
the downward vertical. r D
I5cm
]
A5em F
The uniform framework shown in the diagram is freely 4 xem B
suspended from the point A4 and hangs in equilibrium.
a Given that the angle between 4B and the downward 6 cm
vertical is arctan %, work out the value of x. (4 marks) c
The framework has mass M kg. & R
b A particle of mass kM kg is attached to 4 and the framework is then freely suspended from
the point B so that it hangs in equilibrium. Given that the downward vertical now makes an
angle of arctan % with BD, work out the value of k. (4 marks)

The uniform framework shown in question 1 has mass M kg. A particle of mass 0.75M kg is
attached to 4 and the framework is then freely suspended from the point B so that it hangs in
equilibrium. Find the angle between BC and the downward vertical.

The uniform framework shown in question 2 has mass M kg. A particle of mass 0.15M kg is
attached to F and the framework is then freely suspended from the point B so that it hangs in
equilibrium. Find the angle between BC and the downward vertical.
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€D 6

The uniform framework shown in the diagram is made of a square A
of side 4cm and two quarter circles and has mass M kg. A particle

of mass 0.1M kg is attached to C and the framework is then freely

suspended from the point A so that it hangs in equilibrium.

Find the angle between FE and the downward vertical. (6 marks) F B
E 28
D

The uniform framework of weight W shown in the diagram
is suspended by two vertical strings from 4 and D such T4
that FE is horizontal. The strings and the framework lie in 3
the same plane. The lengths shown are in metres AT
and all the angles are right angles. ’

a Work out, in terms of W, the tensions 7; and 7. (6 marks) 12

The string at A snaps and the framework hangs in equilibrium D
suspended from D. ' 4

b Find the angle that DE makes with the vertical. (3 marks) F

A uniform framework made from uniform rods is shown in 30°
the diagram. It has weight W and is suspended by one vertical T A
string attached at 4 and one string angled at 60° to the
vertical attached at D. The strings and the framework lie
in the same plane. The framework hangs such that FE

is horizontal. The lengths are AB =6cm, AH =4cm, i G
BC=2cm, CD =3cmand DE = 10cm. There is only

one rod in the span BG.

a Work out, in terms of W, the tensions 7} and 7>. (6 marks) F E
The string at D snaps.

b Find the angle that 4 B makes with the vertical when
the framework comes to rest in equilibrium. (3 marks)
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Challenge

A square uniform framework A BCD is suspended by two light
inextensible strings. The first string is perpendicular to AB and is
attached at the point P, which lies on AB such that AP: PB=1:3.
The second string is attached at C and makes an angle of #with the
horizontal, as shown in the diagram.

Given that the framework rests in equilibrium with 4 C horizontal,
find 4 giving your answer in degrees, correct to one decimal place.

m Non-uniform composite laminas and frameworks

You can use the methods developed in this chapter to solve problems involving non-uniform laminas
and frameworks.

The lamina shown is made from a square piece of cardboard 4ABCD that has had the corner C
folded to the centre of the square. Find the position of the centre of mass of the lamina.

B
Problem-solving

You can model this situation as a composite
lamina made up of three different uniform
laminas. The folded section of card is modelled
as a lamina with twice the density of the other
A pe D sections.




84 CHAPTER 3 CENTRES OF MASS

B E
” Redraw the diagram, splitting the lamina into its
C i composite parts.
A 7 D
4 cm

Let A be the origin so that AD lies on the
X-axis and AB lies on the y-axis.

The coordinates of the centre of mass of the
rectangle ABEF are (1, 2).

The coordinates of the centre of mass of the
square CGDF are (3, 1).

The coordinates of the centre of mass of

the triangle CEG are Centre of mass of a triangle with vertices at
(2 +2+4 2+4+ 2') _ (‘Q Q) (x1, y1), (%2 2), (x5, p3) is found at:
3 i 3 18’3 (X1+-’C2+—\‘3 )"1+J’2+J/’3)
3 ' 3

Rectangle ABEF has area & cm?, square
CGDF has area 4 cm?. Triangle CEG has area

2 cm?, but this material is twice the density of .
Remember that the card is folded over so the

the oth terial.
RiSREERSE triangle CEG is made of two layers.

B

So the centre of mass of the lamina is at
(=

12712

The triangular framework shown is made from three VA
pieces of uniform wire, AB, AC and BC of mass 2M, 3M
and 5M respectively. Find the coordinates of the centre
of mass of the framework.

8

+43|=el5)

o

L Use 4 for the mass of the triangular section.

wl
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o e e T
2"”(;) i 31”(?) * 5M(.3.) - 101”():.) position of its centre of mass.
5)=(22)

S0 the coordinates of the centre of mass are

at (2.3, 2.2).

Exercise @

® 1 The rectangular lamina shown is made from a rectangular piece
of cardboard ABCD where ABis 6¢cm and BC is 4 cm.

The rectangular lamina is folded along the line £F to make the
square AEFD,
Find the position of the centre of mass of the square lamina.

® 2 The rectangular lamina shown is made from a rectangular piece of
cardboard A BCD where AB 1s 10cm and BC i1s 6 cm.

The lamina is folded so that the side A D lies along the side 4B.
Find the position of the centre of mass of the resulting lamina.

3 The diagram shows a rectangular lamina ABCD, where AB = 10cm
and BC = 6 cm. The lamina is folded so that D lies exactly on top
of B. Tt is then suspended freely from A. Find the angle that AD

Multiply the mass of each piece of wire by the

85

makes with the vertical. (8 marks)

® 4 The framework shown is made from four pieces of uniform y
wire, AB, BC, CD and DA, of masses 2M, 3M, M and 5M 6
respectively. Find the coordinates of the centre of mass 3
of the framework. %
3_
2_
1_

) T / T

-2 4 ]

A —1




86 CHAPTER 3 CENTRES OF MASS

® s

The framework shown is made from three pieces of uniform T3 B

circular wire made from the same material. The wire used 61
to make BC and AC is twice as thick as the wire used to S
make AB. Find the coordinates of the centre of mass of 4
the framework. 3
AL

1-\

50 ] Nﬁ B
=2 C
The framework shown is made from four pieces of VA
uniform wire, AB, BC, CD and AD. AD and BC are (a
made of the same material and 4D has mass M. 6] A c
AB and CD each have mass 0.5M. The framework e
is suspended freely from B. Find the angle that BC o
makes with the vertical. (8 marks) 31
24
44 D
U EEEREEEEEE
The diagram shows a sign for an ice-cream shop. The sign B
is made from a sheet of wood in the shape of an isosceles 1.3m
triangle, attached to a semicircular sheet of painted
metal, as shown in the diagram. The triangle is modelled A o C
as a lamina of mass 4 kg, and the semicircle is modelled T
; 0.5m
as a lamina of mass 16kg. 1.3m
a Find the distance of the centre of mass of the D
composite lamina from BD. (4 marks)

The shop owner wants to suspend the sign by two inextensible vertical wires, so that the axis of
symmetry A0C is horizontal. She attaches one wire to point B.

b State, with a reason, whether she should attach the other wire to point A or point C. (1 mark)

¢ Using your answer to part b, find the tension in each wire. (3 marks)
The diagram shows a mobile made from two different flat materials C
attached at one edge. The mobile is modelled as a square lamina Scm Scm
ABDE of density 20 gcm~2, and an isosceles triangular lamina B D

BCD of density 60 gcm=2.
The mobile is suspended from point B and hangs in equilibrium.

a Find, correct to 1 d.p., the size of the acute angle that 4B makes
with the vertical. (8 marks)

A mass of 500 g is attached to point A. A 8cm E
b Find, correct to 1 d.p., the size of the new angle that 4B makes with the vertical. (5 marks)
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Challenge

The first two steps in constructing a paper aeroplane from a rectangular
piece of paper are as follows:

1 Fold 4B and BC to the centre line of the paper.
2 Fold DE and EF to the centre line of the paper.
A B & E G

Folg~._|
9\0'5',.—’

]
i

a Given that the resulting shape is an isosceles triangle, show that the
sides of the original rectangle are in the ratio 2:v2 + 1.

b Given that the width of the original rectangle AC = x cm, find the
position of the centre of mass of the folded isosceles triangle in
terms of x.

Chapter review o

EP1

The diagram shows a uniform lamina consisting of a
semicircle joined to a triangle ADC.

The sides 4D and DC are equal.

a Find the distance of the centre of mass of the lamina
from AC. (4 marks)

The lamina is freely suspended from A and hangs at rest.

b Find, to the nearest degree, the angle between AC
and the vertical. (2 marks)

The mass of the lamina is M. A particle P of mass kM is attached
to the lamina at D. When suspended from A, the lamina now hangs
with its axis of symmetry, BD, horizontal.

¢ Find, to 3 significant figures, the value of k. (6 marks)

A uniform triangular lamina 4 BC is in equilibrium, suspended 0
from a fixed point O by a light inextensible string attached to
the point B of the lamina, as shown in the diagram. B

Given that AB=9c¢m, BC = 12cm and ABC= 90°,
find the angle between BC and the downward 12em
vertical. (8 marks) A
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® 3 Four particles P, O, R and § of masses 3 kg, 5kg, 2kg and 4 kg are placed
at the points (1, 6), (-1, 5), (2, =3) and (-1, —4) respectively. Find the coordinates

of the centre of mass of the particles. (4 marks)
® 4 A uniform lamina consists of a rectangle ABCD, where AB = 3a D C
and AD = 2a, with a square hole EFGA, where EF = a,
as shown in the diagram. I
Find the distance of the centre of mass of the lamina from: 2a E £
a AD (6 marks) J a
b AB (2 marks) 4
A= 3a >B
5 The lamina shown in the diagram is suspended from a point A. A4_3 B
a Find the angle made by A H with the vertical. (8 marks) E 4 F
A mass of 5M kg is now attached at point B. b 4
Given that the lamina has a mass of 10M: 10 3 ]
b find the change in the angle made by AH with C b
the vertical. (6 marks)
H 10 G
6 The T-shaped lamina A BCDEFGH shown has sides of length A B
AB=6cm, BC=2cm, CD=2cm, DE=2cm, EF=2cm, FG =2cm,
GH=2cmand HA =2cm.
a Work out the vertical distance of the centre of mass from FE. H G D C
The lamina is placed on a rough slope that is inclined at an
angle of 6° to the horizontal. £ -

b Assuming that the lamina does not slide and that the lamina is
on the point of toppling, show that § = tan! (%]

7 The T-shaped lamina ABCDEFGH in question 6 is placed on an inclined plane angled at 6° to
the horizontal such that 4B lies on the plane. A mass equal to the mass of the lamina is attached

to the lamina at £. Assuming that the lamina does not slip, show that the maximum value
of @ that can be reached before the lamina topples over is # = tan™ (%)

8 The framework shown is made from four pieces of ra
uniform wire, AB, BC, CD and AD. AD and BC
are made of the same material and 4D has mass M. B C
AB has mass 0.25M and CD has mass 0.5M.
The framework is suspended freely from B.
Show that 4 B makes an angle of arctan%
with the vertical. (12 marks)

% ]
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9 The rectangular lamina shown is made from two
rectangular pieces of cardboard ABCD and BEFC T4 Al
where ABis 12cm, BCis 8cm and BE is 4cm. 4 B E

The two pieces of cardboard are attached to each
other along the line BC.

The density of the cardboard used to make BEFC
is three times the density of the card used to make
ABCD and ABCD has mass M. = &

The lamina is supported by two vertical strings,
one attached at the midpoint of 4B and one attached
at E£. The lamina is positioned such that AD is vertical.

a Work out the tensions 7 and 75 in terms of M and g, the acceleration due to
gravity. (6 marks)
The string at £ snaps.
b Work out the angle 4B makes with the vertical when the lamina has come to rest in
equilibrium. (4 marks)

A piece of card is in the shape of an equilateral triangle
ABC of mass 4M and side length 10cm. The triangle T A AL
is folded so that vertex C sits on the midpoint of AB, A C B

as shown in the diagram.

A mass of 2M is attached to the lamina at D.
The lamina is suspended by two vertical strings
attached at 4 and B causing 4B to lie horizontally.

a Work out, in terms of M and g, the acceleration due to gravity, the values
of T)and 7. (6 marks)

The string at A snaps.

b Work out the angle 4 B makes with the vertical when the lamina has come to rest
in equilibrium. (4 marks)

Challenge

The rectangular lamina A BCD shown has i B

sides of length AB= CD =3cm,
BC=DA=6cm.

The lamina is folded so that A B lies along
AD. The lamina is placed on a rough slope
angled at 25° to the horizontal with DC
resting on the slope. Assuming that the
lamina does not slip, determine whether or
not the lamina topples over. You must show
your working clearly.
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Summary of key points

1 The centre of mass of a large body is the point at which the whole mass of the body can be
considered to be concentrated.

2 |If a system of n particles with masses mi;, m;,, ..., m, are placed along the x-axis at the points
(x;, 0), (x5, 0), ..., (x,, 0) respectively, then:

n n
_Zl‘}n,- X;= :?_Zlmr-
1= I=

where (¥, Q) is the position of the centre of mass of the system.

3 |If a system consists of i particles: mass m1, with position vector r;, mass mi, with position
vector r,, ..., mass m,, with position vector r, then:

Em,-r,- = T’Zm;
where T is the position vector of the centre of mass of the system.

4 |f a question does not specify axes or coordinates you will need to choose your own axes
and origin.

5 An object which has one dimension (thickness) very small compared with its other two
(length and width) is modelled as a lamina. This means that it is regarded as being two-
dimensional with area, but no volume.

6 If a uniform lamina has an axis of symmetry, then its centre of mass must lie on the axis of
symmetry. If the lamina has more than one axis of symmetry, then it follows that the centre
of mass must be at the point of intersection of the axes of symmetry.

7 The centre of mass of a uniform triangular lamina is at the intersection of the medians.
This point is called the centroid of the triangle.

8 If the coordinates of the three vertices of a uniform triangular lamina are (x;, y4), (x, 1) and
(x5, ;) then the coordinates of the centre of mass are given by taking the average (mean) of
the coordinates of the vertices:

X +X5+X 0 +y2+}’3)
3 : 3

Gisthe point(

9 The centre of mass of a uniform plane lamina will always lie on an axis of symmetry.

10 A framework consists of a number of rods joined together or a number of pieces of wire
joined together.

11 When a lamina is suspended freely from a fixed point, or pivots freely about a horizontal axis,
it will rest in equilibrium in a vertical plane with its centre of mass vertically below the point
of suspension or the pivot.

12 When a lamina rests on a rough inclined plane, assuming it does not slip, it will be on the
point of tipping when the centre of mass lies directly above the lower vertex that is in contact
with the slope.
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Review exercise

1 The lamina A BCDEF has sides of length 3 A ball is projected vertically upwards with

AB=4cm, BC=2cm, CD =2cm, a speed ums™! from a point A4, which is
DE=4cm, EF = 6cm and FA = 2cm. 1.5m above the ground. The ball moves
D E freely under gravity until it reaches the

ground. The greatest height attained by
the ball is 25.6 m above A.

C B a Show thatu =224 3)

The ball reaches the ground T seconds
after it has been projected from A.

A £ b Find, to three significant figures,

a Find the perpendicular distance of the value of 7. 3
the centre of mass of the lamina from The ground is soft and the ball sinks 2.5 cm
ABand AF. into the ground before coming to rest.

The lamina is placed on a rough slope that The mass of the ball is 0.6 kg. The ground

is inclined at 6° to the horizontal. is assumed to exert a constant resistive

b Assuming that the lamina does not slip, force of magnitude F' newtons.
work out the maximum value ¢ Find, to three significant figures,
of @ that can be reached before the the value of F. 4)
lamina topples. ¢ Mechanics 2 Section 1.1 d Sketch a velocity—time graph for the

, ) entire motion of the ball, showing the
2 The lamina ABCD has sides B C .
values of r at any points where the graph
of length AB = 6cm, : : :
intercepts the horizontal axis. 4)
BC=4cm, CD = 6c¢cm and ) .
DE=A iy e State one physical factor which could be
taken into account to make the model
4 D used in this question more realistic. (1)

The lamina is placed on a slope angled

) ) ¢ Mechanics 2 Sections 1.2, 1.3, 1.4
at 10° to the horizontal. Assuming the

laminas do not slip, how many such ® 4 A ball is projected horizontally from a
laminas can be placed on top of one tabletop at a height of 0.8 m above level
another such that 4D sits on top of BC, as ground. Given that the initial velocity of
shown, before the top lamina topples off? the ball is 2ms-!, find:

a the time taken for the ball to

reach the ground 3)
b the horizontal distance between

the table edge and the point

where the ball lands. 2)

To° « Mechanics 2 Section 1.2

« Mechanics 2 Section 1.1
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5

A football is kicked horizontally off a
20 m platform and lands a distance of
40.0 m from the edge of the platform.
a Find the initial horizontal velocity
of the football. (5)
b State two assumptions you have made
in your calculations, and comment on
the validity of each assumption. 2

« Mechanics 2 Section 1.2

A projectile is launched from a point on
horizontal ground with speed 150ms-! at
an angle of 10° above the horizontal. Find:

a the time the projectile takes to reach its
highest point above the ground (€))]

“)

< Mechanics 2 Sections 1.3, 1.4

b the range of the projectile.

v
"1 (8ui+ 3ujms”
A
B
30m
18m
L \¢
0 >

In this question, the unit vectors i and j
are in a vertical plane, i being horizontal
and j being vertical.

A particle P is projected from a point A
with position vector 30j m with respect
to a fixed origin O. The velocity of
projection is (8ui + 3uj) m s~!. The particle
moves [reely under gravity, passing
through a point B, which has position
vector (ki + 18j) m, where & is a constant,
before reaching the point C on the x-axis,
as shown in the figure. The particle takes
3sto move from A to B.
Find:
a the value of u (4
b the value of & 2)
¢ the angle the velocity of P makes with
the x-axis as it reaches C. (6)

« Mechanics 2 Sections 1.3, 1.4

® 8

@ 1

@

REVIEW EXERCISE

A projectile is launched from a point

on a horizontal plane with initial speed
ums-! at an angle of elevation a. The
projectile moves freely under gravity
until it strikes the plane. The range of the
projectile is Rm.

a Show that the time of flight of the
usin o

g
w?sin 2
g
¢ Deduce that, for a fixed u, the greatest
possible range is when o = 45°.

B, s D
projectile is seconds.

b Show that R =

. 2u?

d Given that R = % find the two
possible values of the angle of
elevation at which the projectile could
have been launched.

+ Mechanics 2 Section 1.5

A particle P moves on the x-axis. At time
¢ seconds, its acceleration is (5 — 2r) ms~2,
measured in the direction of x increasing.
When ¢ =0, its velocity is 6ms™!

measured in the direction of x increasing.
Find the time when P is instantanecously
at rest in the subsequent motion. 5

« Mechanics 2 Sections 2.1, 2.4

At time 7 = 0 a particle P leaves the origin
O and moves along the x-axis. At time

t seconds the velocity of Pisvms™!,
where v = 61 — 2¢2. Find:

a the maximum value of v 4)
b the time taken for P to return to O. (5)

« Mechanics 2 Sections 2.1, 2.2, 2.3, 2.4

A particle P moves on the positive x-axis.
The velocity of P at time ¢ seconds is
(32-8t+5)ms!. Whent=0, Pis 12m
from the origin O. Find:
a the values of 7 when P is
instantaneously at rest 3)
(©)
¢ the total distance travelled by P in the
third second. @)

« Mechanics 2 Sections 2.1, 2.2, 2.3, 2.4

b the acceleration of P when ¢t =4



REVIEW EXERCISE

@ 12 A particle moves in a straight line and at
time ¢ seconds has velocity vm s-!, where
y=6f-2t%1=0.

a Find an expression for the acceleration
of the particle at time ¢. )

When ¢ = 0, the particle is at the origin.

b Find an expression for the
displacement of the particle from the
origin at time f. “@)

<« Mechanics 2 Sections 2.1, 2.2, 2.3, 2.4

A particle P moves in a plane such that
at time £ seconds, where ¢ = 0, it has
position vector

r=((32+2i+(32-1)j)m

Find:

a the velocity vector of P at time ¢
seconds 2)

b the speed of P when¢=35s 3

¢ the magnitude and direction of the
acceleration of P when r =2s. “@

« Mechanics 2 Sections 2.6, 2.7

A particle is acted upon by a variable
force F. At time ¢ seconds the

displacement of the particle in metres
relative to a fixed origin O is given by

r= (42 + i+ (22 - 3)j
a Find the velocity of the particle when

t=3s. A3)
b Show that the acceleration of the
particle is constant. 2)

4 Mechanics 2 Sections 2.6, 2.7
15 A particle P moves so that its velocity
vms~! at time 7 seconds, where 1 = 0,
is given by v = =24 + 3/fj. When 1 =0,
the displacement of P relative to a fixed
origin is 2jm.
Find the distance of P from O when
t=4s. (7

< Mechanics 2 Sections 2.6, 2.8

® 16

® 17

® 18

93

A particle moves in a plane with
acceleration ams~2 where

a=12-32)i-4Q2t+1j,1=0

When ¢ = 0, the velocity of P is

(3i + j)ms~!. Find:

a the velocity of P after s (4)

b the time at which P is moving in the
direction of i.

()

+ Mechanics 2 Sections 2.6, 2.8

In this question, i and j are horizontal
unit vectors due east and due north
respectively.

A wind surfer is surfing on a lake. The
acceleration of the wind surfer at time 7s
is given by a = (—4¢i — 2j)ms=2. At time

t = 0 the windsurfer is moving directly
cast at a speed of 8msl.

a Find vin terms of . 4)

b Find the value of ¢ when the
windsurfer is moving in a southerly
direction. (3)

+ Mechanics 2 Sections 2.6, 2.8

Three particles of masses 31, 5m and Am
are placed at the points with coordinates
(4, 0), (0, =3) and (4, 2) respectively.

The centre of mass of the three particles
is at (2, k).

a Show that A = 2.

b Calculate the value of k.

4
2

« Mechanics 2 Section 3.2

Particles of masses 2M, xM and yM
are placed at points whose coordinates
are (2, 5). (1, 3) and (3, 1) respectively.
Given that the centre of mass of the three
particles is at the point (2, 4), find the
values of x and y.

(6)

+ Mechanics 2 Section 3.2



94 1

@ 20 Three particles of masses 0.1kg, 0.2kg

® 22

and 0.3 kg are placed at the points with
position vectors (2i — j)m, (2i + 5j) m and
(4i + 2j) m respectively. Find the position
vector of the centre of mass of the
particles.

®)

« Mechanics 2 Section 3.2

Three particles of mass 2M, M and
kM, where k is a constant, are placed at
points with position vectors 6im, 4jm
and (2i - 2j) m respectively. The centre
of mass of the three particles has
position vector (3i + ¢j) m, where ¢ is

a constant.
a Show that k = 3. (4)

3

« Mechanics 2 Section 3.2

b Hence find the value of c.

P 20cm B

«— OCcm —»
;

D &

¥

The figure shows a metal plate that is
made by removing a circle of centre

O and radius 3 cm from a uniform
rectangular lamina ABCD, where

AB =20cm and BC = 10cm. The point
0 is 5cm from both 4B and CD, and is
6cm from AD.

a Calculate, to 3 significant figures, the
distance of the centre of mass of the

plate from AD. (6)

The plate is freely suspended from A4 and
hangs in equilibrium.

b Calculate, to the nearest degree, the
angle between 4B and the vertical. (2)

+ Mechanics 2 Sections 3.4, 3.6

23

REVIEW EXERCISE

A 8a B
|
G
6a . Xee—4da 6
[ ]
E D

The figure shows a uniform lamina
ABCDE such that ABDE is a rectangle,
BC=CD, AB=8aand AE = 6a. The point
X is the midpoint of BD and XC = 4a.

The centre of mass of the lamina is at G.

a Show that GX = Tsa. (6)

The mass of the lamina is M. A particle
of mass AM is attached to the lamina at C.
The lamina is suspended from B and hangs
freely under gravity with A B horizontal.

b Find the value of A. 3

+ Mechanics 2 Sections 3.4, 3.6

A uniform square plate A BCD has mass
10M and the length of a side of the plate
is 2/. Particles of masses M, 2M,3M
and 4M are attached at 4, B, Cand D
respectively. Calculate, in terms of /, the
distance of the centre of mass of the
loaded plate from:

a AB
b BC

)
3
The loaded plate 1s freely suspended from
the vertex D and hangs in equilibrium.

¢ Calculate, to the nearest degree, the
angle made by DA with the downward
vertical.

« Mechanics 2 Sections 3.4, 3.6
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EP) 26

D

A uniform lamina 4ABCD is made by
taking a uniform sheet of metal in the
form of a rectangle ABED, with AB = 3a
and AD = 2a. and removing the triangle
BCE, where C lies on DE and CE = a,

as shown in the figure.

a Find the distance of the centre of mass
of the lamina from AD. 5)

The lamina has mass M. A particle of
mass m is attached to the lamina at B.
When the loaded lamina is freely
suspended from the midpoint of 4B, it
hangs in equilibrium with 4B horizontal.

b Find m in terms of M. )

« Mechanics 2 Sections 3.4, 3.6

The figure shows a decoration which is
made by cutting two circular discs from

a sheet of uniform card. The discs are
joined so that they touch at a point D on
the circumference of both discs. The discs
are coplanar and have centres 4 and B
with radii 10 cm and 20 cm respectively.

a Find the distance of the centre of mass
of the decoration from B. (5)
The point C lies on the circumference
of the smaller disc and ~/ CAB is a right
angle. The decoration is freely suspended
from C and hangs in equilibrium.
b Find, in degrees to one decimal
place, the angle between 4B and
the vertical. (4)

+ Mechanics 2 Sections 3.4, 3.6

27 A B

10cm

Y
De———10ecm———>C

A uniform lamina L is formed by taking
a uniform square sheet of material ABCD
of side 10 cm and removing a semicircle
with diameter 4B from the square, as
shown in the figure.

a Find, in cm to 2 decimal places, the
distance of the centre of mass of the
lamina from the midpoint of 4B.  (7)

@ The centre of mass of a uniform

semicircular lamina, radius a, is at a distance

g—fr from the centre of the bounding diameter.

The lamina is freely suspended from D
and hangs at rest.

b Find, in degrees to one decimal
place, the angle between CD and
the vertical. 4)

+ Mechanics 2 Sections 3.4, 3.6

95
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28 A ) B
4m m
2a
2m
D Sa &l

A loaded plate L is modelled as a uniform
rectangular lamina A BCD and three
particles. The sides CD and AD of the
lamina have lengths 5a and 2a respectively
and the mass of the lamina is 3m. The
three particles have masses 4m, m and 2m
and are attached at the points 4, Band C
respectively, as shown in the figure.

a Show that the distance of the centre

of mass of L from AD is 2.25a. 3
b Find the distance of the centre of
mass of L from AB. (2)

The point O is the midpoint of AB.
The loaded plate L is freely suspended
from O and hangs at rest under gravity.

¢ Find, to the nearest degree, the size
of the angle that 4 B makes with the
horizontal. 3)

A horizontal force of magnitude P is
applied at C in the direction CD. The
loaded plate L remains suspended from
O and rests in equilibrium with 4B
horizontal and C vertically below B.

d Show that P =3 mg. “)
e Find the magnitude of the force on
LatO. “

+ Mechanics 2 Sections 3.4, 3.6

29

30

REVIEW EXERCISE

‘ g C(6m)
2a

{ D(2m)
44 3a

The figure shows four uniform rods
joined to form a rectangular framework
ABCD, where AB=CD = 2a and

BC = AD = 3a. Each rod has mass m.
Particles of mass 6m and 2m are attached
to the framework at points C and D
respectively.

a Find the distance of the centre of
mass of the loaded framework from

i AB ii AD. (7

The loaded framework is freely suspended
from B and hangs in equilibrium.

b Find the angle which BC makes
with the vertical. 3

Three uniform rods AB, BC and CA4 of
mass 2m, m and 3m respectively have
lengths /, / and /2 respectively. The rods
are rigidly joined to form a right-angled
triangular framework.

a Calculate, in terms of /, the distance of
the centre of mass of the framework
from

i BC ii AB. @)
b Calculate the angle, to the nearest
degree, that BC makes with the

vertical when the framework is freely
suspended from the point B. )
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31 B C
A J /
4cm sl
v O /
A< 4cm »D

A framework is made from thin

uniform wire of total length 20 cm. The
framework is in the shape of a trapezium
ABCD, where AB=AD =4cm,

CD =5cm and 4B is perpendicular to
BC and AD as shown in the diagram.

AB, BC and AD are made from wire of
mass 0.01 M kg per cm. CD is made from
wire of mass 0.015M kg per cm.
a Find the distance of the centre of

mass of the framework from 4B.  (6)

The framework has mass M. A particle
of mass kM is attached to the framework
at C. When the framework is freely
suspended from the midpoint of BC, the
framework hangs in equilibrium with BC
horizontal.

b Find the value of k. &)

Challenge

1 Ashop sign of weight WN can be modelled as
a lamina and is shown in the diagram below.
The sign is suspended by two ropes that can be
modelled as light inelastic strings.

0 lrg

4 80cm B
40cm
E 80cm
D 40cm €

a Find the distance of the centre of mass of

the lamina from AE. (4)
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b Find the tension in each string. (4)

The rope attached at A4 will snap when the
tension in it exceeds 10/ N.

The rope attached at B will snap when the
tension in it exceeds 8WN.

A particle of weight kW is attached to the sign
at C. Given that neither rope breaks,
¢ find the largest possible value of k. (4)

« Mechanics 2 Section 3.8

A particle P travels in a straight line such that
its velocity, vm s~ at time ¢ seconds, is given by

v=3sinkt+coskt, t =0

where k is a constant and angles are measured
in degrees. At time 1 =0, the particleisata
fixed origin, O, and has acceleration 1.5ms™.
Work out the maximum distance of the particle
from the origin in its subsequent motion, and
the first time at which this occurs.

« Mechanics 2 Sections 2.1, 2.3

A straight hill slopes upwards at an angle

of 6 to the horizontal, where 0 < ¢ < 90°.

A projectile is launched perpendicular to the
plane of the hill, with an initial velocity of

um s, and lands a distance ¢ m down the hill.

2u?
Show that d = o tan # sec .

ums!

N

« Mechanics 2 Section 1.5



4 WORK AND

ENERGY

Learning objectives

After completing this chapter you should be able to:

e C(alculate the work done by a force when its point of application moves
- pages 100-103

e C(alculate the kinetic energy of a moving particle and the potential
energy of a particle -> pages 104-107

e Use the principle of conservation of mechanical energy and the
work-energy principle - pages 108-112

e C(alculate the power developed by an engine - pages 112-117

Prior knowledge check

1 40N

12kg =120

A crate of mass 12 kg is at rest on a smooth horizontal plane.
It is dragged by means of a force of magnitude 40N, which
acts at an angle of 15° above the horizontal. Find:

a the magnitude of the normal reaction
of the plane on the box

b the acceleration of the box

¢ the total distance travelled by the box
in the first 5 seconds of its motion.

2 This rock climber is increasing
§ her height above sea-level. Her
gravitational potential energy

{ is increasing. When she abseils

¢ back down the rock face, her
gravitational potential energy will

¢ Mechanics 1 Section 5.1

2 A 10kg box rests on a rough plane inclined at 30° to the
horizontal. Given that the box is on the point of slipping down
the plane, find the coefficient of friction between the box and
the plane.
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m Work done

If you drag an object along the ground, you have to apply a force to overcome friction. In order to
move the object you have to do work. In general, work is done on an object when a force is applied to
it and there is motion.

= You can calculate the work done by a constant force when m If the point of

its point of application moves along a straight line using application is moving in the

the formula: same direction as the line of

work done = component of forcein  distance moved action of the constant force,
direction of motion in direction of force this formula becomes:

When the force is measured in newtons and the distance moved S

in metres, the work done is measured in joules (}).

You can also calculate the work done against gravity when a particle is moved vertically. Work is done
against gravity whenever a particle’s vertical height is increased. This may be because the particle
moved vertically or at an angle to the horizontal.

= Work done against gravity = mgh, where m is the mass of the particle, g is the acceleration due
to gravity and /4 is the vertical distance raised.

A box is pulled 7m across a horizontal floor by a horizontal force of magnitude 15N.
Calculate the work done by the force.

W v U_se F for force and s for
=15 x 7 distance.

=105
The work done by
the force is 105J.

A packing case is pulled across a horizontal floor by a horizontal rope. The case moves
at a constant speed and there is a constant resistance (o motion of magnitude R newtons.
When the case has moved a distance of 12m the work done is 96 J.

Calculate the magnitude of the resistance.
The case moves at a constant

Work done = F speed so its acceleration is
s 96 =Fx12 Oms™
— F=6

FeReq Use work done = Fis to
L My FN 5 ia calculate the magnitude of

R=0 ;
the horizontal force.
R N‘ R=8

The magnitude of the

r

Use F = ma to calculate the
resistance is &N. value of R.
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A bricklayer raises a load of bricks with a total mass of 30kg at a constant speed by attaching
a cable to the bricks. Assuming the cable is vertical, calculate the work done when the bricks are
raised a distance of 7m.

Use F = ma to calculate the tension in

TN T-30g=0
T T = 30g the cable.

Work = Fs
ork done § This is 30g x distance raised.

=30x986x7
f = 2058 You could also use

work done against gravity = mgh
for this question.

Oms=?

The work done against gravity
is 2100J or 2.1kJ (2 sf)
30gN

Example o m PROBLEM-SOLVING

A package of mass 2kg is pulled at a constant speed up a rough plane which is inclined at
30° to the horizontal. The coefficient of friction between the package and the surface is 0.35.
The package is pulled 12m up a line of greatest slope of the plane. Calculate:

a the work done against gravity b the work done against friction.
a RN
PN
FN
308
v
2gN
Work done against gravity = mgh When the package moves 12m along

= 2g x 12sin30° the plane, the change in vertical height
=2lx 28 x12 x 05 is 12sin30°m.
=17.6

There is no motion perpendicular to
the plane.
b Resolve perpendicular to the plane to find R.

R - 2gcos30° =0 The particle is moving so friction is
R = 2gcos30° ’7 limiting.

The work done against gravity is 118J (3 s.f). ’7

F=uR

F=0 2 o°
35 x 2gcos3 m You will usually be

e ) allowed to give answers to either 2 s.f.
= or 3 s.f, but read questions carefully,

Senkic o SgaIEE I EHAE as sometimes a degree of accuracy
= (0.35 x 2gc0530°) x 12 e e <be fied

=7 129
The work done against friction is 71.3J (3 s.f).
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A sledge is pulled 15m across a smooth sheet of ice by a force of magnitude 27N. The force is inclined
at 25° to the horizontal. By modelling the sledge as a particle, calculate the work done by the force.

27N

The point of application of the force

horizontal compornent _ distance is not moving in the direction of the line of action
of force moved of the force. To find the work done, use the
o M horizontal component of the force.

=:3G7.0.::
The work done by the force is 367 J (3 s.f).

SKILLS PROBLEM-SOLVING

Whenever a numerical value of g is required, take g = 9.8 ms=2, and give your answers to either
2 significant figures or 3 significant figures.

Work done =

1 Calculate the work done by a horizontal force of magnitude 0.6 N which pulls a particle a
distance of 4.2m across a horizontal floor.

2 A box is pulled 12m across a smooth horizontal floor by a constant horizontal force.
The work done by the force is 102]J. Calculate the magnitude of the force.

3 Calculate the work done against gravity when a particle of mass 0.35kg is raised a vertical
distance of 7m.

4 A crate of mass 15kg is raised through a vertical distance of 4m. Calculate the work done
against gravity.

5 A box is pushed 15m across a horizontal surface. The box moves at a constant speed
and the resistances to motion are constant and total 22 N. Calculate the work done by
the force pushing the box.

6 A ball of mass 0.5kg falls vertically 15 m from rest. Calculate the work done by gravity.

7 A cable is attached to a crate of mass 80kg. The crate is raised vertically at a constant speed
from the ground to the top of a building. The work done in raising the crate is 30kJ.
Calculate the height of the building.

8 A sledge is pulled 14m across a horizontal sheet of ice by a rope inclined at 25° to the horizontal.
The tension in the rope is 18 N and the ice can be assumed to be a smooth surface.
a Calculate the work done.
b State a modelling assumption that you have made and assess its validity.

9 A parcel of mass 3 kg is pulled a distance of 4m across a rough horizontal floor.
The parcel moves at a constant speed. The work done against friction is 30 J.
Calculate the coefficient of friction between the parcel and the surface.
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® 10

11

12

EP 15

A block of wood of mass 2kg is pushed across a rough horizontal floor.
The block moves at 3ms~! and the coeflicient of friction between the block
and the floor is 0.55. Calculate the work done in 2 seconds.

A girl of mass 52kg climbs a vertical cliff which is 46 m high.
Calculate the work she does against gravity.

A child of mass 25kg slides 2m down a smooth slope inclined at 35° to the horizontal.
Calculate the work done by gravity.

A particle of mass 0.3kg is pulled 2m up a line of greatest slope of a plane which is
inclined at 25° to the horizontal. Calculate the work done against gravity.

A rough plane surface is inclined at an angle o Problem-solving

. . 2
to the horl.zontal, where sina =33, A packettof Draw a right-angled triangle with sides of
mass 8 kg is pulled at a constant speed up a line length 5, 12 and 13, or use your calculator
of greatest slope of the plane. The coefficient of R
friction between the packet and the plane is 0.3.

a Calculate the magnitude of the frictional force acting on the packet. (5 marks)
The packet moves a distance of 15m up the plane. Calculate:

b the work done against friction (3 marks)
¢ the work done against gravity. (4 marks)

A rough surface is inclined at an angle arcsin 2—?5 to the horizontal. A particle of mass

0.5kg is pulled 3m at a constant speed up the surface by a force acting along a line of
greatest slope. The only resistances to the motion are those due to friction and gravity.

The work done by the force is 12 J. Calculate the coeflicient of friction between the

particle and the surface. (5 marks)

A rough surface is inclined at 40° to the horizontal. A box of mass 1.5kg is pulled
at a constant speed up the surface by a force 7" acting along a line of greatest slope.
The coefficient of friction between the particle and the surface is 0.4.

Modelling the box as a particle, calculate the work done by T"when the particle
travels 8 m. (4 marks)

A particle P of mass 2kg is projected up a line of greatest slope of a rough plane which
is inclined at an angle arcsin % to the horizontal. The coefficient of friction between P and
the plane is 0.35.

The particle comes to instantaneous rest a distance 3m up the line of greatest slope
of the plane. Find:

a the work done by gravity (3 marks)
b the work done by friction (3 marks)
¢ the speed of projection. (4 marks)
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@ Kinetic and potential energy

You can calculate the kinetic energy of a moving particle and the potential energy of a particle.

i - _1 2 i :
= Kinetic energy (K'-E-) =z ,'where m s the QL EHLTEY if a particle with mass m and velocity
mass of the particle and v is its speed. : i . . )
vector v is moving in two dimensions then it has

= Potential energy (P.E.) = mgh, where h is the kinetic energy.
height of the particle above an arbitrary
fixed level.

A particle possesses kinetic energy when it is moving. When the mass of the particle is measured in
kilograms and its velocity is measured in metres per second, the kinetic energy is measured in joules.

A particle possesses potential energy whenever gravity acts m T e rma ot norantal
on it. When the mass of the particle is measured in kilograms, energy is sometinrfs callZd

the acceleratlor! due Fo gravity is measured in metres per se.cond gravitational potential energy.
squared. When its height above the fixed level is measured in

metres, the potential energy is measured in joules. _

Kinetic energy cannot
The work done by a force which accelerates a particle be ne‘gati.ve. Potent.ial ot is
horizontally is related to the kinetic energy of that particle. negative if the particle is below the

fixed reference level.
= Work done = change in kinetic energy

You can derive this result using formulae you already know:

F=ma Equation of motion

vei=u? + 2as

e Constant acceleration formula

"12 oy uZ
ad=
28 L .
Rearrange to make « the subject
m(v? — u?)
= -
2s Substitute for a in the equation of motion

| 1
Fs =smv? — Ssmu? \_

Fsis force x distance or work done
Work done = final K.E. — initial K.E.

Work done = change in K.E.

A particle of mass 0.3kg is moving at a speed of 9ms~'.

Calculate its kinetic energy.

KE =%

2
=1

= 1215
The KE. of the particle is 12.2J (3 =.f)
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A box of mass 1.5kg is pulled across a smooth horizontal surface by a horizontal force.
The initial speed of the box is ums~! and its final speed is 3ms-!. The work done by the
force is 1.8 J. Calculate the value of w.

Work done = %mvz = %nzug watChOUt The work done by t‘he ‘
g 15 BRI % e force is equal to the change in kinetic

3 % 1.5u% = 4.95 i
a8 o 495 x%x 2
15
u=257 (3s.f)

Example o S {|IE3  PROBLEM-SOLVING

A van of mass 2000 kg starts from rest at some traffic lights. After travelling 400 m the van’s speed
is 12ms-'. A constant resistance of 500N acts on the van. Calculate the driving force, which can be
assumed to be constant.

The force used to calculate the work
done is the resultant force in the
direction of the motion.

500N

Work done = increase in K.E.
sl ntioe plbomtis
Fs =zmve — zmu

(P L 500) x 400 =} x 2000 x 122 -  x 2000 x 0? akialll When you are considering

i an overall change in energy of a body,

1 2
P—-500 = ﬂ you should use the resultant force in
490 your calculations. The change in energy
£=5604 500 of the van is not the same as the work
= 860 done by the driving force, as some of
The driving force is B60N. this work is used to overcome friction.

= You must choose a zero level of potential energy before calculating a particle’s potential energy.

If the particle moves upwards its potential energy will increase. If it moves downwards its potential
energy will decrease.

A load of bricks of total mass 30 kg is lowered vertically to the ground through a distance of 15m.
Find the loss in potential energy.

Original level
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Take the final level to be the zero level for

Final FE. = O .
Initial PE. = mgh potential energy.
=30x96x15
= 4410

loss of FE. = 4410 - O
The loss of potential energy is 4410J.

A parcel of mass 3kg is pulled 10m up a plane inclined at an angle ¢ to the horizontal, where
tanf = %. Assuming that the parcel moves up a line of greatest slope of the plane, calculate the
potential energy gained by the parcel.

3 . 3
tane_zso smﬁ_g

=S|

10m 4

‘/9 Zero level

v

3gN
Change in height = 10sinfl
=G6m The vertical distance moved by the parcel
Final FE. = mgh is 6m.
=3 D8 xE
=176.4
Initial FE. = O

The potential energy gained by the parcel is 176 J.

Exercise @ m PROBLEM-SOLVING

Whenever a numerical value of g is required, take g = 9.8 ms~2, and give your answers to either
2 significant figures or 3 significant figures.

1 Calculate the kinetic energy ot the following objects. Put them in order, from the greatest
kinetic energy to the least.

a a particle of mass 0.3kg moving at 15ms™!
b a particle of mass 3kg moving at 2ms™!

¢ anarrow of mass 0.1 kg moving at 100ms-!
d aboy of mass 25kg running at 4ms-!
e

a car of mass 800 kg moving at 20ms™!
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2 Find the change in potential energy of each of the following, stating in each case
whether it is a loss or a gain.

a a particle of mass 1.5kg raised through a vertical distance of 3m
b a woman of mass 55kg ascending a vertical distance of 15m

¢ aman of mass 75kg descending a vertical distance of 30m

d alift of mass 580kg descending a vertical distance of 6m.

3 A particle of mass 1.2kg decreases its speed from 12ms-! to 4ms-!.
Calculate the decrease in the particle’s kinetic energy.

4 A van of mass 900 kg increases its speed from S5ms-! to 20ms-1.
Calculate the increase in the van’s kinetic energy.

® 5 A particle of mass 0.2kg increases its speed from 2ms-! to vms-1.
The particle’s kinetic energy increases by 6J. Calculate the value of v.

An ice skater of mass 45 kg is initially moving at Sms-!.
She decreases her kinetic energy by 100J. Calculate her final speed.

@

A playground slide is modelled as a plane inclined at 48° to the horizontal.
A child of mass 25kg slides down the slide for 4m.
a Calculate the potential energy lost by the child. (4 marks)

©

b State one assumption that you have made in your calculations,
and comment on its validity. (1 mark)

8 A ball of mass 0.6kg is dropped from a height of 2m into a pond.
a Calculate the kinetic energy of the ball as it hits the surface of the water. (3 marks)
The ball begins to sink in the water with a speed of 4.8 ms-!.
b Calculate the kinetic energy lost when the ball strikes the water. (4 marks)

9 A lorry of mass 2000kg is initially travelling at 35ms~!. The brakes are applied, causing
the lorry to decelerate at 1.2ms 2 for 5s. Calculate the loss of kinetic energy of the lorry.

® 10 A car of mass 750kg moves along a stretch of road which can be modelled as a line of
greatest slope of a plane inclined to the horizontal at 30°. As the car moves up the road
for 500m its speed reduces from 20ms-! to 15ms-1. Calculate:
a the loss of kinetic energy of the car (3 marks)
b the gain of potential energy of the car. (4 marks)

11 A woman of mass 80 kg climbs a vertical cliff face of height /im.
Her potential energy increases by 15.7kJ.

Find the height of the cliff. (3 marks)

Challenge

A 1kg ball, initially at rest, is dropped from the top of a cliff.

The ball can be modelled as a particle falling freely under gravity.

a Find, in terms of ¢, the kinetic and potential energy of the ball at a time ¢ seconds after it is dropped.
b Show that the sum of the kinetic energy and potential energy of the ball is constant.
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m Conservation of mechanical energy and work-energy principle

You can use the principle of conservation of mechanical energy and the work-energy principle to
solve problems involving a moving particle.

= When no external forces (other than gravity) do work m This is called the
on a particle during its motion, the sum of the particle’s P”“"P"_'* of conservation of
kinetic energy and potential energy remains constant. mechanical energy.

This is true whether the particle moves vertically or along a path inclined to the horizontal.

The total energy possessed by a particle can change during the particle’s motion only if some external
force is doing work on the particle. Any non-gravitational resistance to motion acting on the particle
will reduce the total energy of the particle, as the particle will have to do work to overcome the
resistance.

= The change in the total energy of a particle is equal to m This is called the
the work done on the particle. work-energy principle.

A smooth plane is inclined at 30° to the horizontal. A particle of mass 0.5kg slides down a line of
greatest slope of the plane. The particle starts from rest at point 4 and passes point B with a speed
of 6ms™!. Find the distance 4B.

Note that the normal reaction R
e B N does no work on the particle as it is
always perpendicular to the motion.

Decrease in RE. = mgh The vertical distance moved by the
= 0.5 x 9.8 x (xsin30°) particle is xsin30°, where x is the
Increase in KE. = %mvz - %nmg distance 4B.

Fx05x62-0

Decrease in FE. = increase in KE

0.5 x 9.8 x (xsin30°) = 5 x 0.5 x 62 "
1 Problem-solving
El 7 E) DX 62

ey T The c.Jnly force actn.wg on tvhe particle
that is doing work is gravity so
x=3673.. you can apply the principle of
The distance AB is 3.67m (3 s.f) conservation of mechanical energy.
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Example @

A particle of mass 2 kg is projected with speed 8 ms~! up a line of greatest slope of a rough plane
inclined at 45° to the horizontal. The coefficient of friction between the particle and the plane
is 0.4. Calculate the distance the particle travels up the plane before coming to instantaneous rest.

Oms™

Pl

Problem-solving

The slope is rough so some work will be
done on the particle by a force other
than gravity. This means you will have
to use the work-energy principle in this
question.

v

2gN The particle has lost energy through

Total loss of energy = KE. lost — FE. gained having to work to overcome the frictional
force.

= (Lmv2 — Ly
= [amv Smu?| — mgh

=|zx2x82- O} 2 x 9.6 x (xsin45°

PR S You need to find R so you can find F.

Resolve perpendicular to the plane to

Work done against friction = Fx |7 find R.

R =2gcos45°

F=pR =04 x 2gcos45° = 0.8gcos45° The particle is moving so friction is

Loss of energy = work done against friction limiting.

64 - 19.6xs5in45° = 0.6gco545° x x

19.6x5in45° + 0.8gxcos45° = 64 This is because of the work-energy
principle.

= : i =3.298...

19.635in45° + 0.6gcos45°
The particle moves 3.30m (3 s.f) up the plane.

Exam ple ) rrosLem-soLving

A skier moving downbhill passes point A on a ski run at 6ms-!. After descending 50 m vertically
the run begins to ascend. When the skier has ascended 25m to point B her speed is 4 ms~!.

The skier and her skis have a combined mass of 55kg. The total distance she travels from 4 to B

is 1400 m. The non-gravitational resistances to motion are constant and have a total magnitude of
12 N. Calculate the work done by the skier.
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Her final speed is less than her initial
speed so K.E. is lost.

Loss of KE. = ?mug - %mvz

=%x55x6275x55x42
= 550

r B is lower than A4 so PE. is lost.

Loss of RE. = mgh

55 x 9.8 x (50 - 25) Use work done = F to calculate the work
=13475J ” done against the resistances.

Total loss of energy = 550 + 13475 = 14025

l
Work done against resistances = 12 x 1400 = 16600 The skier’s loss of energy provides some

Work done by skier = 16 800 - 14025 = 2775) ——— of the work needed to overcome the
resistances. The remainder is provided

The work done by the skier is 2780J (3 s.f) by the skier doing work

Exercise @ m PROBLEM-SOLVING

Whenever a numerical value of g is required, take ¢ = 9.8 ms~2, and give your answers to either
2 significant figures or 3 significant figures.

1 A particle of mass 0.4kg falls a vertical distance of 7m from rest. m W e T

a Calculate the potential energy lost. should use the principle of
b By assuming that air resistance can be neglected, conservation of mechanical
calculate the final speed of the particle. energy and the work-
energy principle to answer
2 A stone of mass 0.5 kg is dropped from the top of a tower and these questions rather than
falls vertically to the ground. It hits the ground with a speed of the suvat formulae.
12ms-!. Find:

a the kinetic energy gained by the stone
b the potential energy lost by the stone
¢ the height of the tower.

3 A box of mass 6kg is pulled in a straight line across a smooth horizontal floor by
a constant horizontal force of magnitude 10 N. The box has speed 2.5ms~! when it
passes through point P and speed Sms~! when it passes through point Q.

a Find the increase in kinetic energy of the box.
b Write down the work done by the force.
¢ Find the distance PQ.
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4 A particle of mass 0.4kg moves in a straight line across a rough horizontal surface.
The speed of the particle decreases from 8ms-! to 4ms-! as it travels 7m.

a Calculate the kinetic energy lost by the particle.
b Write down the work done against friction.

¢ Calculate the coefficient of friction between the particle and the surface.

@ 5 A box of mass 3 kg is projected from point 4 across a rough horizontal floor with speed 6ms=.
The box moves in a straight line across the floor and comes to rest at point B. The coefficient of
friction between the box and the floor is 0.4.

a Calculate the kinetic energy lost by the box. (2 marks)
b Write down the work done against friction. (1 mark)
¢ Calculate the distance 4B. (5 marks)

6 A particle of mass 0.8 kg falls a vertical distance of $m from rest. By considering energy,
find the speed of the particle as it hits the ground.

7 A stone of mass 0.3kg is dropped from the top of a vertical cliff and falls freely under gravity.
It hits the ground below with a speed of 20ms~!. Air resistance is negligible (too small to be
significant). Use energy considerations to calculate the height of the cliff.

8 A particle of mass 0.3 kg is projected vertically upwards and moves {reely under gravity.
The initial speed of the particle is ums~!. When the particle is Sm above the point of projection
its kinetic energy is 2.1 J. Neglecting air resistance. calculate the value of u.

9 A package of mass 5kg is released from rest and slides 2m down a line of greatest slope of a
smooth plane inclined at 35° to the horizontal.

a Calculate the potential energy lost by the package.
b Write down the kinetic energy gained by the package.
¢ Calculate the final speed of the package.

10 A particle of mass 0.5kg is released from rest and slides down a line of greatest slope of a
smooth plane inclined at 30° to the horizontal. When the particle has moved a distance xm,
its speed is 2ms~!. Find the value of x.

11 A particle of mass 0.2kg is projected with speed 9ms~! up a line of greatest slope of a smooth
plane inclined at 30° to the horizontal. The particle travels a distance xm before first coming to
rest. By considering energy, calculate the value of x.

12 A particle of mass 0.6kg is projected up a line of greatest slope of a smooth plane inclined
at 40° to the horizontal. The particle travels 5m before first coming to rest. Use energy
considerations to calculate the speed of projection.

13 A box of mass 2kg is projected with speed 6 ms~! up a line of greatest slope of a
rough plane inclined at 30° to the horizontal. The coefficient of friction between
the box and the plane is % Use the work—energy principle to calculate the distance
the box travels up the plane before coming to rest. (5 marks)



WORK AND ENERGY CHAPTER 4

14 A skier of mass 80kg skis down a straight hill inclined at 30° to the horizontal.
The speed of the skier increases from 3ms=! to 12ms-.

The total resistances to motion of the skier due to friction and air resistance are
modelled as a constant force of magnitude RN.
a Given that the skier travels a total distance of 50m, find the value of R. (5 marks)

b Suggest one way in which the model could be refined. (1 mark)

15 A box of mass 70 kg starts at rest and slides in a straight line down a surface inclined at 20° to
the horizontal. After the box has travelled a distance of 60 m, the surface becomes horizontal,
and the box slides a further 50 m before coming to rest. The total resistance due to friction and
air resistance is modelled as a force of constant magnitude RN which acts so as to oppose the
direction of motion of the box. Find the value of R. (7 marks)

16 A girl and her sledge have a combined mass of 40kg. She starts from rest and descends a slope
which is inclined at 25° to the horizontal. At the bottom of the slope the ground becomes
horizontal for 15m before rising at 6° to the horizontal. The girl travels 25m up the slope
before coming to rest once more. There is a constant resistance to motion of magnitude 18 N.
Calculate the distance the girl travels down the slope initially. (7 marks)

Challenge

The temperature of a gas is related to the average kinetic energy
of its molecules by the formula:

average K.E. = 2kT
where k= 1.38 x 102*JK~' and T is the temperature in kelvin (K).

The mass of an oxygen molecule is 8 times greater than the mass of a hydrogen
molecule. Two containers, one containing hydrogen and the other containing
oxygen, have been in contact and able to exchange heat for a very long time, so that
molecules of both gases are at the same temperature. The average speed of the
oxygen molecules is 400m 5. Find the average speed of the hydrogen molecules.

m Power

You can calculate the power developed by an engine and solve problems about moving vehicles.

= Power is the rate of doing work.

The power developed by the engine of a moving vehicle is calculated using the following formula.
= Power = Fv, where F is the driving force produced by the engine and v is the speed of the vehicle.

If the driving force is measured in newtons and the speed is measured in ms-1, power is measured in
watts (W), where 1 watt is 1 joule per second. The power of an engine is often given in kilowatts (kW).
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A truck is being pulled up a slope at a constant speed of 8 ms~! by a force of magnitude 2000 N
acting parallel to the direction of motion of the truck. Calculate, in kilowatts, the power developed.

Work done per second = 2000 x & = 16000)  Workdone per second =
Power = rate of doing work = 16 000W force x distance moved per second
The power developed is 16 kKW,

Example @ (1K 3 PROBLEM-SOLVING

A van of mass 1250kg is travelling along a horizontal road. The van’s engine is working at 24 kW.
The constant resistance to motion has magnitude 600 N. Calculate:

L 1kw = 1000W

a the acceleration of the van when it is travelling at 6ms-!
b the maximum speed of the van.

—> Cms™
—»p ams?
We often use T for the tractive (pulling)
HI force.

GOON | — ik TN
) — You must work with power in watts.

Fower = 24 kW = 24 000 W
? sze: _ A — Use power = Fy to find the driving force.

e A — Use F=ma to find the acceleration.

T = 4000
4000 =500 = 12508 The tractive force will be different in part b.
4000 - 600

=D 7o You can use a different letter, or use T"

1250 (pronounced T prime).
P P
The acceleration is 2. 72 ms™2.
b T"= GOON L At maximum speed there will be no
24000 = 600y acceleration, so the resultant horizontal
, = 24000 _ .4 force will be zero.

600
The maximum speed of the van is 40ms. L Use power = Fv to find the speed.
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A car of mass 1100kg is travelling at a constant speed of 15ms-!along a straight road
which is inclined at 7° to the horizontal. The engine is working at a rate of 24 kW.

a Calculate the magnitude of the non-gravitational resistance to motion.
The rate of working of the engine is now increased to 28 kW.
Assuming the resistances to motion are unchanged,

b calculate the initial acceleration of the car.

__ypOms™=

N

24 x102=Tx15 Use power = Fy to find 7'
3
r= 2421 1600

R + 1100gsin7° =T = 1600

Resolve along the slope to find the

R = 1600 - 1100g5in 7° ReRlnce
R=2862...
The resistance to motion is 286N (3 =.f).
b N __ypams? Draw a new diagram for the
__—»15ms™ new situation. As the power has

changed, the driving force and the
acceleration will change.

Use power = Fv to find the new
— driving force. Initially, the speed will
be 15ms-.

Use F = ma to find the acceleration.
28 x 103 The more significant figures you use
The=—=———— — when carrying through previously

15
T' - (286.2 + 1100gsin7°) = 11004 calculated answers, the more

8 . accurate your final answer will be.
(26 x 10%) + 15 - (286.2 + 1100gsin7°) = 1100a

(28 x 10%) + 15 — (286.2 + 1100g=in7°) -
a= 1100 We need ‘initial’ here as once the

a=002424. . car accelerates its speed increases

I so either the power or the driving
The initial acceleration is 0.242m="2 (3 s.f). force will change.

28 x10°=T'%x15
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A car of mass 2600kg is travelling in a straight line. At the instant when the speed of the car is
vms~!, the total resistances to motion are modelled as a variable force of magnitude (800 + 5v*) N.
The car has a cruise control feature which adjusts the power generated by the engine to maintain a
constant speed of 18ms-!.

Find the power generated by the engine when:
a the car is travelling on a horizontal road

b the car is travelling up a road that is inclined at an angle 4° to the horizontal.

a When vy =18ms- Problem-solving

resistive force = (B00 + 5 x 18%) = 2420N The magnitude of the resistive
P force is variable. However, the car
P = 2420 x 18 = 43560 W is maintaining a constant speed, so

substitute v = 18 into 800 + 5v? to find
the magnitude of the resistive force.

The power generated by the engine is 43 600W (3 =.f).

The car is travelling at a constant
speed so the driving force provided
by the engine is equal to the resistive
force.

The magnitude of the resistive force is
the same.

2600gN
F= 2420 + 2600gsin4° Resolve parallel to the plane.
= 4197 N
P=4197 x 186 =75553W Substitute into power = force x velocity.

The power generated by the engine is 75600W (3 s.f).

SKILLS PROBLEM-SOLVING

Whenever a numerical value of g is required, take g = 9.8 ms-2, and give your answers to either
2 significant figures or 3 significant figures.

1 A force of 1500N pulls a van up a slope at a constant speed of 12ms-1.
Calculate, in kW, the power developed.

2 A caris travelling at 15ms-! and its engine 1s producing a driving force of 1000 N.
Calculate the power developed.

3 The engine of a van is working at 5kW and the van is travelling at 18 ms-!.
Find the magnitude of the driving force produced by the van’s engine.

4 A car’s engine is working at 15kW. The car is travelling along a horizontal road. The total
resistance to motion has a magnitude of 600 N. Calculate the maximum speed of the car.
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A car has a maximum speed of 40ms~! when travelling along a horizontal road. The total
resistances to motion of the car are assumed to be constant and of magnitude S00N.

a Calculate the power the car’s engine must develop to maintain this speed.
b Comment on the assumption that the resistance to motion is constant.

A van is travelling along a horizontal road at a constant speed of 16 ms-!. The van’s engine is
working at 8.8 kW. Calculate the magnitude of the resistance to motion.

A car of mass 850kg is travelling along a straight horizontal road against
resistances totalling 350 N. The car’s engine is working at 9 kW. Calculate:

a the acceleration when the car is travelling at 7ms-! (3 marks)
b the acceleration when the car is travelling at 15ms-! (2 marks)
¢ the maximum speed of the car. (2 marks)

A car of mass 900kg is travelling along a straight horizontal road at a speed of 20ms-!.
The constant resistances to motion total 300 N. The car is accelerating at 0.3 ms=2.
Calculate the power developed by the engine.

A car of mass 1000kg is travelling along a straight horizontal road. The car’s engine is working
at 12kW. When its speed is 24 ms~! its acceleration is 0.2 m s=2, The resistances to motion have a
total magnitude of R newtons. Calculate the value of R. (4 marks)

A cyclist is travelling along a straight horizontal road. The resistance to his motion is constant
and has magnitude 28 N. The maximum rate at which he can work is 280 W. Calculate his
maximum speed.

A van of mass 1200 kg is travelling up a straight road inclined at 5° to the horizontal.
The van moves at a constant speed of 20ms~! and its engine is working at 24 kW.
The resistance to motion from non-gravitational forces has magnitude R newtons.

a Calculate the value of R. (3 marks)
The road now becomes horizontal. The resistance to motion from

non-gravitational forces is unchanged.

b Calculate the initial acceleration of the van. (4 marks)

A car of mass 800kg is travelling at I8 ms~! along a straight horizontal road. The car’s engine is
working at a constant rate of 26kW against a constant resistance of magnitude 750 N.

a Find the acceleration of the car. (3 marks)

The car now ascends a straight hill, inclined at 9° to the horizontal. The resistance to motion from
non-gravitational forces is unchanged and the car’s engine works at the same rate.

b Find the maximum speed at which the car can travel up the hill. (4 marks)

A van of mass 1500kg is travelling at its maximum speed of 30ms ! along a straight horizontal
road against a constant resistance of magnitude 600 N.

a Find the power developed by the van’s engine. (3 marks)

The van now travels up a hill along a straight road inclined at 8° to the horizontal. The van’s engine
works at the same rate and the resistance to motion from non-gravitational forces is unchanged.

b Find the maximum speed at which the van can ascend the hill. (4 marks)
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A cyclist and her bicycle have a total mass of 80kg. She travels at a constant speed of 7ms™!,
first on flat ground, and then up a hill inclined at 2° to the horizontal. Find the increase in
power required on the hill compared to the flat ground.

A train of mass 150 tonnes is moving up a straight track which is inclined at 2° to the
horizontal. The resistance to the motion of the train from non-gravitational forces has
magnitude 6kN and the train’s engine is working at a constant rate of 350kW.

a Calculate the maximum speed of the train. (5 marks)

The track now becomes horizontal. The engine continues to work at 350 kW
and the resistance to motion remains 6 kN.

b Find the initial acceleration of the train. (3 marks)

A car is moving along a straight horizontal road with speed vms~'. The magnitude of the
resistance to motion of the car is given by the formula (150 + 3v) N. The car’s engine is working

at 10 kW. Calculate the maximum value of v. (6 marks)
A van of mass 4000kg is travelling in a straight line.

At the instant when the speed of the caris vms~!, Problem-solving

the total resistances to motion are modelled as a For part b, use P = Fy to find the
variable force of magnitude (1200 + 8v) N. The engine driving force in terms of w.

of the van works at a constant rate of 28 kW.

a Find the acceleration of the van at the instant when v = 10. (4 marks)
When the car is travelling at wms~, it is decelerating at 0.2m s>

b Find the value of w. (4 marks)

Chapter review °

Whenever a numerical value of g is required, take g = 9.8 ms~2, and give your answers to either
2 significant figures or 3 significant figures.

1

® 3

A cyclist and her bicycle have a combined mass of 70kg. She is cycling at a constant speed
of 6ms-! on a straight road up a hill inclined at 5° to the horizontal. She is working at

a constant rate of 480 W. Calculate the magnitude of the resistance to motion from
non-gravitational forces.

A boy raises a bucket of water through a vertical distance of 25m. The combined mass of the
bucket and water is 12 kg. The bucket starts from rest and finishes at rest.

a Calculate the work done by the boy.
The boy takes 30s to raise the bucket.

b Calculate the average rate of working of the boy.

A particle P of mass 0.5kg is moving in a straight line from 4 to B on a rough horizontal
plane. At A the speed of Pis 12ms™!, and at B its speed is 8ms~!. The distance [rom A to B is
25m. The only resistance to motion is the friction between the particle and the plane. Find:

a the work done by friction as P moves from 4 to B

b the coeflicient of friction between the particle and the plane.
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A (2m)
B (5m)
[7}

The diagram shows a particle 4 of mass 2m which can move on the rough surface of a plane
inclined at an angle # to the horizontal, where sin = % A second particle B of mass 5m hangs
freely attached to a light inextensible string which passes over a smooth light pulley fixed at D.
The other end of the string is attached to A. The coefficient of friction between 4 and the plane
is % Particle B is initially hanging 2 m above the ground and A4 is 4m from D. When the system
is released from rest with the string taut, 4 moves up a line of greatest slope of the plane.
a Find the initial acceleration of A. (7 marks)
When B has descended 1 m the string breaks.
b By using the principle of conservation of energy, calculate

the total distance moved by A4 before it first comes to rest. (5 marks)

A car of mass 800kg is travelling along a straight horizontal road. The resistance to motion
from non-gravitational forces has a constant magnitude of 500 N. The engine of the car is
working at a rate of 16kW.

a Calculate the acceleration of the car when its speed is 15ms-'. (3 marks)

The car comes to a hill at the moment when it is travelling at 15ms~!. The road is still straight
but is now inclined at 5° to the horizontal. The resistance to motion from non-gravitational
forces is unchanged. The rate of working of the engine is increased to 24 kW.

b Calculate the new acceleration of the car. (4 marks)

A car of mass 750kg is moving at a constant speed of 18 ms~! down a straight road inclined at
an angle # to the horizontal, where tan = % The resistance to motion from non-gravitational
forces has a constant magnitude of 1000 N.

a Find, in kW, the rate of working of the car’s engine. (3 marks)
The engine of the car is now switched ofl and the car comes Lo rest ¢ seconds later.

The resistance to motion from non-gravitational forces is unchanged.

b Find the value of 1. (3 marks)

A (2m)
B (3m)
[

The diagram shows a particle 4 of mass 2/ which can move on the rough surface of a plane
inclined at an angle # to the horizontal, where sin = % A second particle B of mass 3m hangs
freely attached to a light inextensible string which passes over a smooth pulley.
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The other end of the string is attached to A. The coefficient of friction between 4 and the plane
is %. The system is released from rest with the string taut and 4 moves up a line of greatest
slope of the plane. When each particle has moved a distance s, A has not reached the pulley
and B has not reached the ground.

a Find an expression for the potential energy lost by the system when each particle has moved
a distance s.

When each particle has moved a distance s they are moving with speed v.

b Find an expression for v2, in terms of s.

A parcel of mass Skg is resting on a platform inclined at 25° to the horizontal.
The coefficient of friction between the parcel and the platform is 0.3. The parcel is released
from rest and slides down a line of greatest slope of the platform. Calculate:

a the speed of the parcel after it has been moving for 2s (3 marks)

b the potential energy lost by the parcel during this time. (3 marks)

A car of mass 2000kg is travelling in a straight line at 10ms-!. The engine of the car produces a
constant power of 4000 W. Find the acceleration of the car.

A lorry of mass 16000 kg is travelling up a straight road inclined at 12° to the horizontal.
The lorry is travelling at a constant speed of 14ms~! and the resistance to motion from
non-gravitational forces has a constant magnitude of 200 kN. Find the work done in 10s by
the engine of the lorry.

A particle P of mass 0.3kg is moving in a straight line on a smooth horizontal surface under
the action of a constant horizontal force. The particle passes point 4 with speed 6ms~! and
point B with speed 12ms™.

a Find the kinetic energy gained by P while moving from A to B.
b Write down the work done by the constant force.
The distance from A4 to Bis 4m.

¢ Calculate the magnitude of the force.

A box of mass 5kg slides in a straight line across a rough horizontal floor. The initial speed of
the box is 10 ms~!. The only resistance to the motion is the frictional force between the box and
the floor. The box comes to rest after moving § m. Calculate:

a the kinetic energy lost by the box in coming to rest (2 marks)

b the coefficient of friction between the box and the floor. (4 marks)

A car of mass 900kg is moving along a straight horizontal road. The resistance to motion has

a constant magnitude. The engine of the car is working at a rate of 15kW. When the car is
moving with speed 20ms-!, the acceleration of the car is 0.3 ms2,

a Find the magnitude of the resistance. (3 marks)

The car now moves downbhill on a straight road inclined at 4° to the horizontal. The engine of
the car is now working at a rate of 8 kW. The resistance to motion from non-gravitational forces
remains unchanged.

b Calculate the speed of the car when its acceleration is 0.5ms2. (3 marks)
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A bus of mass 7000kg is travelling in a straight line on a hill inclined at 10° to the horizontal.
The engine of the bus produces a constant power of 4000 W and the bus accelerates at 2ms=2,
Find the speed of the bus. (3 marks)

A block of wood of mass 4kg is pulled across a rough horizontal floor by a rope inclined at 15°
to the horizontal. The tension in the rope is constant and has magnitude 75 N. The coefficient
of friction between the block and the floor is %

a Find the magnitude of the frictional force opposing the motion. (4 marks)
b Find the work done by the tension when the block moves 6m. (4 marks)
The block is initially at rest.

¢ Find the speed of the block when it has moved 6m. (3 marks)

The engine of a lorry works at a constant rate ot 20kW. The lorry has a mass of 1800 kg.
When moving along a straight horizontal road there is a constant resistance to motion of
magnitude 600 N. Calculate:

a the maximum speed of the lorry

b the acceleration of the lorry, in ms=2, when its speed is 20ms-!.

A car of mass 1200 kg is travelling at a constant speed of 20ms! along a straight

horizontal road. The constant resistance to motion has magnitude 600 N.

a Calculate the power, in kW, developed by the engine of the car. (4 marks)
The rate of working of the engine of the car is suddenly increased and the

initial acceleration of the car is 0.5ms=2. The resistance to motion is unchanged.

b Find the new rate of working of the engine of the car. (5 marks)
The car now comes to a hill. The road is still straight but is now inclined at 20° to the
horizontal. The rate of working of the engine of the car is increased further to S0 kW.

The resistance to motion from non-gravitational forces still has magnitude 600 N.

The car climbs the hill at a constant speed vms-!.

¢ Find the value of v. (5 marks)

Challenge

A car of mass 3000kg drives on the inside of a
cylindrical tube along a line of steepest slope.
It maintains a constant speed of 20ms-1.

a Find the power generated by the engine

when the car is in the position shown in the
diagram, giving your answer in terms of .

b Explain what happens as # — 0 and 6 — 90°.
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Summary of key points

1 You can calculate the work done by a force when its point of application moves along a
straight line using the formula

component of forcein | distance moved

work done = =7 'PY : T
direction of motion in direction of force

2 Work done against gravity = mgh, where m is the mass of the particle, g is the acceleration due
to gravity and 7/ is the vertical distance raised.

3 Kinetic energy (K.E) = %mvz, where m is the mass of the particle and v is its speed.
Potential energy (PE.) = mgh, where & is the height of the particle above an arbitrary fixed level.

4 For a particle moving horizontally, work done = change in kinetic energy.

5 You must choose a zero level of potential energy before calculating a particle’s potential
energy.

6 Principle of conservation of mechanical energy

When no external forces (other than gravity) do work on a particle during its motion, the sum
of the particle’s kinetic and potential energy remains constant.

7 Work-energy principle
The change in the total energy of a particle is equal to the work done on the particle.

8 Power is the rate of doing work.

For a vehicle, power = Fv where F is the driving force produced by the engine and v is the
speed of the vehicle.
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Learning objectives

Hi o After completing this chapter you should be able to:
Bl ® Usc the impulse-momentum principle and the principle of
conservation of momentum in vector form -» pages 123-126
Solve problems involving the direct impact of two particles by using
u 2 O 1 the principle of conservation of momentum and Newton’s law of
restitution - pages 126-132
7 Apply Newton's law of restitution to problems involving the direct
' collision of a particle with a smooth plane surface - pages 132-135
Find the change in energy due to an impact
or the application of an impulse - pages 135-140
Solve problems involving successive direct impacts - pages 141-147

Prior knowledge check

Two particles 4 and B of masses 0.4 kg and 0.5 kg respectively are
moving towards each other on a straight line on a smooth horizontal
surface. Just before the collision, both particles have speeds of
1 m s~L After the collision, the direction of motion of B is reversed
and its speed is 0.8 msL.
a Calculate the speed and direction of A4 after the collision.
b Calculate the magnitude of the impulse given

by A to B during the collision. + Mechanics 1 Section 6.2

When a ball bounces,
the speed with which

it leaves the ground
cannot be greater than
the speed with which it

A cricket ball has a mass of 0.16 kg and has kinetic energy of 50 ).
Work out the speed of the cricket ball. « Mechanics 2 Section 4.2

approaches the ground.
You can use Newton's
law of restitution to
model the ratio between
these two speeds.

A rock of mass 2 kg falls vertically from the top of a cliff into the sea.
Given that the rock is travelling at 25 m s when it hits the water,
calculate the height of the cliff. « Mechanics 1 Section 2.6
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@ Momentum as a vector

You have used the impulse-momentum principle and the principle of conservation of linear
momentum for motion in one dimension.

The impulse-momentum principle states For two-particle collisions, the principle of
that the impulse of a force is equal to the conservation of momentum states that the
change in momentum: total momentum before impact equals the
impulse = force x time total momentum after impact:
I=mv—mu momentum = mass x velocity
Impulse is measured in newton seconds (Ns). My + mplly = nyvy + iV,
Momentum is measured in newton seconds
(Ns) or kgms.

Impulse and momentum are both vector quantities. You can write the impulse-momentum principle
and the principle of conservation of momentum as vector equations, and use them to solve problems
involving collisions where the velocities and any impulse are given in vector form.

B |=mv-mu
where m is the mass of the body, u the initial velocity and v the final velocity.

B mUq + mioUp = gV + oV,

where a body of mass »; moving with velocity u, collides with a body of mass m;, moving with a
velocity of u,, v, and v, are the velocities of the bodies after the collision.

A particle of mass 0.2kg is moving with velocity (10i — 5j) ms~! when it receives an impulse
(3i — 2j) N's. Find the new velocity of the particle.

The change in momentum of the particle is
0.2v — 0.2(10i — 5j)Ns

From the impulse—-momentum principle this is

Let the velocity of the particle after the impact be
vmsL

equal to the impulse:
0.2v - 0.2(10i - 5j) = 3i - 2]
O2v=3i-2j+2i—]
= 5i = 3j
v =25i - 15j Make v the subject.

Use mv — mu = | substituting m = 0.2,
u = (10i — 5j) and I = 3i - 2j
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Example e LI ([NE)  PROBLEM-SOLVING

An ice hockey puck of mass 0.17 kg receives an impulse Q N's. Immediately before the impulse
the velocity of the puck is (10i + 5j)ms~! and immediately afterwards its velocity is (15i — 7j)ms~.
Find the magnitude of Q and the angle between Q and i.

Impulse = change in momentum
Q =mv - nu
Q=017(15i = 7j) = 0.17(10i + 5j)
= 0.17(15i = 7j = 10i = 5j)

Substitute m = 0.17, u = 10i + 5j and v = 15i — 7}
into the impulse-momentum equation.

= 0.17(5i - 12j)
= 0.85i — 2.04j
Q| = /0.652 + (-2.04)? Use Pythagoras’ Theorem to
= 48B4 find the magnitude |Q| and
- 201 e trigonometry to find the angle.

The angle a between Q and i is arctan(2'04)

\0.85/
which is 67.4° (1 d.p.).

A tennis ball of mass 0.025 kg is moving with velocity (22i + 37j)ms~! when it hits a wall.
It rebounds with velocity (10i — 11j)ms-!. Find the impulse exerted by the wall on the tennis ball.

Impulse = mv — mu

Impulse = 0.025((10i — 11j) — (22i + 37j))
= 0.025(-12i — 48j)
= (-0.3i - 1.2j}Ns

A particle of mass 0.15kg is moving with velocity (20i — 10j)ms~! when it collides with a particle
of mass 0.25kg moving with velocity (16i — 8j)ms~'. The two particles coalesce and form one
particle of mass 0.4kg. Find the velocity of the combined particle.

L @ Explore particle collisions in two O

0.15(201 - 10j) + 0.25(161 — 8j) = O.4v dimensions using GeoGebra.

3i - 1.5j + 4i - 2j = 0.4v |

7i = 3.5] = O4v |

v=175i - 8.75j

The velocity of the combined particle is After the impact v, = v, = v and the equation
(17.5i = 8.75j)ms™". becomes m,V, + n,V, = (1, + n)\v.

The impulse exerted by the wall on the tennis ball
is equal to the change in momentum of the ball.

This is the vector form of the conservation of
momentum equation.

Note that the velocity vectors are all parallel and
L the question involves direct impact.
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m PROBLEM-SOLVING

In this exercise, i and j are perpendicular unit vectors.

1 A particle of mass 0.25kg is moving with velocity (12i + 4j)ms~! when it receives an impulse
(8i — 7j) N's. Find the new velocity of the particle.

2 A particle of mass 0.5kg is moving with velocity (2i — 2j)ms~! when it receives an impulse
(3i + 5j) N's. Find the new velocity of the particle.

3 A particle of mass 2kg moves with velocity (3i + 2j) ms~! immediately after it has received an
impulse (4i + 8j) Ns. Find the original velocity of the particle.

4 A particle of mass 1.5 kg moves with velocity (5i — 8j) ms~! immediately after it has received an
impulse (3i — 6j) Ns. Find the original velocity of the particle.

5 A body of mass 3 kg is initially moving with a constant velocity of (i + jyms-! when it is acted
on by a force of (6i — 8j)N for 3 seconds. Find the impulse exerted on the body and find its
velocity when the force ceases to act.

6 A body of mass 0.5kg is initially moving with a constant velocity of (5i + 12j)ms-! when it is
acted on by a force of (2i — j) N for 5 seconds. Find the impulse exerted on the body and find its
velocity when the force ceases to act.

7 A particle of mass 2kg is moving with velocity (5i + 3j)ms-! when it hits a wall. It rebounds
with velocity (—i — 3j)ms~!. Find the impulse exerted by the wall on the particle.

8 A particle of mass 0.5kg is moving with velocity (11i — 2j)ms~! when it hits a wall. It rebounds
with velocity (—i + 7j)ms~!. Find the impulse exerted by the wall on the particle.

9 A particle P of mass 3kg receives an impulse Q N s. Immediately before the impulse the velocity
of Pis 5ims-! and immediately afterwards it is (13i — 6j) ms-!. Find the magnitude of Q and
the angle between Q and i.

10 A particle P of mass 0.5kg receives an impulse Q N s. Immediately before the impulse
the velocity of P is (=i — 2j)ms-! and immediately afterwards it is (3i — 4j)ms-!. Find the
magnitude of Q and the angle between Q and i.

@ 11 A cricket ball of mass 0.5kg is hit by a bat. Immediately before being hit the velocity of the ball
is (20i — 4j)ms~!' and immediately afterwards it is (—16i + 8j)ms-!. Find the magnitude of the
impulse exerted on the ball by the bat. (3 marks)

@ 12 A ball of mass 0.2kg is hit by a bat. Immediately before being hit by the bat the velocity of the
ball is —15ims~! and the bat exerts an impulse of (2i + 6j) N s on the ball. Find the velocity of
the ball after the impact. (3 marks)

® 13 A particle of mass 0.25kg has velocity vms-! at time #s where v = (£2 — 3)i + 4¢j, t = 3.
When ¢ = 3, the particle receives an impulse of (2i + 2j) Ns. Find the velocity of the particle
immediately after the impulse. (3 marks)

(E/P) 14 A ball of mass 2kg is initially moving with a velocity of (i + jyms-1. It receives an impulse of
2jN s. Find the velocity immediately after the impulse and the angle through which the ball is
deflected as a result. Give your answer to the nearest degree. (5 marks)
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® 15 A particle of mass 0.5kg moving with velocity 3ims~! collides with a particle of
mass 0.25kg moving with velocity 12ims-!. The two particles coalesce and move as
one particle of mass 0.75kg. Find the velocity of the combined particle. (3 marks)

® 16 A particle of mass 5kg moving with velocity (i — j)ms~! collides with a particle of mass 2kg
moving with velocity (=i + jyms~!. The two particles coalesce and move as one particle of
mass 7 kg. Find the magnitude of the velocity vins~! of the combined particle. (3 marks)

Challenge

A particle of mass m kg moves with a constant velocity of (ai + bj) ms-..
After being given an impulse, the particle then moves with a constant
velocity of (ci + dj) ms=*. Given that the direction of the impulse makes
an angle of 45° above the direction of i, show that b+ c=a + d.

@ Direct impact and Newton’s law of restitution

You can solve problems involving the direct impact of two particles by using the principle of
conservation of momentum and Newton'’s law of restitution.

A direct impact is a collision between particles which are moving along the same straight line.
When two particles collide, their speeds after the collision depend upon the materials from
which they are made.

Newton’s law of restitution (sometimes called Newton's experimental law) defines how the speeds of
the particles after the collision depend on the nature of the particles as well as their speeds before the
collision. This law holds only when the collision takes place in free space or on a smooth surface.

= Newton’s law of restitution states that
speed of separation of particles
speed of approach of particles

>

The constant e is the coefficient of restitution between the particles; 0 = e < 1.

The value of the coefficient of restitution e @ T
depends on the materials from which the particles together, Two balls of sticky dJough

are made. In a perfectly glastlc collision, e =1 s0 would produce a totally inelastic
the speed of separation is the same as the speed collision, with e = 0.

of approach. In a totally inelastic collision, e =0

so the particles coalesce on impact.

Perfectly elastic collision (¢ = 1) Totally inelastic collision (¢ = 0)

afe T —_—prms T —— ——prymsl¢——
erore coiision:
O O O Q
After collisi —ms'—» Oms”
er collision:
O O Gl
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In each part of this question, the two diagrams show the speeds and directions of motion
of two particles 4 and B just before and just after a collision. The particles move on a
smooth horizontal plane. Find the coefficient of restitution ¢ in each case.

a

Before impact

After impact

8ms™! At rest

O O

At rest 2ms!

O O

Before impact

After impact

6ms! Ims™! 4ms! Sms!
O O O O
A B A B
Before impact After impact
11ms! Tms™! 6ms™! Ims™!
O O O O
A B A B

The speed of approachis 8 -0 =8ms™!

=

The speed of separationis 2 - 0= 2ms™

, — 2 _ 1
= tE =

The speed of approachis 6 — 3 = 3ms™!

The speed of separationis 5 — 4 = 1ms™

e=

-

The speed of approach is 11 + 7 = 1&ms™

The speed of separationis € + 3 = Ims™!

S 1

€= =3

Two particles 4 and B are travelling in the same direction on a smooth surface with speeds 4ms-!
and 3 ms~! respectively. They collide directly, and immediately after the collision continue to travel
in the same direction with speeds 2 ms-! and vm s-! respectively.

Find the difference in the velocities before
impact, called the speed of approach.

Find the difference in the velocities after
impact, called the speed of separation.

Find e using
speed of separation of particles

= speed of approach of particles

LGUUKINS In part ¢ the particles are

moving in opposite directions so the
speed of approach/separation will be the
sum of the speeds of each particle.

Given that the coeflicient of restitution between 4 and B is % find v.
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Before collision | After collision
4ms! 3ms2ms yms
O QIQ O
A B A B
n " Substitute the speed of approach, 4 — 3, and
speed of separation of particles -
——— =¢ the speed of separation, v — 2, then make v the
speed of approach of particles subject of the formula.
v—2 =il
4-373
V=2 = % m For particles of masses m1, and m;,
S T colliding in a straight line, with initial

velocities u, and u;, respectively, and final

G i . velocities v, and v, respectively:
You can use the principle of conservation of linear ! Sl Y
mqly + niU; = gV, + MY,

momentum together with Newton’s law of restitution . :
. X L « Mechanics 1 Section 6.2
to solve problems involving two unknown velocities.

Example o m PROBLEM-SOLVING

Two particles 4 and B of masses 0.2 kg and 0.4 kg respectively are travelling in opposite directions
towards each other on a smooth surface with speeds 5m s~ and 4 ms~! respectively. They collide
directly, and immediately after the collision have velocities vy m s~ and v, ms~! respectively,
measured in the direction of motion of A before the collision.

Given that the coefficient of restitution between 4 and B is % find v; and v,.

Before collision After collision @ Explore direct impact using O

Sms 4ms” 11m5 il 1dm5 i GeoGebra.
‘_
O O O O Draw a diagram showing the situation before
A(0.2kg) B(04kg)|A(0.2kg) B(0.4kg) and after the collision.

Using conservation of linear momentum for the Z
) Problem-solving

system (—):
0.2 x 5+ 04 x (=4) = 0.2v, + O.4v, The final velocities are measured in the direction
b SOOI of motion of A before the collision, so choose this
: i as the positive direction. Initially, B is moving in the

TR0 D opposite direction, so its velocity will be negative
i 0 pposite direction, so its velocity wi gative.

speed of separation of particles

speed of approach of particles =
Vo — ¥ =
5+4

Vo — ¥y =

Calculate the speed of approach and the speed
of separation and substitute into Newton’s law
of restitution.

ralth o=

=)

E”mmatmcj Wikshvectcainionaililiond (Shdves '—L Solve the simult aneous equations (1) and (2)
Va=732 to find the values of v, and v,.
Substituting this value into equation (1) gives

vy = -4
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Two balls P and Q have masses 3m and 4m respectively. They are moving in opposite directions
towards each other along the same straight line on a smooth level floor. Immediately before they
collide, P has speed 3u and Q has speed 2u. The coefficient of restitution between P and Q is e.
By modelling the balls as smooth spheres and the floor as a smooth horizontal plane,

a show that the speed of Q after the collision is %(15(3 +1).

b Given that the direction of motion of P is unchanged, find the range of possible values of e.

¢ Given that the magnitude of the impulse of P on Q is 80%, find the value of e

a Before impact After impact @ Explore direct impact with a O

v, y. known impulse using GeoGebra.
—> e

3u 2u
RN +—
O O Choose a positive direction and draw a

P (3m) O (4m) | P(3m) 0 (4m) diagram showing masses and velocities
before and after the impact. Use v, and v,
Using conservation of linear momentum for the for the unknown velocities after impact.
system (—):

O — Smu
= 3n+4v,=u 1

3mv, + 4mv, Use myuy + mtt, = myvy + m,v,, noting
\— that i, is negative as @ is moving in the

Newton's law of restitution gives opposite direction.

Vo — Wy
3—j+—£ =e Calculate the speed of approach and the
speed of separation then substitute into

= v, — v, = Seu (2)
- ' Newton's law of restitution.

-

Eliminating v, between equations (1) and (2) gives
7v, = 15ue + u

_u
7
b Substituting this value intoc equation (2) gives

v = %(15(’ + 1) — Seu

Solve the simultaneous equations (1) and
vy == (15e + 1) (2) to find the value of v..

Now find the value of v, by substituting the
value of v, from part a into equation (2).

v = =1 — 20¢) .
7 & Problem-solving
As v, = O, 7(1 - 20¢) = 0O

As the direction of motion of P is unchanged
by the impact, v; must be positive.

£ 1
S0 Oi“{_‘{?c;

¢ Impulse of P on Q = change in momentum of Q

= 4mv, — 4m(—2u) This is m,v, — m,u,
= ﬂﬁ(ﬁe + 1) + &mu
=
- EO0mu ., |
7
‘ suilih s E0mu
However the impulse is given as e
60mu _ 80mu
So Z {‘J+£)—’—.9
(1 +e) =28

e =

|
~J| s
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Exercise @ (S{ /N3 PROBLEM-SOLVING

1

In each part of this question, the two diagrams show the speeds and directions of motion of
two particles 4 and B just before and just after a collision. The particles move on a smooth
horizontal plane. Find the coefficient of restitution e in each case.

Before collision After collision
6ms™! At rest At rest 4ms™!
—

=0 DO ©
A B A B
4ms! 2ms! 2ms”! 3ms!

-0
Ol
O

-0

6ms 3ms™! 2ms!
O O
A B
In each part of this question, the two diagrams show the speeds and directions of motion of two
particles A and B just before a collision, and their velocities relative to the initial directon of A

just after a collision. The particles move on a smooth horizontal plane. The masses of 4 and B
and the coefficients of restitution e are also given. Find the values of v, and v, in each case.

=]
:

Yol
O

Before collision After collision

6ms™! At rest v ms y,ms”!
—b> —p

A(0.25kg) B(0.5kg) | 4(0.25kg) B(0.5kg)

- & ) . b
e=025 O

Sms™! 6ms! yyms~! y
— >

Hms!

A(kg) B(lkg) |A(kg  B(lkg)

™
I
] —

Ol
Ol
Ol

6ms! 6ms! yyms! v,ms”!
e

A(400g)  B(400g) |A4(400g)  B(400g)

Ol
Ol
Ol

Ol
Of
O
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3 A small smooth sphere A of mass 1 kg is travelling along a straight line on a smooth horizontal
plane with speed 4 ms~! when it collides with a second smooth sphere B of the same radius,
with mass 2 kg and travelling in the same direction as 4 with speed 2.5ms-!. Aflter the collision,
A continues in the same direction with speed 2 ms-!. Find:

a the speed of B after the collision
b the coeflicient of restitution for the spheres.

4 Two spheres 4 and B have masses 2 kg and 6 kg respectively. 4 and B move towards each other
in opposite directions along the same straight line on a smooth horizontal surface with speeds
4ms-! and 6 ms~! respectively. If the coefficient of restitution is _%, find the velocities of the
spheres after the collision and the magnitude of the impulse given to each sphere.

® 5 Two particles P and Q of masses 2m and 3m respectively are moving in opposite directions
towards each other. Each particle is travelling with speed u. Given that Q is brought to rest by
the collision, find the speed of P after the collision, and the coeflicient of restitution between
the particles.

® 6 Two particles 4 and B are travelling along the same straight line in the same direction on a
smooth horizontal surface with speeds 3u and u respectively. Particle A catches up and collides
with particle B. If the mass of B is twice that of 4 and the coeflicient of restitution is e, find,
in terms of ¢ and u, expressions for the speeds of 4 and B after the collision.

® 7 Two identical particles of mass m are projected towards each other along the same straight line
on a smooth horizontal surface with speeds of 2u and 3u. After the collision, the directions of
motion of both particles are reversed. Show that this implies that the coefficient of restitution e
satisfies the inequality e > %

8 Two particles A4 and B of masses m and km respectively are placed on a smooth horizontal
plane. Particle 4 is made to move on the plane with speed u so as to collide directly with B,

. . . . . i
which is f\t rest. After the collision B moves with speed 5u. Problem-solving
a Find, in terms of u and the constant k, the speed of A4 after a
. In part b use the limits of
the collision. (4 marks)

17 e to set up an inequality.

b By using Newton’s law of restitution, show that % sks7.
(5 marks)

9 Two particles 4 and B of masses m and 3m respectively are placed on a smooth horizontal
plane. Particle 4 is made to move on the plane with speed 2u so as to collide directly with B,
which is moving in the same direction with speed u. After the collision B moves with speed ku,
where & is a constant.

a Find, in terms of u and the constant k, the speed of A after the collision. (4 marks)

b By using Newton’s law of restitution, show that % =k = % (5 marks)

10 A particle P of mass m is moving with speed 4u on a smooth horizontal plane. The particle
collides directly with a particle Q of mass 3/m moving with speed 2« in the same direction as P.
The coefficient of restitution between P and Q is e.

a Show that the speed of Q after the collision is %(5 + e). (6 marks)
b Find the speed of P after the collision, giving your answer in terms of e (4 marks)
¢ Show that the direction of motion of P is unchanged by the collision. (2 marks)

d Given that the magnitude of the impulse of P on Q is 2mu, find the value of e. (4 marks)
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Challenge

Two particles P and Q of masses 3n1 kg and m kg respectively move towards
each other in a straight line in opposite directions on a smooth horizontal
surface. P has initial speed 2 ms~!and Q has initial speed um s~*. After

P and Q collide, both particles move in the same direction as P's original
motion. Given that, after the impact, O moves with twice the speed of P and
that the coefficient of restitution between P and Q is %, show that u = lg—“

@ Direct collision with a smooth plane

You can also apply Newton's law of restitution to problems involving the direct collision of a particle
with a smooth plane surface perpendicular to the direction of motion of the particle.

In the figure below, a particle is shown moving horizontally with speed u before impact with a
vertical plane surface. After impact the particle moves in the opposite direction with speed v.

Before impact After impact
i v
_’ ‘_

O Vertical plane O Vertical plane

The speed of the particle after the impact depends on the speed of the particle before
the impact and the coefficient of restitution e between the particle and the plane.

= For the direct collision of a particle with a smooth plane,
Newton’s law of restitution can be written as:
speed of rebound

speed of approach =¢

A particle collides normally with a fixed vertical plane. m If a particle collides
The diagram shows the speeds of the particle before normally then ill?s Aireetioniot moton

and after the collision. Find the value of the coefficient immediately before the instant of impact

of restitution e. is perpendicular to the plane.

Before impact After impact
8ms™! 2ms™!
—_— +—

O Vertical plane O Vertical plane

Using Newton's law of restitution,
speed of rebound

"~ speed of approach

2 1

b 222D
=B This is the same ase_m_

The coetficient of restitution is -;—.
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A small sphere collides normally with a fixed vertical wall. Before the impact the sphere is moving
with a speed of 4ms~! on a smooth horizontal floor. The coefficient of restitution between the
sphere and the wall is 0.2. Find the speed of the sphere after the collision.

Ueing Newton's law of restitution,
speed of rebound

~ speed of approach

02 =~

4
Sov=0586

The speed of the sphere after the collision
is 0.&ms

e E @ m PROBLEM-SOLVING

Let the speed of the sphere after the collision be
vms.

A particle falls 22.5 cm from rest onto a smooth horizontal plane. It then rebounds to
a height of 10 cm. Find the coefficient of restitution between the particle and the plane.

Give your answer to 2 significant figures.

As the particle falls:

Use v2 = u? + 2as
withu=0,5s=0225anda=g
v2 = 0.45¢g

v=2.1
After impact:

Use v2 = u® + 2as

with v=0,5s=01and a = -g
u? =0.2g
u=14

Using Newton's law of restitution,

speed of rebound

"~ speed of approach

1.4

2l

wrs

The coefficient of restitution is 0.67 (2 =.f.).

@ Explore the direct collision of a

falling particle with a smooth horizontal
plane using GeoGebra.

The particle is falling under gravity so use the
appropriate constant acceleration formula to
find its speed when it hits the plane.

« Mechanics 1 Section 2.6

Using g = 9.8 m 572, calculate vm s~!, the speed of
the particle when it hits the plane.

After it rebounds it initially moves upward under
gravity. As the upward direction is taken as
positive here, the acceleration is negative.

L wums~tis the rebound speed of the particle.
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Exercise @ m PROBLEM-SOLVING

Whenever a numerical value of g is required, take g = 9.8 ms2.

1 A smooth sphere collides normally with a fixed vertical wall. The two diagrams show the speed
and direction of motion of the sphere before and after the collision. In each case, find the value
of the coefficient of restitution e.

a Before impact After impact
10ms™ 4ms™
e 4
O Wall O Wall
b Before impact After impact
6ms™ 3ms
_ G
O Wall O Wall

2 A smooth sphere collides normally with a fixed vertical wall. The two diagrams show the speed
and direction of motion of the sphere before and after the collision. The value of e is given in
each case. Find the speed of the sphere after the collision in each case.

ace= % Before impact After impact
Tms’! yms!
 — Y G
O Wall O Wall
b e= % Before impact After impact
12ms™ yms™!
‘_

O Wall O Wall

3 A smooth sphere collides normally with a fixed vertical wall. The two diagrams show the speed
and direction of motion of the sphere before and after the collision. The value of ¢ is also given.

Find the speed of the sphere before the collision in each case.
1

ae=5 Before impact After impact
ums! 4ms!
— -
O Wall O Wall
b e= % Before impact After impact
ums™ 6ms™!
+—

O Wall O Wall
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4 A small smooth sphere of mass 0.3 kg is moving on a smooth horizontal table with a speed of
10 ms~! when it collides normally with a fixed smooth wall. It rebounds with a speed of 7.5ms".
Find the coeflicient of restitution between the sphere and the wall.

5 A particle falls 2.5 m from rest onto a smooth horizontal plane. It then rebounds to a height of
1.5 m. Find the coefficient of restitution between the particle and the plane. Give your answer to
2 significant figures.

® 6 A particle falls 3 m from rest onto a smooth horizontal plane. It then rebounds to a height m.
The coefficient of restitution between the particle and the plane is 0.25.

a Find the value of 7. (4 marks)
b Without further calculation, state how your answer
to part a would change if ¢ > 0.25. (1 mark)

7 A small smooth sphere falls from rest onto a smooth horizontal plane and rebounds from the
plane. It takes 2 seconds to reach the plane, then another 2 seconds to reach the plane a second
time. Find the coefficient of restitution between the sphere and the plane. (7 marks)

8 A small smooth sphere falls from rest onto a smooth horizontal plane. It takes 3 seconds to reach
the plane. The coefficient of restitution between the sphere and the plane is 0.49. Find the time it
takes after rebound for the sphere to reach the plane a second time. (7 marks)

9 A particle falls from rest from a height of 7 m above level ground. After rebounding, the particle
reaches a maximum height of %h. Find, in terms of g and /4, the height of the particle 1 second
after it hits the ground. (8 marks)

Challenge

A particle P falls from rest from a height of 2 m above level ground. Show that
after hitting the ground, the maximum height that the particle reaches is /e?,
where e is the coefficient of restitution between the particle and the ground.

@ Loss of kinetic energy

You can solve problems that ask you to find the change in kinetic energy due to an impact or the
application of an impulse. When two elastic particles collide there is no change in total linear
momentum but there is a loss in total kinetic energy (e # 1). This energy is transformed into other
forms of energy such as heat or sound energy. If a collision is perfectly elastic ( ¢ = 1) then no
kinetic energy is lost. An individual particle can gain or lose kinetic energy due to a collision or the
application of an impulse.
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Example @ CI{(IE3) PROBLEM-SOLVING

CHAPTER 5

Two spheres 4 and B have masses 3 kg and 5 kg respectively. A and B move towards each other in
opposite directions along the same straight line on a smooth horizontal surface with speeds 3 m s-!

and 2m s~! respectively.

a Given the coefficient of restitution is % find the velocities of the spheres after the collision.

b Find the loss of kinetic energy due to the impact.

a DBefore impact

3ms™ 2ms™
between 4 and B N —

A(3kg B(5kg L
After impact g oy

xms yms
between A and B — —p

A(3kg)  B(5kg) ||

Using conservation of momentum (—),

3X3+5X(—2)=3x_\‘+5>(y~—L
= 3x+ 5p=-1 1)

Using Newton’s law of restitution,

e SO
3+2°5
= y-x=3

(2
Solving equations (1) and (2) gives

y=landx=-2
After the impact the direction of 4 is
reversed and its speed is 2ms7". The
direction of B is also reversed and its

speed is Tms™.

b The total kinetic energy before impact is
—;‘.;x3x33+-;';x5x22=23.5J
The total kinetic energy after impact is

IX3x22+Lx5%x12=85
So the loss of kinetic energy is

235J-8651=151

= The loss of kinetic energy due to impact is

(%mlml2 + %mzuzz) - (_%mlv]?— + %mzvzz)

@ Explore the loss of kinetic energy O

in a collision using GeoGebra.

Draw diagrams to show the masses, speeds
and directions of 4 and B before and after the
collision.

Let the velocity of 4 be xms-! and let the
velocity of B be y ms! after the impact.

Use myuy + mizu; = myvy + m;v;

speed of separation of particles

speed of approach of particles

Solve the simultaneous equations (1) and (2) to
find x and y.

The total kinetic energy before impact is
%miulz + %mzuf

The total kinetic energy after impact is
1 1
S V.2 + 51057

m When the particles are perfectly

elastic (e = 1) you will find that there is no loss
of kinetic energy due to impact. In all practical
situations e < 1 and some kinetic energy is
converted into heat or sound energy at impact.
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Example @

A baseball-pitching machine of mass 60 kg fires a baseball of mass
0.15 kg horizontally with speed 30 ms-'.

a Find the velocity of the machine after the baseball has
been pitched.
b Find the total kinetic energy generated on pitching.
¢ Show that the ratio of the energy of the machine to the energy

of the baseball is equal to the ratio of the speed of the machine
to the speed of the baseball after pitching.

Draw diagrams to show the masses and velocities

Bef itchi o] L
i OLE, % ————  of the machine and the baseball before and after
pitching.
After pitching xms™ 40ms™

y : L Letthe velocity of the machine be x ms—!.
Using conservation of momentum (—),

Ox0+01 0=60x%xx+01 40
SO T eas SO OIS When the machine pitches the baseball, the

= x=-4
; machine and the ball acquire equal and opposite
After the pitch the direction of the machine
momentum. So use

is reversed and its speed s O1ms=\
d p mlul + n’lzﬂz = m1 V1 -+ mz'l"z

b The total kinetic energy after pitching is
2 % 60 x 012 + 5 x 015 x 402 '—‘ Both the machine and the baseball acquire
=03 + 120 kinetic energy supplied by the spring when the
=120.3) baseball is being pitched.
So the total kinetic energy generated on
pitching is 120.3 J.
c Ratio of KE. of machine to KE. of baseball is
2 x 60 x 012: 3 x 015 x 402
=0.3:120
=1:400
Ratio of speed of machine to speed of
baseball is 0.1: 40 = 1: 400.

Example @ KXY erosiev-sovne

Two particles A and B, of masses 200 g and 300 g respectively, are connected by a light inextensible
string. The particles are side by side at rest on a smooth floor and A is projected with speed 6 m s~!
directly away from B. When the string becomes taut, particle B is pulled suddenly into motion and
A and B then move with a common speed in the direction of projection of A. Find:

The energy of the baseball is much greater than
the energy of the machine.

a the common speed of the particles after the string becomes taut

b the loss of total kinetic energy due to the pull.
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a Before the pull

! Gms™

— —
B (300g) @rrrarra@) 4(200g) —n—

After the pull

Fms™
&

Oms-

.

B(3009) ————Q@
U5'|r1@ conservation of momentum (—),
03x0+02x6=03V+0.2V

= =24

So the common speed is 24 ms™.

4(200g)

b The total kinetic energy before the pull is
zX03x0P+5x02x62=36J
The total kinetic energy after the pull is
x03x242+5x02x242=144) —F— |
So the loss of kinetic energy is
36 -144 =216

CHAPTER 5
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You will need to convert the units of mass into kg

Vms™ | sothat the units of energy are joules.

Problem-solving

When the string becomes taut, both particles
experience equal and opposite impulses due to
the tension in the string. Linear momentum is
conserved during the pull, so you can use

Uy + Ml = MV, + 15V,

The total kinetic energy before the string
becomes taut is %m,ulz + %mzuzz.

The total kinetic energy after the string
becomes taut is 3/1,v,2 + 3 m,v,2.

A particle of mass 0.1 kg is moving with velocity (2i + 5j) ms~! when it receives an impulse
of (—i + 3j) N's. Find the change in the kinetic energy of the particle due to the impulse.

Impulse = mv — mu
—i + 3j = 0.1v - 0.1(2i + 5j)

Oiv=—-i+3j+0.2i+0.5]
= -038i + 3.5j
v ==8i + 35j

Speed before = V22 + 52 =29
Speed after = J(=8)2 + 352 = 1289
Change in KE. = %m(ve - u2)
= 0.05(1289 - 29)
=E&3J

Exercise @ S ANC3) PROBLEM-SOLVING

Substitute the values for the impulse and initial
velocity.

Work out the speed of the particle before and
after the impulse is received.

Find the change in kinetic energy.

1 A particle A4 of mass 500 g lies at rest on a smooth horizontal table. A second particle B of mass
600 g is projected along the table with speed 6 m s~! and collides directly with A. If the collision
reduces the speed of B to 1 ms~!, without changing its direction, find:

a the speed of A after the collision

b the loss of kinetic energy due to the collision.
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2 Two particles 4 and B of masses m2 and 2m respectively move towards each other in opposite
directions with speeds u and 2u. If the coefficient of restitution between the particles is % find the
velocities of A and of B after the collision. Find also, in terms of m and w. the loss of kinetic energy
due to the collision.

3 A particle of mass 3 kg moving with speed 6 m s~! collides directly with a particle of mass 5kg
moving in the opposite direction with speed 2m s-!. The particles coalesce and move with velocity v
after the collision. Find the loss of kinetic energy due to the impact.

4 A snooker ball of mass 200 g strikes a smooth cushion at right angles. Its speed before the impact
is 2.5ms-! and the coefficient of restitution is % Find the loss in kinetic energy of the snooker
ball due to the impact.

5 A stone of mass 0.15 kg moving horizontally at 40 m s~! embeds itself in a sandbag of mass 30 kg,
which is suspended freely. Assuming that the sandbag is stationary before the impact, find:

a the common velocity of the stone and the sandbag after the impact

b the loss of kinetic energy due to the impact.

6 A tennis ball is fired horizontally from a ‘serving’ machine. The machine has mass 8 kg and the
tennis ball has mass 100 g. The initial speed of the tennis ball is 40 ms~!. Find:

a the initial speed with which the machine recoils

b the total kinetic energy generated as a result of serving the tennis ball.

® 7 A train of mass 30 tonnes moving with a small speed I impacts upon a number of stationary
carriages each weighing 6 tonnes. The complete train and carriages now move forwards with a
speed of %V. Find:
a the number of stationary carriages

b the fraction of the original kinetic energy lost in the impact.

@ 8 A truck of mass 5 tonnes is moving in a straight line at [.5ms-!
. s 1 tonne = 1000 kg
towards a second stationary truck of mass 10 tonnes which is at
rest. The trucks collide, and after the impact the second truck
moves at 0.6 ms~!. Modelling the trucks as particles, find:

a the velocity of the first truck after the impact (3 marks)
b the coefficient of restitution between the two trucks (2 marks)
¢ the loss of kinetic energy due to the impact. (3 marks)

® 9 A particle of mass moves in a straight line with speed v when it explodes into two parts,
one of mass %m and the other of mass %m, both moving in the same direction as before.
If the explosion increases the energy of the system by ﬁmuz, where u 1s a positive constant,
find the speeds of the particles immediately after the explosion. Give your answers in terms
of wand v
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A small smooth sphere 4 of mass 2 kg moves at 4ms~!' on a smooth horizontal table. It collides
directly with a second small smooth sphere B of mass 3 kg, which is moving in the same
direction at a speed of 1 ms~!. The loss of kinetic energy due to the collision is 3 I. After the
collision 4 and B continue to move in the same direction with speeds u and v respectively.

a Show that 5> - 22v + 21 = 0. (6 marks)

b Hence find u and v, carefully justifying your choice of solutions. (5 marks)

Two particles A4 and B, of masses 2 kg and 5 kg respectively, are connected by a light
inextensible string. The particles are side by side on a smooth floor and 4 is projected with
speed 7ms~! directly away from B. When the string becomes taut, particle B is pulled suddenly
into motion and 4 and B then move with a common speed in the direction of the original
velocity of A. Find:

a the common speed of the particles after the string becomes taut (4 marks)
b the loss of total kinetic energy due to the pull. (3 marks)

Two particles A and B, of masses m and M respectively, are connected by a light inextensible
string. The particles are side by side on a smooth floor and A4 is projected with speed u directly
away from B. When the string becomes taut, particle B is pulled suddenly into motion and A
and B then move with a common speed in the direction of the original projection of 4.

mMu?
m. (8 marks)

Show that the loss of total kinetic energy due to the pull is

Problem-solving

Start by finding an expression for the common speed, v, after the string becomes taut.

Two particles of masses 3 kg and 5 kg lie on a smooth table and are connected by a slack
inextensible string. The first particle is projected along the table with a velocity of 20 ms-!
directly away from the second particle. Find:

a the velocity of each particle after the string has become taut (6 marks)
b the difference between the kinetic energies of the system when the string is
slack and when it is taut. (3 marks)

Three small spheres of masses 20 g, 40 g and 60 g respectively lie in order in a straight line on
a large smooth table. The distance between adjacent spheres is 10cm. Two slack strings, each
70 cm in length, connect the first sphere with the second, and the second sphere with the third.
The 60 g sphere is projected with a speed of 5ms-!, directly away from the other two. Find:
a the time which elapses before the 20 g sphere begins to move and the speed

with which it starts (8 marks)
b the loss in kinetic energy resulting from the two pulls. (5 marks)

Challenge

Two small spheres 4 and B with masses 4 kg and 1 kg respectively lie on a
large smooth surface. 4 and B are connected by a light inextensible string

and are projected directly towards each other with speeds 2ms=and 3 ms
respectively. The coefficient of restitution for the collision of 4 and B is 0.8.
After the collision both particles move in the direction in which 4 was originally
moving. Find the kinetic energy of the system when the string becomes taut.

139
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@ Successive direct impacts

You can solve problems involving successive direct impacts of particles with each other, or with a
smooth plane surface. When you are solving such problems, you should draw a clear diagram showing
the ‘before’ and ‘after’ information for each collision.

Example @ m PROBLEM-SOLVING

Three spheres A, B and C have masses m, 2m and 3m respectively. The spheres move along the same
straight line on a horizontal plane with A following B, which is following C. Initially the speeds of
A, Band Care 7Tms™!, 3ms~! and 1 ms~! respectively. in the direction ABC. Sphere A collides with
sphere B and then sphere B collides with sphere C. The coefficient of restitution between A4 and B
is 3 and the coefficient of restitution between B and Cis 3.

a Find the velocities of the three spheres after the second collision.

b Explain how you can predict that there will be a further collision between 4 and B.

a First collision: : o :
Explore successive collisions using

Before impact between 4 and B P
7ms™ 3ms™
L Draw diagrams to show the masses, speeds and
O directions of 4 and B before and after the first
A (m) B (2m) collision.

After impact between 4 and B

xms™ yms™

— —> Let the velocity of 4 be xm st and let the
O O velocity of B be y m s~! after the impact. Make it
A B(2m) clear in your diagram which velocity corresponds

to which particle and which direction is positive.
Using conservation of momentum (—),

mx7 +2mx3=mxx+2mxy

= x+2y=13 Q) Use nnyuy + myit; = myv, + M0,
Using Newton’s law of restitution,
y— X 1
e speed of separation of particles
|_EREE p il
= y-x= (2) speed of approach of particles

Solving equations (1) and (2) gives

y=5andx=3 Add equations (1) and (2) to eliminate x and to
After the first impact, the velocity of 4 is L give 3y = 15, then substitute y = 5 into equation
3ms~" and the velocity of Bis Sms™. (2) to give x =3.

Seceond collision:

Before impact between B and C

! Tms™ Draw diagrams to show the masses, speeds and
¢ directions of Band C before and after the collision.

© ©

B(2m) C(3m)

5ms”




IMPULSES AND COLLISIONS CHAPTER 5 141

giter kAt bet"‘:ee’” B and C Draw diagrams to show the masses, speeds and

P 5;] wim 5|_ directions of B and C before and after the collision.

B(Z2m) C(3m)

Let the velocities of B and C after the collision be

vms-tand wm s~ respectively.
Using conservation of momentum (—),

2mx 5 +3mx1=2mxv+3mxw
= 2v+3w=13 (3)

Using Newton’s law of restitution,
"9 . : Form two equations and solve them as you did
Vo | E—

oy for the first collision.

= W=v="1 4)

Solving equations (3) and (4) gives
w=3andv=2

After the second impact, the velocity of B

s 2 i) th locity of Ci L.
s e Rur A was not involved in the second collision so its

final velocity is 3 ms.

The velocity of 4 is 3ms.

b As the velocity of A is greater than, and

in the same direction as, the velocity of B, Problem-solving

there will be o further eallisior between A A plane is assumed to extend infinitely in either
and B. direction. In real life, a particle will not continue

to move in a straight line and at a constant speed
S ETTE @ (/N REASONING/ARGUMENTATION

forever.
A uniform smooth sphere P of mass 3m is moving in a straight line with speed « on a smooth
horizontal table. Another uniform smooth sphere Q of mass m is moving with speed 2u in the same
straight line as P, but in the opposite direction. The sphere P collides with the sphere Q directly.
The velocities of P and @ after the collision are v and w respectively, measured in the direction of
motion of P before the collision. The coeflicient of restitution between P and Qis e.

a Find expressions for v and w in terms of « and e.
b Show that, if the direction of motion of P is changed by the collision, then ¢ > %
Following the collision with P, the sphere O then collides with and rebounds from a vertical wall,

which is perpendicular to the direction of motion of Q. The coefficient of restitution between Q
and the wall is €'.

¢ Giventhate = % and that P and Q collide again in the subsequent motion, show that ¢’ > é

a First collision:
Before impact between P and Q

u 2u
— +— In your diagram, ensure that the velocity of Q is
O in the opposite direction from that of P.

P(3m) Q (m)
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After impact between P and Q

O O
P (3m) 0 (m)

Using conservation of momentum (—), ; ! e
: Each velocity must be given the correct sign in

3-‘}IXH—H?X2L€=3.‘HX\-‘+HIXH' . s . .
relation to the positive direction.

= 3v+w=u (1)

Using Newton's law of restitution,

Note that the spheres are initially moving in

3e'u
Z
-—

O O

P (3m) 0 (m)

F—g—‘; =e opposite directions, so the speed of approach is
+ 2u.
= w—v=3eu (2) Mot
Subtract equation (2) from equation (1) to give Solve the two simultaneous equations to obtain
4v = u(l — 3e) an expression for v.
u(l = 3e)
v -
4 Substitute v into equation (2) to find the
G D) expression for w.
4
u(l — 3e) . ) . .
b Asv <O, == 316 If P changes direction, then v will be negative.
Soe> -ﬁ:
c Before impact between Q and the wall |

W
O
Q(m) Draw diagrams for the new collision.
After impact between Q and the wall

L}
O
Q(m) o)
Using Newton's law of restitution,
1% speed of rebound : ;
w=¢ speed of approach " mifitase:

: 5 _u5+1)_3u = e
Using e = o w=— " T

3¢ Use your answer to part a to find w and use
Zol dar J Newton's law of restitution to find V.
e a2 g W

Also when e = 5 V= c .
After impact between Q and t he wall Evaluate v using your answer to partaand e = 5.

Another diagram is helpful here.
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Since Q and P collide again

3eu  u
2 (=

1
Soe' > —
O E >9
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Problem-solving

If the two particles collide again, then the speed
of Q@ must be greater than the speed of P.

A tennis ball, which may be modelled as a particle, is dropped from rest at a height of 90 cm onto a
smooth horizontal plane. The coefficient of restitution between the ball and the plane is 0.5. Assume
that there is no air resistance and that the ball falls under gravity and hits the plane at right angles.

a Find the height to which the ball rebounds after the first bounce.

b Find the height to which the ball rebounds after the second bounce.

¢ Find the total distance travelled by the ball before it comes to rest, according to this model.

d Criticise this model with respect to the motion of the ball as it continues to bounce.

a As the tennis ball falls:
Use v2 = 42 + 2as

withu=0,5s=09anda=g
v2 = 1.6g

v=42
After first impact with plane:

By Newton's law of restitution,
speed of rebound

~ speed of approach

0.5=

=5
4.2
v = 2.1

As the ball moves under gravity after impact:

Use v = u? + 2as
withv=0,u=21anda=-g

O =217 - 2gh,
2.2
h, = 2¢
=IE2ES
The ball rebounds after the first bounce to
a height of 22.5 em.

b As the tennis ball falls:
r=v'=21

After second impact:
By Newton's law of restitution
Y=g x 21-=105

As the ball moves under gravity after the
second impact:

Use vZ = u? + 2as
withv=0,u=105anda=-g

@ Explore successive impacts of a O

falling particle using GeoGebra.

The tennis ball is falling under gravity so use the
appropriate constant acceleration formula to find
the ball’s speed when it hits the plane.

vms-lis the approach speed of the particle.

v'ms~!is the rebound speed of the particle.

After it rebounds it moves up under gravity.
As the upward direction is taken as positive here,
the acceleration is —g. Let s = h; when v=0.

From symmetry v'ms=! is the speed of the particle
on its approach to the plane the second time.

Let v" be the speed of the ball after the second
bounce.

After it rebounds it moves under gravity to a
height h,. Again the acceleration is —g.
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0 = 1052 - 2gh, Problem-solving

hs = 1050 = 005625 The ratio of the heights on each bounce is

The b ﬁge' ds after the second b e bt
g f rh:o;mfs Z;;r He second boune Initial height =09 m, , =09 x 1 =0.225m,
PR R e h, =09 x (1)*=0.05625 m, and 50 on.

¢ The total distance travelled is

02+ 0225 + 0.225 + 005625

LDORC s The ball moves 0.9 m before first impact, then

=09 + 200225 + 0225 x + + L moves up 0.225m and down 0.225 m before
0.225 x (;}2 L0995 % (%)3 +.) second impact then moves up 0.056 25 m and
0.225 ' down 0.056 25 m before third impact.
=09+2x —=15
=5 ZJ
The total distance travelled by the ball Use the formula for the sum of an infinite
before it comes to rest is 1.5 m. geometric series:
d According to this model the ball will S= 1i with a = 0.225 and ?'=%

bounce an infinite number of times. In real = Plre 2’ Section 5.5

life, the ball will stop bouncing after a finite
number of bounces.

Exercise @ m PROBLEM-SOLVING

Whenever a numerical value of g is required, take g = 9.8 ms2.

1 Three small smooth spheres 4, Band C move along the same straight line on a horizontal plane.
Sphere A collides with sphere B and then sphere B collides with sphere C. The diagrams show
the velocities before the first collision, after the first collision between A4 and B and then after the
collision between B and C.

a Find the values of u, v, x and y, if ¢ = % for both collisions.

Before collision After A and B have collided After B and C have collided

S5ms! lms! 4ms! ums! yms! 4ms! ums! xms™! yms~!
— > — — > — > — — > I — -

O O OO0 O OO0 O O

A(2kg) B(lke) C(Qke) | 42kg) B(lke) CQkg) | A(2kg) B(lkg) C(2kg)

b Find the values of u, v, x and y, if ¢ = % for the collision between A and Band e = % for the
collision between B and C.
Before collision After A and B have collided After B and C have collided

10ms™! 2ms! 3ms™! ums™! yms™! 3ms! ums™! xms™! yms!
— > +— —

O O OO0 O OO0 O O
A(15kg) B(Qkg) C(lkg) |4(1.5kg) B@ke) C(lkg) |4(1.5kg) B(Qkg) C(lkg)
® 2 Three perfectly elastic particles A, B and C of masses 3, Sm and 4m m
respectively lie at rest on a straight line on a smooth horizontal table Perfectly elastic
with B between A4 and C. Particle 4 is projected directly towards B with

speed 6 ms~! and after A has collided with B, B then collides with C.
Find the velocity of each particle after the second impact.

means e = 1.
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® 3

Three identical smooth spheres A, B and C, each of mass m, lie at rest on a straight line on a
smooth horizontal table. Sphere A is projected with speed u to strike sphere B directly. Sphere B
then strikes sphere C directly. The coeflicient of restitution between any (wo spheresise, e # 1.
a Find the speeds in terms of u and ¢ of the spheres after these two collisions.

b Show that A will catch up with B and there will be a further collision.

Three identical spheres A, B and C of equal mass m move along the same straight line on a
horizontal plane. 4 and B are moving in opposite directions towards each other with speeds
4u and 2u respectively. C is moving in the same direction as 4 with speed 3u.

a If the coefficient of restitution between any two of the spheres is e,
show that B will only collide with Cif ¢ > % (8 marks)

b Find the direction of motion of A after collision, if ¢ > % (2 marks)

Two particles P and Q of masses 2m and 3m respectively are moving in opposite directions on

a smooth plane with speeds 4u and 2u respectively. The particles collide directly. The direction

of motion of Q is reversed by the impact and its speed after impact is . This particle then hits

a smooth vertical wall perpendicular to its direction of motion. The coefficient of restitution
between Q and the wall is % In the subsequent motion, there is a further collision between

Q and P. Find the velocities of P and Q after this collision. (8 marks)

Two small smooth spheres P and O have masses m and 3m respectively. Sphere P is moving with
speed 12u on a smooth horizontal table when it collides directly with Q which is at rest on the
table. The coefficient of restitution between P and Q is 3.

a Find the velocities of P and Q immediately after the collision. (6 marks)

After the collision Q hits a smooth vertical wall perpendicular to the direction of its motion.
The coefficient of restitution between Q and the wall is %. O then collides with P a second time.

b Find the velocities of P and Q after the second collision between P and O. (8 marks)

A small table tennis ball, which may be modelled as a particle, falls from rest
at a height 40 cm onto a smooth horizontal plane. The coefficient of restitution
between the ball and the plane is 0.7,

a Find the height to which the ball rebounds after:

i the first bounce

ii the second bounce. (8 marks)
b Describe the subsequent motion of the ball. (1 mark)
¢ Find the total distance travelled by the ball before Problem-solving

it comes to rest. (5 marks)

Find the ratio between the heights
of successive bounces according to
the model.

d Give one reason why your answer to part ¢ is unrealistic. (1 mark)




146 CHAPTER S IMPULSES AND COLLISIONS

8 A small smooth ball, which may be modelled as a particle, falls from rest at a height H onto
a smooth horizontal plane. The coefficient of restitution between the ball and the plane is e

a Find, in terms of H and e, the height to which the ball rebounds after the first bounce. (9 marks)

b Find, in terms of H and e, the height to which the ball rebounds after the second bounce.
(6 marks)

¢ Find an expression for the total distance travelled by the ball before it comes to rest. (6 marks)

Problem-solving

Draw clear diagrams for each stage of the motion of the ball.

9 A ball B lies on a smooth horizontal plane between two smooth, parallel, vertical walls I#; and
W, that are dm apart. B is initially halfway between the walls and is projected with velocity
2ms~! towards W;. The coefficient of restitution between B and W, is e;.

The ball then travels towards and strikes W,. The coefficient of restitution between B and W, is e,.
The ball then travels towards W, again.

Find, in terms of d, e; and e-, the total time elapsed from the moment
the ball is projected to the time when it strikes W, for the second time. (9 marks)

Challenge

Two particles P and Q, of equal mass, lie on a smooth horizontal plane between
two smooth parallel, vertical walls ¥, and W, that are 4 m apart. P and Q

are projected towards each other with speeds 2 m s and 1 m s~! respectively
in such a way that they collide directly at a point equidistant (i.e. at an equal
distance) from W, and W;. The coefficient of restitution between the particles
is 0.5. P then travels towards W, and Q travels towards W, and strikes W,
perpendicularly. The coefficient of restitution between Q and W is 0.4. Show
that in the subsequent motion, P strikes I¥; before Q collides with P fora
second time.

Chapter review o

1 A cricket ball of mass 0.5kg is struck by a bat. Immediately before being struck the velocity of
@ the ball is —25ims~!. Immediately after being struck the velocity of the ball is (23i + 20j) ms~'.
Find the magnitude of the impulse exerted on the ball by the bat and the angle between the
impulse and the direction of i. (5 marks)

@ 2 A ball of mass 0.2kg is hit by a bat which gives it an impulse of (2.4i + 3.6j) Ns. The velocity of
the ball immediately after being hit is (12i + 5j)ms~!. Find the velocity of the ball immediately
before it is hit. (3 marks)

@ 3 A body P of mass 4kg is moving with velocity (2i +16j)ms~! when it collides with a body Q of
mass 3 kg moving with velocity (=i — 8j)ms-!. Immediately after the collision the velocity of P is
(—4i — 32j)ms~!. Find the velocity of Q immediately after the collision. (3 marks)
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GP 4

EP) 10

A particle P of mass 0.3kg is moving so that its position vector r metres
at time ¢ seconds is given by

r=(+2+40i+ (110j,t = 4.
a Calculate the speed of P when ¢ =4. (4 marks)
When ¢ = 4, the particle is given an impulse (2.4i + 3.6j) N's.
b Find the velocity of P immediately after the impulse. (3 marks)

Two identical spheres, moving in opposite directions, collide directly. As a result of the impact
one of the spheres is brought to rest. The coefficient of restitution between the spheres is %
Show that the ratio of the speeds of the spheres before the impactis 2: 1.

A particle P of mass m is moving in a straight line with speed %u at the instant when it collides
directly with a particle Q, of mass 1m, which is at rest. The coefficient of restitution between P
and Q is %. Given that P comes to rest immediately after hitting Q, find the value of A.

A boy of mass m dives off a boat of mass M which was previously at rest. Immediately after
diving off, the boy has horizontal speed v and the boat has horizontal speed V.

a Modelling the boy and the boat as particles in free space,

find an expression for Vin terms of v. (4 marks)
o _ m(m+ M)y?

b Prove that the total kinetic energy of the boy and the boat is T (4 marks)

¢ Criticise the model in respect of the boat. (1 mark)

Two spheres P and Q of masses 4 kg and 2 kg respectively are travelling towards each other in
opposite directions along a straight line on a smooth horizontal surface. Initially, P has a speed
of Sms~!and Q has a speed of 3ms~!. After the collision the direction of Q is reversed and

it is travelling at a speed of 2ms~!. Find the velocity of P after the collision and the loss of
kinetic energy due to the collision.

A particle P of mass 3m is moving in a straight line with speed u at the instant when it collides
directly with a particle Q of mass m which is at rest. The coefficient of restitution between P

dQise.
and Qs ¢ 43— &)

a Show that after the collision P is moving with speed (6 marks)
- . Imi(1-€)

b Show that the loss of kinetic energy due to the collision is g (10 marks)

¢ Find, in terms of m, u and e, the impulse exerted on Q by P in the collision. (4 marks)

Two spheres of masses 70 g and 100 g respectively are moving in opposite directions with
speeds 4ms-'and 8 ms-! respectively. The spheres collide directly. The coefficient of restitution
between the spheres is % Find:

a the velocities of the spheres after impact (4 marks)

b the amount of kinetic energy lost in the collision. (3 marks)
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11 A sphere of mass 2 kg moving at 35ms~! catches up and collides directly with a sphere of mass
10 kg moving in the same direction at 20ms-!. Five seconds after the impact the 10 kg sphere
encounters a fixed barrier which reduces it to rest. Assuming the coefficient of restitution
between the spheres is %, find the time that will elapse before the 2 kg sphere strikes the 10 kg
sphere again. You may assume that the spheres are moving on a smooth surface and have
constant speed between collisions. (10 marks)

12 Three balls A, B and C of masses 4m, 3m and 3m respectively lie at rest on a smooth horizontal
table with their centres in a straight line. The coefficient of restitution between any pair of balls
is % Show that if A is projected towards B with speed V there are three impacts and the final
velocities are 335 V, ﬁV and %V respectively. (12 marks)

@ 13 A cricket ball of mass 200 g is thrown horizontally at a fixed vertical metal barrier.
The cricket ball hits the barrier when it is travelling at 30 m s~! and then rebounds.
a Find the kinetic energy lost at the impact if ¢ = 0.4. (8 marks)

b Give one possible form of energy into which the lost
kinetic energy has been transformed. (1 mark)

® 14 A particle A4 of mass 4m moving with speed « on a horizontal plane strikes directly a particle B
of mass 3m which is at rest on the plane. The coefficient of restitution between 4 and B is e.

a Find, in terms of ¢ and u, the speeds of 4 and B immediately after the collision. (8 marks)

b Given that the magnitude of the impulse exerted by 4 on B is 2mu, show that ¢ = 61 (6 marks)

15 A ball of mass m moving with speed 4" on a smooth table catches up and collides with
another ball of mass Am moving with speed V travelling in the same direction on the table.
The impact reduces the first ball to rest.
A+k
Ak = 1)
a 3 and k > 2. (6 marks)

a Show that the coefficient of restitution is (6 marks)

b Show further that 4 > T

@ 16 A ball is dropped from zero velocity and after falling for 1 s under gravity meets another
identical ball which is moving upwards at 7ms-!.

a Taking the value of g as 9.8 ms~2, calculate the velocity of each ball
immediately after the impact, given that the coefficient of restitution is % (8 marks)

b Find the percentage loss in kinetic energy due to the impact,
giving your answer to 2 significant figures. (4 marks)

@ 17 A particle falls from a height 8 m onto a fixed horizontal plane.
The coefficient of restitution between the particle and the plane is ﬁ

a Find the height to which the particle rises after impact. (6 marks)

b Find the time the particle takes from leaving the plane after impact to reach the plane again.
(2 marks)

¢ Find the speed of the particle after the second rebound. (2 marks)

You may leave your answers in terms of g.
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@ 1

@EP) 19

&P 20

EP) 21

@ 2

A particle falls from a height / onto a fixed horizontal plane. If ¢ is the coefficient of
restitution between the particle and the plane, show that the total time taken before

the particle finishes bouncing is % \,.'%;—2. (10 marks)

A sphere P of mass m1 lies on a smooth table between a sphere Q of mass 8m and a fixed vertical
plane. Sphere Q is initially at rest. Sphere P is projected towards sphere O so they impact directly.
The coefficient of restitution between the two spheres is % Given that sphere P is reduced to rest by
a second impact with sphere Q, find the coefficient of restitution between sphere P and the fixed
vertical plane. (12 marks)

A machine that bowls cricket balls, of mass M kg, is free to move horizontally. The machine
bowls a cricket ball of mass m kg in a horizontal direction. The energy released by the spring,
which occurred on bowling the cricket ball, is £J. Find the velocity of the cricket ball in terms
of m, M and E if all of this energy is given to the cricket ball and the machine. (8 marks)

A snooker ball of mass m kg is dropped from a point // m above a horizontal floor.
The ball falls freely under gravity, strikes the floor and bounces to a height of Am.
Given that the coefficient of restitution between the ball and the floor is e,

a show that e = \"IE (6 marks)
b find the height the ball reaches after it bounces a second time (3 marks)
¢ describe the subsequent motion of the ball according to this model. (2 marks)

A small sphere B of mass 2 kg is held at rest 2 m up a smooth slope that is angled at 30°

to the horizontal. When sphere B is released from rest it moves down the slope onto a smooth,
horizontal plane where it collides directly with a stationary small sphere C of mass 1 kg.
Given that the coefficient of restitution between the balls is 0.75, calculate:

a the speed and direction of motion of B and C after the collision (12 marks)
b the kinetic energy lost in the collision. (5 marks)

¢ Without doing any further calculations, state how the amount of kinetic energy
lost in the collision would change if ¢ < 0.75. (1 mark)

Problem-solving

Resolve to find the acceleration of B.

Two spheres A and B sit on a smooth horizontal plane at a point P between two parallel,
vertical walls ¥/, and W, such that the ratio of distance W, P: PW,is 2: 1. Sphere 4 is projected
towards W, with speed 2m s~! and B is projected towards W, with speed 3 ms~'. The spheres
rebound off their respective walls before colliding at a point Q. Given that the coefficient

of restitution between both walls and spheres is 0.6, calculate the ratio of the distances

Ww,0: W,0. (8 marks)

149
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Challenge

1 A particle P of mass m kg moves at a speed of ums-! when it collides head on with
a particle O of mass km kg also travelling at a speed of um s, travelling along the
same line.

After collision, the two particles move off together with a common speed of yms—L.

u-—v u+v

or

Show that k can be written as o Sy

relate to:

and explain how these expressions

a the relative size of wand v
b the subsequent motion of P and Q after collision.

2 Three small spheres A, Band C of masses m,, m;, and m; respectively lie in order
in a straight line on a large smooth table. Two slack strings connect 4 to B, and B
to C. Sphere Cis projected with speed um s—! away from the other two spheres.

Show that the total kinetic energy of 4, B and C when both strings are taut is
myu?

2(my + my + ms)

Summary of key points

1 You can write the impulse-momentum principle and the principle of conservation of
momentum as vector equations:

s Il=mv—mu
where m is the mass of the body, u the initial velocity and v the final velocity.

o MUy + LU, = PV, + PV,
where a body of mass n2, moving with velocity u, collides with a body of mass n1,
moving with velocity u,, v, and v, are the velocities of the bodies after the collision.

2 Newton’s law of restitution states that

speed of separation of particles

—-p

speed of approach of particles

The constant e is the coefficient of restitution between the particles; 0 = e = 1.

3 For the direct collision of a particle with a smooth plane, Newton's law of restitution can be
written as

speed of rebound
speed of approach

o

& The loss of kinetic energy due to impact is

(%mluf + %mzug) - (%mﬂ’f + %mzl’é")



6 STATICS OF
RIGID BODIES

.\ @ Understand the moment of a force - pages 153-157

e Solve problems involving ladders resting against smooth or rough
vertical walls and on smooth or rough ground - pages 153-157

N

Calculate the moment about P of each force acting on a lamina.

\ 1
\ E  a 4N b SON
/ \
./
.'—."'— ,".P
/ 2m i = 10m

Per
+ Mechanics 1 Section 8.1

2 Auniform rod PQ of mass mkg and length 6 m rests on two pivots
A and B as shown below, with P4 =1m and BQ = 2m. Work out
the normal reaction acting on each pivot.

P 10

A A

A B

« Mechanics 1 Section 8.2 J :

| When designing and
building the Torre Mare
Nostrum building in
Barcelona, the engineers
would have needed to
use moments to calculate
the forces acting on the
building.

In the triangle ABC,
work out the length AD.

B
« International GCSE Mathematics }
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(&) static rigid bodies

If you need to consider the rotational forces acting on an object you can model it as a rigid body.

= For arigid body in static equilibrium: m The moment of a force of
® the body is stationary magnitude FN about a point P is
e the resultant force in any direction is zero Fd, where d is the perpendicular
® the resultant moment about any given point is zero. distance from the line of action

of the force to P.

You will sometimes need to consider the moments acting on a
« Mechanics 1 Section 8.1

body and the resultant force acting on the body separately.

Example o m PROBLEM-SOLVING

A uniform rod AB of mass 40 kg and length 10 m rests with the end 4 on rough horizontal ground.
The rod rests against a smooth peg C where AC = 8 m. The rod is in limiting equilibrium at an
angle of 15° to the horizontal. Find:

a the magnitude of the reaction at C

b the coefficient of friction between the rod and the ground.

Start with a diagram showing all the forces.

L N, the reaction at C, is perpendicular to the rod.
The peg is smooth, so there is no friction here.

Y .fp At A there is a normal reaction and a frictional
force. The peg is smooth so the only force stopping
a Taking moments about A: the rod from sliding is the frictional force at A.
40g x Scos15°=Nx &
8 Solve part a by taking moments. If you take

= 25gcos15° moments about 4 you can ignore the frictional

= 236.65...N force. For part b you can resolve forces
The reaction at C has magnitude 240N horizontally and vertically for the whole body.
(2 s.f).

b R(—), F=Ncos75%=G1L25N
R(T), R + Ncos15° = 40g
R=40g - Ncos15° =163.41...N

The rod is in limiting equilibrium, so

Resolve horizontally and vertically.

F=uR, u= % =0.37 (2 5f)

It is important to consider whether the rigid body is in limiting equilibrium. Only if this is the case
does the frictional force take its maximum value ;R where 1 is the coefficient of friction. Otherwise
you can only assume F < uR.
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Example e (I PROBLEM-SOLVING

A ladder AB, of mass m and length 3a, has one end 4
resting on rough horizontal ground. The other end B
rests against a smooth vertical wall. A load of mass 2m
is fixed on the ladder at the point C, where AC = a.
The ladder is modelled as a uniform rod in a vertical
plane perpendicular to the wall and the load is
modelled as a particle. The ladder rests in limiting
equilibrium at an angle of 60° with the ground.

a Find the coefficient of friction between the ladder
and the ground.

b State how you have used the assumption that the
ladder is uniform in your calculations.

s The reaction at B is perpendicular to the wall.
The wall is smooth, so there is no friction at B.

m The reactions at the wall and the

floor are different and so must be labelled with
different letters.

@ Explore the forces in this question O

in a more detailed diagram using GeoGebra.

R(=), F=P
R(1). R=2mg+mg=3mg Resolve vertically and horizontally for the whole
; system.
Taking moments about B:
2mg x 2acos60° + mg X 1.5acos 60° o F g
G F xBasiicn s Rx Bacesto? You want to find p = RSO take moments at B.

Remember to use the perpendicular distance

5.5mg cos 60° + 3Fsin 60°
from each force to B.

= 3Rcos60°

2.75mg + 3;‘2—3 F=15R You can divide both sides by a.

Since R = 3mg, and F = uR (as the ladder
is in limiting equilibrium)
; Divide through by mg and solve to find p.

3v3
2.75mg + > B X 3mg =15 X 3mg The answer is independent of g so round to 3 s.f.

. 45 - 275 _ 7
(9»"{3 ) 18V3
2

=0.225 (3 sf)
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b The assumption that the ladder is uniform Problem-solving

allows you to assume that its weight acts There are other options for points to take

at its midpoint. moments about. For example, if you were to take
moments about the point where the lines of
action of R and P meet you would eliminate R and
P from your working and simplify your calculation.

SKILLS PROBLEM-SOLVING

Whenever a numerical value of g is required, take g = 9.8 ms~2.

1

A uniform rod 4B of weight 80 N rests with its T
lower end 4 on a rough horizontal floor. A string
attached to end B keeps the rod in equilibrium.

The string is held at 90° to the rod. The tension in
the string is 7. The coeflicient of friction between
the rod and the ground is j. R is the normal reaction
at A and Fis the frictional force at 4.

Find the magnitudes of 7, R and F, and the least y 30 80N
possible value of .

A uniform ladder of mass 10kg and length 5m rests against a smooth vertical wall with its
lower end on rough horizontal ground. The ladder rests in equilibrium at an angle of 65°

to the horizontal. Find:

a the magnitude of the normal reaction S at the wall

b the magnitude of the normal reaction R at the ground and the frictional force at the ground
¢ the least possible value of the coefficient of friction between the ladder and the ground.

d State how you have used the assumption that the ladder is uniform in your calculations.

A uniform ladder 4 B of mass 20 kg rests with its top 4 against a smooth vertical wall and its
base B on rough horizontal ground. The coefficient of friction between the ladder and the
ground is %. A mass of 10kg is attached to the ladder. Given that the ladder is about to slip,
find the inclination of the ladder to the horizontal,

a if the 10 kg mass is attached at A
b if the 10 kg mass is attached at B.

¢ State how you have used the assumption that the wall is smooth in your calculations.

A uniform ladder of mass 20 kg and length 8 m rests against a smooth vertical wall with its
lower end on rough horizontal ground. The coefficient of friction between the ground and the
ladder is 0.3. The ladder is inclined at an angle  to the horizontal, where tan # = 2. A boy of
mass 30 kg climbs up the ladder. By modelling the ladder as a uniform rod, the boy as a particle
and the wall as smooth and vertical,

a find how far up the ladder the boy can climb before the ladder slips. (8 marks)

b Criticise this model with respect to:
i the ladder ii the wall. (2 marks)
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5

A smooth horizontal rail is fixed at a height of 3m
above a rough horizontal surface. A uniform pole

(a long stick used to hold something up) AB of weight
4N and length 6 m is resting with end A4 on the rough
ground and touching the rail at point C.

The vertical plane containing the pole is perpendicular
to the rail. The distance AC is 4.5 m and the pole is in
limiting equilibrium. Calculate:

a the magnitude of the force exerted by the rail on the pole
b the coefficient of friction between the pole and the ground.
¢ State how you have used the assumption that the rail is smooth in your calculations.

A uniform ladder rests in limiting equilibrium with its top against a smooth vertical wall
and its base on a rough horizontal floor. The coefficient of friction between the ladder and
the floor is p. Given that the ladder makes an angle # with the floor, show that 2 tan @ = 1.

A uniform ladder 4B has length 7m and mass 20 kg. om B
The ladder is resting against a smooth cylindrical P

drum at P, where AP is Sm, with end A4 in contact -

with rough horizontal ground. The ladder is inclined p <

at 35° to the horizontal.

Find the normal and frictional components of the contact force at 4, and hence find the least
possible value of the coefficient of friction between the ladder and the ground.

A uniform ladder rests in limiting equilibrium with one end on rough horizontal ground and
the other end against a rough vertical wall. The coeficient of friction between the ladder and
the ground is y; and the coefficient of friction between the ladder and the wall is p,. Given that

1= pypy

the ladder makes an angle f with the horizontal, show that tan 0 = (8 marks)

2
A uniform ladder of weight ¥ rests in equilibrium with one end on rough horizontal ground
and the other resting against a smooth vertical wall. The vertical plane containing the ladder is
at right angles to the wall and the ladder is inclined at 60° to the horizontal. The coefficient of
friction between the ladder and the ground is .

a Find, in terms of }#, the magnitude of the force exerted by the wall on the ladder. (6 marks)

o

b Show that i = % (3 marks)

A load of weight w is attached to the ladder at its upper end (resting against the wall).

=

¢ Given that j :% and that the equilibrium is limiting, find w in terms of W. (8 marks)
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10 A uniform rod XY has weight X
20N and length 90 cm. The rod
rests on two parallel pegs, with
X above Y, in a vertical plane
which is perpendicular to the
axes of the pegs, as shown in
the diagram. The rod makes an
angle of 30° to the horizontal
and touches the two pegs at
P and Q, where XP =20cm and X0 = 60 cm.

a Calculate the normal components of the forces on the rod at P and at Q. (8 marks)

The coefficient of friction between the rod and each peg is .
b Given that the rod is about to slip, find . (2 marks)

@ 11 A ladder XY, of length / and weight W, has its end X on rough horizontal ground.
The coefficient of friction between the ladder and the ground is . The end Y of the ladder is
resting against a smooth vertical wall. A window cleaner of weight 9 W stands at the top of the
ladder. To stop the ladder from slipping, the window cleaner’s assistant applies a horizontal
force of magnitude P to the ladder at X, towards the wall. The force acts in a direction which
is perpendicular to the wall. The ladder rests in equilibrium in a vertical plane perpendicular
to the wall and makes an angle  with the horizontal ground, where tan § = v3. The window
cleaner is modelled as a particle and the ladder is modelled as a uniform rod.

a Find, in terms of W, the reaction of the wall on the ladder at Y. (5 marks)
b Find, in terms of W, the range of possible values of P for which
the ladder remains in equilibrium. (5 marks)

¢ State how you have used the modelling assumption that the ladder
is uniform in your calculations. (1 mark)

In practice, the ladder is wider and heavier at the bottom. The model is adjusted so
the ladder is modelled as a non-uniform rod with its centre of mass closer to the base.

d State, with a reason, the effect this will have on
i the magnitude of the reaction of the wall on the ladder at ¥
ii the range of possible values of P for which the ladder remains in equilibrium. (4 marks)

12 A uniform rod 4B, of mass m and length 44, is freely hinged to a fixed point 4.

A particle of mass km is fixed to the rod at B. The rod is held in equilibrium, at an angle  to
the horizontal, by a force of magnitude F acting at the point C on the rod, where AC = (%]AB.
The force at C acts at right angles to 48 and in the vertical plane containing 4 B.

Given that ¢ = 30°,

5v3

a show that F =Emg( 1 +2k) (4 marks)
Find, in terms of m, g and k,

b i the horizontal component of the force exerted by the hinge on the rod at 4
ii the vertical component of the force exerted by the hinge on the rod at A. (5 marks)

Given also that the force acting on the rod at A acts at 75° above the horizontal,
¢ find the value of k. (3 marks)
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Chapter review o

1 A uniform ladder 4B has one end A4 on smooth horizontal
ground. The other end B rests against a smooth vertical wall.
The ladder is modelled as a uniform rod of mass m and
length 5a. The ladder is kept in equilibrium by a horizontal
force F acting at a point C on the ladder where AC = a.
The force F and the ladder lie in a vertical plane
perpendicular to the wall. The ladder is inclined to the
horizontal at an angle #, where tan ) = %, as shown

in the diagram.

25mg
Show that F=—-—. (8 marks)

72

2 A uniform ladder 4B, of mass m and length 2a, has one
end A on rough horizontal ground. The other end B rests
against a smooth vertical wall. The ladder is in a vertical
plane perpendicular to the wall. The ladder makes an
angle a with the vertical, where tan a = %. A child of mass
2m stands on the ladder at C where AC = %a, as shown in
the diagram. The ladder and the child are in equilibrium.

By modelling the ladder as a rod and the child as a
particle, calculate the least possible value of the coefficient
of friction between the ladder and the ground.

(8 marks)

3 A uniform ladder, of weight W and length 2a, rests in equilibrium .
with one end 4 on a smooth horizontal floor and the other )B
end B against a rough vertical wall. The ladder is in a vertical
plane perpendicular to the wall. The coefficient of friction
between the wall and the ladder is p. The ladder makes an
angle ¢ with the floor, where tan ) = %. A horizontal light
inextensible string CD is attached to the ladder at the point C,
where AC = %a. The string is attached to the wall at the

point D, with BD vertical, as shown in the diagram. D
The tension in the string is %W. By modelling the ladder []

as a rod,

a find the magnitude of the force of the floor on the ladder (5 marks)
b show that u = % (3 marks)

¢ State how you have used the modelling assumption that the ladder is a rod. (1 mark)
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4 A uniform ladder, of weight 1# and length 5 m, has one end on rough horizontal ground and
the other touching a smooth vertical wall. The coefficient of friction between the ladder and the
ground is 0.3.

The top of the ladder touches the wall at a point 4 m vertically above the level of the ground.
a Show that the ladder cannot rest in equilibrium in this position. (6 marks)

In order to enable the ladder to rest in equilibrium in the position described above,
a brick is attached to the bottom of the ladder.

Assuming that this brick is at the lowest point of the ladder, but not touching the ground,

b show that the horizontal frictional force exerted by the ladder on the ground is
independent of the mass of the brick (4 marks)

¢ find, in terms of W and g, the smallest mass of the brick for which the ladder will
rest in equilibrium. (3 marks)

5 A non-uniform ladder PQ of mass 20 kg and length 4 metres, rests with P on smooth horizontal
ground and Q against a rough vertical wall. The coeflicient of friction between the ladder and the
wall is 0.2. The centre of mass of the ladder is 1 m from P. The ladder is inclined at an angle a to
the horizontal, where tana = % A horizontal force F applied to the base of the ladder can just
prevent it from slipping. By modelling the ladder as a rod, determine the value of . (10 marks)

Challenge

The diagram shows a uniform rod 4B of length C
3 m and of mass 10 kg. The rod is smoothly

hinged at 4 which lies on a vertical wall.

A particle of mass 5 kg is suspended 1 m

from B. The rod is kept in a horizontal

position by a light inextensible string BC,

where C lies on the wall directly above A.

The plane ABC is perpendicular to the

wall and ZABC is 60°, /60
a Calculate the tension in the string. = 4 Uit
at the hinge does not

have to be normal

Sg (perpendicular) to the wall.

b Work out the magnitude and direction
of the reaction at the hinge.
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Summary of key points

1 The moment of a force F acting at a perpendicular distance d from a point is give by F x d.

2 Anparticle is in static equilibrium if it is at rest and the resultant force acting on the particle
is zero.

3 The maximum value of the frictional force Fyy = R is reached when the body you are
considering is on the point of moving. The body is then said to be in limiting equilibrium.

4 In general, the force of friction Fis such that F = uR, and the direction of the frictional force is
opposite to the direction in which the body would move if the frictional force were absent.

5 For arigid body in static equilibrium:
» the body is stationary
- the resultant force in any direction is zero
+ the resultant moment about any given point is zero.



Review exercise

® 1

In this question, i and j are perpendicular
unit vectors in a horizontal plane.

A ball has a mass 0.2kg. It is moving with
velocity 30ims~! when it is struck by a bat.
The bat exerts an impulse of (—4i + 4j)Ns
on the ball. Find:

a the velocity of the ball immediately

after the impact 3)
b the angle through which the ball is

deflected as a result of the impact (2)
¢ the kinetic energy lost by the ball in

the impact. 4)

« Mechanics 2 Sections 4.2, 5.1

A particle P of mass 0.75kg is moving
under the action of a single force
F newtons. At time ¢ seconds, the velocity
vms~! of P is given by
v=(2+ 2)i - 61

a Find the magnitude of F when ¢ = 4. (5)
When t = 5, the particle P receives an
impulse of magnitude 9/2 N's in the
direction of the vectori —j.
b Find the velocity of P immediately

after the impulse. 4

« Mechanics 2 Section 5.1

A tennis ball of mass 0.2 kg is moving
with velocity —10ims=! when it is struck
by a tennis racket. Immediately after
being struck, the ball has velocity

(15i + 15j))ms~!. Find:

a the magnitude of the impulse exerted

by the racket on the ball )
b the angle, to the nearest degree,

between the vector i and the impulse

exerted by the racket 2)
¢ the kinetic energy gained by the ball

as a result of being struck. 2)

+ Mechanics 2 Sections 4.2, 5.1

® 4

® 5

(&) 6

REVIEW EXERCISE

At time f seconds the acceleration, ams=2,

of a particle P relative to a fixed origin O,

is given by a = 2i + ¢j. Initially the velocity

of Pis (2i —4j)ms-'.

a Find the velocity of P at time ¢
seconds. 3)

At time ¢ = 2 seconds the particle P is

given an impulse (3i — 1.5j) N s.

Given that the particle P has mass 0.5kg,

b find the speed of P immediately after
the impulse has been applied. ©)

4 Mechanics 2 Section 5.1

A rough plane is inclined at an angle of 5°
to the horizontal. A sled of mass 1250kg
is pushed up a line of greatest slope of the
plane. The coefficient of friction between
the sled and the plane is 0.05.
a Find the magnitude of the frictional
force acting on the sled. 5
The sled moves a total distance of 750m,
as measured along the line of greatest
slope of the plane. Find:
b the work done against friction 3
¢ the work done against gravity. @)
< Mechanics 2 Section 4.1

A rock of mass 4kg is dropped from rest
at the top of a cliff. It falls 40 m vertically
down before hitting the surface of the sea.
a Modelling the rock as a particle falling
freely under gravity, find its kinetic
energy when it hits the surface of
the sea. 2)
In reality the falling rock will be subject to
air resistance which will oppose its motion.
b Without further calculation, state how
this will affect the kinetic energy of
the rock when it hits the surface of
the water. (1)

« Mechanics 2 Section 4.2



REVIEW EXERCISE

E® 7

A winch pulls a sled of mass 1000kg,

a distance of 25m up a line of greatest
slope of a ramp. Given that the work done
against gravity by the winch is 19.6k]J,
show that the slope is inclined at an angle
of arcsin(zz—s) to the horizontal. (%)

« Mechanics 2 Section 4.1

A cable car of mass 200 kg moves along
a section of cable which can be modelled
as a straight line inclined at 30° above
the horizontal. As the cable car moves up
the cable for 200 m its speed reduces from
2ms~! to 1.5ms"!. Calculate:

a the loss in kinetic energy of

the cable car €))
b the gain in potential energy
of the cable car. (C))

« Mechanics 2 Section 4.2

A particle P of mass 2 kg is projected
from a point 4 up a line of greatest slope
AB of a fixed plane. The plane is inclined
at an angle of 30° to the horizontal and
AB = 3m with B above 4, as shown in the
figure. The speed of P at 4 is 10ms'.
a Assuming the plane is smooth,
find the speed of P at B.

The plane is now assumed to be rough.
At A the speed of Pis 10ms~! and at B
the speed of Pis 7ms™.

“

b By using the work—energy principle,
or otherwise, find the coefficient of
friction between P and the plane.

S)

¢« Mechanics 2 Section 4.3

® 10

A small package is modelled as a particle
P of mass 0.6kg. The package slides down
a rough plane from a point S to a point 7,
where ST = 12m. The plane is inclined at
30° to the horizontal and ST is a line of
greatest slope of the plane, as shown in the
figure. The speed of P at Sis 10ms~! and
the speed of P at T'is 9ms-'. Calculate:

a the total loss of energy of P

in moving from Sto T (4)
b the coefficient of friction
between P and the plane. (5)

« Mechanics 2 Section 4.3

A particle P has mass 4 kg. It is projected
from a point 4 up a line of greatest slope
of a rough plane inclined at an angle a to
the horizontal, where tana = %.

The coefficient of friction between P and
the plane is % The particle comes to rest
instantaneously at the point B on the
plane, where AB = 2.5m. It then moves
back down the plane to A.

a Find the work done by friction

as P moves from A (o B. 4)
b Using the work—energy principle,

find the speed with which P is

projected from 4. (4)
¢ Find the speed of P when

it returns to A. 4)

« Mechanics 2 Section 4.3
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A
() B (2m)

¥

Two particles 4 and B of masses m and
2m respectively are attached to the ends
of a light inextensible string. The particle
A lies on a rough plane inclined at an
angle a to the horizontal, where tana = %.
The string passes over a small light pulley
P fixed at the top of the plane. The
particle B hangs freely below P, as shown
in the figure. The particles are released
from rest with the string taut and the
section of the string from A4 to P parallel
to a line of greatest slope of the plane.
The coefficient of friction between A and
the plane is % When each particle has
moved a distance /., B has not reached the
ground and A4 has not reached P.

a Find an expression for the potential
energy lost by the system when each
particle has moved a distance /. (2)

When each particle has moved a distance /,

they are moving with speed v.

b Using the work—energy principle,
find an expression for v2, giving your
answer in the form kgh where k is a
number.

®)

« Mechanics 2 Section 4.3

A car of mass 1000 kg is towing a trailer of
mass 1500kg along a straight horizontal
road. The tow-bar joining the car to the
trailer is modelled as a light rod parallel to
the road. The total resistance to motion
of the car is modelled as having constant
magnitude 750N. The total resistance to
motion of the trailer is modelled as a force
of magnitude R newtons, where R is a
constant. When the engine is working at a
rate of S0kW, the car and the trailer travel
at a constant speed of 25ms-'.

REVIEW EXERCISE

a Show that R = 1250. 3

When travelling at 25ms~! the driver of
the car disengages the engine and applies
the brakes. The brakes provide a constant
braking force of magnitude 1500 N to
the car. The resisting forces of magnitude
750N and 1250 N are assumed to remain
unchanged. Calculate:

b the deceleration of the car while

braking 3
¢ the thrust in the tow-bar while
braking 2)

d the work done, in kJ, by the braking
force in bringing the car and the trailer
to rest. 4)

e Suggest how the modelling assumption
that the resistances to motion are
constant could be refined to be more
realistic. 1))

+ Mechanics 2 Section 4.4

A car of mass 1000kg is moving

along a straight road with constant
acceleration @ ms-2. The resistance to
motion is modelled as a constant force
of magnitude 1200 N. When the car is
travelling at 12ms~!, the power generated
by the engine of the car is 24 kW.

a Calculate the value of a. 4)
When the car is travelling at 14ms-!,

the engine is switched off and the car
comes to rest without braking in a

distance d metres.

b Assuming the same model for
resistance, use the work—energy
principle to calculate the value of d. (3)

¢ Give a reason why the model used for
resistance may not be realistic. 1)

« Mechanics 2 Sections 4.3, 4.4



REVIEW EXERCISE

® 15

® 17

gms!
—
A

The figure shows the path taken by a
cyclist in travelling on a section of a road.
When the cyclist comes to the point 4

on the top of the hill she is travelling at
8ms-!. She descends a vertical distance
of 20 m to the bottom of the hill. The
road then rises to the point B through

a vertical distance of 12m. When she
reaches B her speed is 5ms~!. The total
mass of the cyclist and the bicycle is 80 kg
and the total distance along the road
from A4 to Bis 500m. By modelling the
resistance to the motion of the cyclist as
of constant magnitude 20 N,

a find the work done by the cyclist in
moving from A to B.

At B the road is horizontal.

b Given that at B the cyclist is
accelerating at 0.5ms2, find the power
generated by the cyclist at B. )

< Mechanics 2 Sections 4.3, 4.4

®

A car of mass 400kg is moving up a
straight road inclined at an angle € to
the horizontal where sinf = ﬁ. The
resistance to motion of the car from
non-gravitational forces is modelled as a
constant force of magnitude R newtons.
When the car is moving at a constant
speed of 20ms-!, the power developed
by the car’s engine is 10 kW.

Find the value of R. (5)

« Mechanics 2 Section 4.4

A lorry of mass 1500kg moves along a
straight horizontal road. The resistance to
motion of the lorry has magnitude 750 N
and the lorry’s engine is working at a rate
of 36 kW.

a Find the acceleration of the lorry

when its speed is 20ms-!. 4)
The lorry comes to a hill inclined at an
angle a to the horizontal, where sina = %.
The magnitude of the resistance to
motion from non-gravitational forces
remains 750 N.

The lorry moves up the hill at a constant
speed of 20ms-'.

b Find the rate at which the lorry is
now working.

3)

+ Mechanics 2 Section 4.4

A car of mass 1200 kg moves along a
straight horizontal road. The resistance to
motion of the car from non-gravitational
forces is of constant magnitude 600 N.
The car moves with constant speed and
the engine of the car is working at a rate
of 21 kW.

a Find the speed of the car. (2)
The car moves up a hill inclined at an
angle a to the horizontal, where sina = 5.
The car’s engine continues to work at
21kW and the resistance to motion

from non-gravitational forces remains of

magnitude 600 N.

b Find the constant speed at which the
car moves up the hill. (4)

« Mechanics 2 Section 4.4

A car of mass 1000kg is moving along a
straight horizontal road. The resistance
to motion is modelled as a constant force
of magnitude R newtons. The engine of
the car is working at a constant rate of
12kW. When the car is moving with

speed 15ms-!, the acceleration of the
caris 0.2ms=2.

a Show that R = 600. 4

163
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The car now moves with constant speed
Ums~! downhill on a straight road
inclined at @ to the horizontal, where

sin@ = 7. The engine of the car is now
working at a rate of 7kW. The resistance
to motion from non-gravitational forces
remains of magnitude R newlons.

b Calculate the value of U. (5

« Mechanics 2 Section 4.4

A motorcycle of mass 600 kg moves
along a straight road at a speed of vms~.
The total resistances to motion of the
motorcycle are modelled as a variable
force of magnitude (500 + 2»*)N.
Calculate the power that must be
generated by the motorcycle engine to
maintain a constant speed of 15ms-!

a when the road is horizontal (4)

b when the road slopes downhill at
an angle of 5° to the horizontal. (5

« Mechanics 2 Section 4.4

A van of mass 1500kg is driving up a
straight road inclined at angle e to the
horizontal, where sina = % The resistance
to motion due to non-gravitational
forces is modelled as a variable force of
magnitude (700 + 10v) N, where vms~!
is the speed of the van.
a Given that initially the speed of the
van is 30ms~! and that the van’s
engine is working at a rate of 60kW,
calculate the magnitude of the initial
deceleration of the van. 4
When travelling up the same hill, the
rate of working of the van’s engine is
increased to 80 kW.

b Using the same model for the
resistance due to non-gravitational
forces, calculate in ms~! the maximum
constant speed which can be sustained
by the van at this rate of working. (5)

« Mechanics 2 Section 4.4

REVIEW EXERCISE

4

B D

A particle P is projected from a point 4
with speed ums-! at an angle of elevation
6, where cosé = %. The point B, on
horizontal ground, is vertically below 4
and 4B = 45m. After projection, P moves
freely under gravity, passing through

a point C, 30m above the horizontal
ground, before striking the ground at the
point D, as shown in the figure above.

Given that P passes through C with speed
24.5ms™!,

a using conservation of energy, or
otherwise, show that u = 17.5 4)

b find the size of the angle which the
velocity of P makes with the horizontal
as P passes through C (7)

¢ find the distance BD. 3)

« Mechanics 2 Section 4.3

In a ski-jumping competition, a skier of
mass 80kg moves from rest at a point A4
on a ski slope. The skier’s path is an arc
AB. The starting point 4 of the slope is
32.5m above horizontal ground. The end
B of the slope is 8.1 m above the ground.
When the skier reaches B she is travelling
at 20ms~! and moving upwards at an
angle a to the horizontal, where tana = %_,
as shown in the figure. The distance along
the slope from A4 to Bis 60m.



REVIEW EXERCISE 2

EP) 24

@ 15

The resistance to motion while she is
on the slope is modelled as a force of
constant magnitude R newtons.

EP 26

a By using the work—energy principle,
find the value of R.
On reaching B, the skier then moves
through the air and reaches the ground
at the point C. The motion of the skier in
moving from B to C is modelled as that
of a particle moving freely under gravity.
b Find the time the skier takes

3

to move from B to C. )
¢ Find the horizontal distance

from Bto C. )
d Find the speed of the skier

immediately before she reaches C. (4)

« Mechanics 2 Section 4.3

27

A ladder PQ of mass 25 kg and length

6 metres, rests with its base P on rough
horizontal ground and its top Q leaning
against a smooth vertical wall. The
coefficient of friction between the ladder
and the ground is 0.25. The ladder lies

in a vertical plane perpendicular to the
wall and the ground, and is inclined at an
angle 60° to the horizontal.

A builder of mass 75 kg climbs up the

ladder. Modelling the builder as a particle

and the ladder as a uniform rod, find

the maximum distance up the ladder

the builder can climb before the ladder

begins to slip. (10)
« Mechanics 2 Section 6.2

@

A uniform ladder PQ of mass mkg and
length / metres, rests with one end P on
rough horizontal ground and the other
end Q against a smooth vertical wall. The
coefficient of friction between the ladder
and the ground is p. The ladder lies in a
vertical plane perpendicular to the wall
and the ground, and is inclined at an
angle o to the horizontal. Given that the
ladder is on the point of slipping, find an
expression for g in terms of a. (10)
¢« Mechanics 2 Section 6.2

A non-uniform ladder 4B of weight
240N and length 6 m rests with its end

A on smooth horizontal ground and its
end B against a rough vertical wall. The
coefficient of friction between the ladder
and the wall is 0.3.The centre of mass of
the ladder is 2 m from A. The ladder lies
in a vertical plane perpendicular to the
wall and the ground, and is inclined at an
angle « to the horizontal, where tan o = %

The ladder can be prevented from sliding
down the wall by applying a horizontal
force of magnitude PN to the bottom of
the ladder. By modelling the ladder as a
non-uniform rod, determine the minimum
value of P. (10)
« Mechanics 2 Section 6.2
A smooth sphere S of mass m is moving
on a smooth horizontal plane with speed .
It collides directly with another smooth
sphere T, of mass 3 m, whose radius is the
same as S. The sphere 7"is moving in the
same direction as S with speed %u The
sphere S is brought to rest by the impact.
Find the coefficient of restitution between
the spheres. @)

« Mechanics 2 Section 5.2

A smooth sphere S of mass m is moving
with speed u on a smooth horizontal
plane. The sphere S collides with another
smooth sphere 7, of equal radius to S
but of mass km, moving in the same
straight line and in the same direction
with speed A, 0 < 1 < % The coefficient
of restitution between S and T'is e.

Given that S is brought to rest by the

impact,

1+ kA
a show thate = ) (6)
b deduce that k > 1. 3)

+ Mechanics 2 Section 5.2
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A smooth uniform sphere S of mass m

is moving on a smooth horizontal plane
with speed u. The sphere collides directly
with another smooth uniform sphere 7,
of the same radius as S and of mass 2m,
which is at rest on the plane.

The coeflicient of restitution between the
spheres is e.

a Show that the speed of T after the
collision is %u( 1 +e).

Given that e > 5,

b i find the speed of S after the
collision (4
ii determine whether the direction
of motion of §is reversed by the
collision.

“

& Mechanics 2 Section 5.2

A particle P of mass 3m is moving with
speed 2u in a straight line on a smooth
horizontal table. The particle P collides
with a particle Q of mass 2m moving with
speed u in the opposite direction to P.
The coefficient of restitution between P
and Qise.
a Show that the speed of Q after the
collision is % u(9e + 4).

C))

As a result of the collision, the direction
of motion of P is reversed.

b Find the range of possible

values of e. 5
Given that the magnitude of
the impulse of P on Q is % m,
¢ find the value of e. 4

& Mechanics 2 Section 5.2

A ball falls from rest and hits a smooth
horizontal plane 2 seconds later. Given
that the coeflicient of restitution between
the ball and the plane is %, find the
maximum height reached by the ball on
its first bounce. 4)

¢« Mechanics 2 Section 5.3

@

REVIEW EXERCISE

A small sphere S is projected from a
point P along a smooth horizontal plane
towards a fixed vertical wall, which is
perpendicular to the direction of motion
of the sphere. S strikes the wall 2 seconds
after it is projected, and passes through P
again 3 seconds after that.

a Find the value of the coefficient of
restitution between the sphere and

the wall. 3)

b Without further calculation, state
with justification how your answer
to part a would change if the plane
was rough,

2

¢ Mechanics 2 Section 5.3

A ball B falls from rest from a cliff of
height 50m onto horizontal ground.
After rebounding, the ball reaches a
maximum height of 35m.

a Find the value of the coefficient of
restitution between the ball and the
ground.

3

b Show that the time taken from the
instant when the ball was dropped until
the instant when it hits the ground for
a second time is 8.545 (3 s.f). )

« Mechanics 2 Section 5.3

Two particles, 4 and B, of mass m and
3m respectively, lie at rest on a smooth
horizontal table. The coefficient of
restitution between the particles is 0.25.
A and B are moving towards each other
at speeds of 7u and u respectively and
they collide directly. Find:

a the speeds of 4 and B after the

collision )
b the loss in kinetic energy due
to the collision. 2)

4+ Mechanics 2 Sections 5.2, 5.4



REVIEW EXERCISE

35 Two uniform smooth spheres 4 and B
are of equal size and have masses 3m and
2m respectively. They are both moving in
the same straight line with speed u, but in
opposite directions, when they are in direct
collision with each other. Given that A is
brought to rest by the collision, find:

a the coefficient of restitution between
the spheres (6)

b the kinetic energy lost in the impact. (3)

4 Mechanics 2 Sections 5.2, 5.4
36 A smooth sphere 4 of mass m is moving
with speed # on a smooth horizontal table
when it collides directly with another
smooth sphere B of mass 3m, which
is at rest on the table. The coeflicient
of restitution between 4 and B is e.
The spheres have equal radius and are
modelled as particles.

a Show that the speed of B immediately
after the collision is %(1 + e)u. %)
b Find the speed of 4 immediately after
the collision. 2)
Immediately after the collision the total
kinetic energy of the spheres is émuz.

¢ Find the value of e. (6)
d Hence show that A is at rest
after the collision. (1

« Mechanics 2 Sections 5.2, 5.4

A train engine of mass 8 tonnes is
moving at 4ms~! when it hits a carriage
of mass 12 tonnes which is at rest. After
the impact, the engine and the carriage
move ofl together with speed 1.5ms™!

in the direction in which the engine was
originally moving. Calculate the total loss
of kinetic energy due to the impact.  (4)

« Mechanics 2 Section 5.4

® 37

@

@
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Two particles, P and O, of masses 0.05kg
and 0.25kg respectively, are connected by
a light inextensible string. P is projected
with speed 2ms-! directly away from Q.
When the string becomes taut, particle Q
is pulled suddenly into motion, and P
and Q then move with a common speed
in the direction in which P was originally
moving. Find the loss of total kinetic
energy due to the pull. (10)

« Mechanics 2 Section 5.4

Two small spheres A and B have masses
3m and 2m respectively. They are moving
towards each other in opposite directions
on a smooth horizontal plane, both with
speed 2u, when they collide directly.

As a result of the collision, the direction
of motion of B is reversed and its speed
is unchanged.

a Find the coefficient of restitution

between the spheres, @)
Subsequently, B collides directly with
another small sphere C of mass 5m which
is at rest. The coefficient of restitution

between B and C is %

b Show that, after B collides with C,
there will be no further collisions
between the spheres,

(M

« Mechanics 2 Sections 5.2, 5.5

A smooth sphere P of mass 2m is moving
in a straight line with speed u on a
smooth horizontal table. Another smooth
sphere O of mass m1 is at rest on the table.
P collides directly with Q. The coefficient
of restitution between P and Q is 3.
The spheres are modelled as particles.
a Show that, immediately after the
collision, the speeds of P and Q
are %u and %u respectively.

@)
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After the collision, Q strikes a fixed
vertical wall which is perpendicular to
the direction of motion of P and Q. The
coeflicient of restitution between Q and
the wall is e. When P and Q collide again,
P is brought to rest.

b Find the value of e. @)
¢ Explain why there must be a third
collision between P and Q. §))

« Mechanics 2 Sections 5.2, 5.3, 5.5

Two small smooth spheres, P and O,

of equal radius, have masses 2m and 3m
respectively. The sphere P is moving with
speed 5u on a smooth horizontal table
when it collides directly with Q, which

is at rest on the table. The coefficient of
restitution between P and Q is e.

a Show that the speed of Q immediately
after the collision is 2(1 + e)u. 5

After the collision, Q hits a smooth
vertical wall which is at the edge of the
table and perpendicular to the direction
of motion of Q. The coeflicient of
restitution between Q and the wall is f,
0<f=<1.
b Show that, when ¢ = 0.4, there is a
second collision between P and Q. (3)

Given that ¢ = 0.8 and there is a second
collision between P and Q,

¢ find the range of possible values of /.
3

« Mechanics 2 Sections 5.2, 5.3, 5.5

A particle 4 of mass 2m, moving with
speed 2u in a straight line on a smooth
horizontal table, collides with a particle B
of mass 3m, moving with speed u in the
same direction as 4. The coefficient of
restitution between A and B is e.

a Show that the speed of B after the
collision is 1 (7 + 2e¢). 5)

REVIEW EXERCISE

b Find the speed of A after the collision,
in terms of u and e. 2)

The speed of A after the collision is %u.
¢ Show that e = 5. 2

At the instant of collision, 4 and B are at
a distance d from a vertical barrier fixed
to the surface at right-angles to their
direction of motion. Given that B hits
the barrier, and that the coefficient of
restitution between B and the barrier is 17,

d find the distance of A4 from the barrier
at the instant that B hits the barrier (4)

e show that, after B rebounds from the
barrier, it collides with 4 again at a
distance %d from the barrier. )

+ Mechanics 2 Sections 5.2, 5.3, 5.5

A ball is dropped from a height of
2m onto a smooth horizontal plane.
The coefficient of restitution between
the ball and the plane is 0.8.

a Modelling the ball as a particle, find
the total distance travelled by the ball
before it comes to rest. (10)

b Criticise this model with respect to the
number of times the ball bounces. (1)

« Mechanics 2 Section 5.5

Three small smooth spheres 4, B and C,
of masses m, 2m and 3m respectively, lie
in order in a straight line on a smooth
horizontal surface. The coefficient of
restitution between 4 and Bis 0.7 and the
coefficient of restitution between B and
C'is 0.4. Sphere A is projected towards
sphere B with speed 4ms~!. Show that
exactly two collisions will occur. (12)

4« Mechanics 2 Section 5.5



REVIEW EXERCISE

45 A uniform ladder AB of length 10m and
mass 20 kg rests in equilibrium with one
end 4 on rough horizontal ground and
the other end B against a smooth vertical
wall such that the ladder is inclined at §°
to the horizontal.

A

Given that the ladder is at the point
of slipping and that the coefficient of
friction between the ladder and the
ground is 0.25,

a work out the magnitude of the

frictional force of the ground on
the ladder

b show that § = tan"!(2).

46 A uniform ladder PQ has length /m
and mass m kg. P rests on smooth
horizontal ground and Q rests against a
smooth vertical wall. The ladder is kept
in equilibrium by a horizontal force of
magnitude %mg that acts at a point R on
the ladder, where PR = iPQ. The angle
between the ladder and the wall is 6.

Q

%mg —_—

P

By modelling the ladder as a uniform rod,
show that tané = %

169

47 A uniform ladder PQ of length / and

48

49

of mass m rests with P on a rough
horizontal surface and Q against a
smooth vertical wall. The ladder is
inclined at an angle ¢ to the ground.

0

P

When a builder of mass 3m stands on the
ladder at B, the ladder is on the point of
slipping. Given that PB = %land that the
coefficient of friction between the ladder
and the ground is % work out the value of 6.

A uniform rod AB of length 6 m and
mass 10kg rests in equilibrium with 4 on
rough horizontal ground and the point C,
where 4AC = 4 metres, on a smooth peg.
The rod is inclined at 45° to the ground.
Work out:

a the reaction on the rod at 4
b the reaction on the rod at C
¢ the friction acting on the rod.

A uniform plank PQ of length /m and
mass m kg rests on a smooth peg at

the point R, where PR is 0.75PQ. The
end P rests in limiting equilibrium on
rough ground. The coefficient of friction
between the plank and the ground is p.
The plank is inclined at angle 6 to the
horizontal. Show that the magnitude of
the force between the plank and the peg
is 3mg cosd .
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50 A uniform plank 4B of mass 5kg and

length 5m is at rest on a smooth cylinder
which is fixed with its axis horizontal to
rough horizontal ground.

B

A i}

The plank rests on the cylinder at C
where AC is 4 m. Given that the plank

is in limiting equilibrium at 4 and is
inclined at an E}ngle of 6 to the horizontal

where tané = WL

a find the normal reaction between the
plank and the ground

b show that the coeflicient of friction

. 53
between the plank and the ground is7.

REVIEW EXERCISE

Challenge

A uniform rectangular lamina PORS, of mass
10kg rests in equilibrium with the vertex P on
rough horizontal ground and vertex S, against
a smooth vertical wall. PQ = RS=1mand
OR=PS=3m.The lamina lies in a vertical
plane perpendicular to the wall and makes

an angle @ with the ground. The coefficient of
friction between the lamina and the ground

is 0.2. Given that the lamina is in limiting
equilibrium, work out the value of 6.



EXAM PRACTICE 17

Exam practice

Mathematics
International Advanced Subsidiary/
Advanced Level Mechanics 2

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator
Answer ALL questions

1 A projectile is launched from a point 4 which is 10m above horizontal ground, with a velocity
of 20ms-! at an angle of 30° to the horizontal. After launch, the projectile moves freely under
gravity until it strikes the ground at the point B. Find:

a the greatest height above the ground reached by the projectile (4 marks)
b the speed of the projectile immediately before it lands at B (6 marks)
¢ the angle the projectile makes with the ground immediately before it lands at B. (4 marks)

2 A particle moves in a straight line such that its velocity at time ¢ seconds is given by

A —di=
==——mp forr=l;
J

v

Work out:
a the distance the particle travels between ¢ = 1 and ¢ = 5 seconds (7 marks)
b the acceleration of the particle at 1 = 2s. (5 marks)

3 A uniform lamina 4 BCD is made by removing an isosceles triangle from a right-angled triangle
as shown.

B

The lamina is freely suspended from 4. Work out the angle A B makes with the vertical. (12 marks)
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4 A lorry of mass 5500kg is travelling at a constant speed of 20ms~! along a straight road which is
inclined at #° to the horizontal. The engine is working at a rate of 110 kW. The non-gravitational
resistance to motion is 1.05kN.

a Work out the value of . (5 marks)

The rate of working of the engine is now increased to 150kW. Assuming the resistances to
motion are unchanged,

b calculate the initial acceleration of the lorry. (5 marks)

5 Two balls P and Q have masses 2m and m respectively. They are moving in the same direction
along the same straight line on a smooth level floor. Immediately before they collide, P has
speed 4ms~! and Q has speed 2ms-!. The coefficient of restitution between P and Q is 0.8.
By modelling the balls as smooth spheres of equal size and the floor as a smooth horizontal
plane,

a find the speed and direction of motion of P and Q immediately after the collision (8 marks)

b work out the percentage of kinetic energy lost in the collision. (6 marks)

6 A uniform beam PQ of length /m and mass mkg rests with the end A4 on rough horizontal
ground where the coefficient of friction between the beam and the ground is u. The beam rests
on a smooth peg at the point R where PR = %PQ. The beam makes an angle of ¢ with the

horizontal.
a Show that the normal reaction a}_the pegis %mgcosﬁ. (5 marks)
b Show that if # = 30°, then u =1\—7 (5 marks)
¢ Given that /=2m and ¢ = 30°, work out, in terms of m, the largest mass that

can be placed at Q without the beam losing contact with the ground. (3 marks)

TOTAL FOR PAPER: 75 MARKS
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GLOSSARY

acceleration positive rate of change of velocity
adjacent next to

air resistance the frictional force that air exerts
against a moving object

angle of projection the angle between the horizontal
and the line on which a particle is projected

arbitrary not given a specific value
assumption accepted as true

at rest stationary

body an object

coalesce join together

centre of mass the point through which the mass of
an object is concentrated

centroid (of a triangle) the position of the centre of
mass of a triangle

coefficient of friction a measure of how rough a
surface is, usually denoted u

coefficient of restitution the ratio of speed after a
collision to speed before a collision

collision when two or more objects crash into each
other

component part

composite lamina a figure that consists of two or
more geometric shapes

constant unchanging

coplanar in the same plane

coordinates a set of values that show an exact position
deceleration negative rate of change of velocity
derivative rate of change

differentiation the process of finding the
derivative, or rate of change, of a function

direct collision a collision in which a moving object
hits another object head on

displacement distance in a particular direction

elastic collision a collision where the speed of
approach and the speed of separation of the colliding
objects are related by Newton’s Law of restitution
withd=e<1

elevation the height of something in relation to a
certain level

equation of motion F = ma

equilibrium having zero resultant force
exert to apply power and influence something
force a push ora pull

friction resistance due to how rough the surface is
on which a body is moving

function a relation or expression involving one or
more variables

gravitational relating to gravity

gravitational potential energy the energy that an
object has as a result of its position

gravity the force between any object and the Earth
horizontal at right angles to the vertical

impact collision

impulse the change in momentum

impulse-momentum principle states that the
change in momentum of an object equals the
impulse applied to it

inclined at an angle

inelastic collision a collision where the two colliding
objects coalesce

inextensible doesn’t stretch
instantaneously for an infinitely short length of time
integration the opposite of differentiation

intersection the point at which two or more lines or
curves cross (intersect)

interval the period of time between two actions or
events

joule unit of measurement of energy

kinematics branch of mathematics that deals with
motion

kinetic energy (also K.E.) the energy a body
possesses as a result of its motion of a particle

lamina a two-dimensional object whose thickness
can be ignored

LHS left-hand side

magnitude size

mass the measure of how much matter is in an object
maximum (plural maxima) largest possible value

median a line from a vertex of a triangle to the
midpoint of the opposite side

midpoint the point at equal distance from both ends
of something, e.g. a line

minimum (plural minima) lowest possible value

model an attempt to describe a system using a set
of variables and a set of equations that establish
relationships between the variables



moment the turning effect of force on a rigid
body

momentum the mass of an object multiplied by its
velocity

motion the act of moving
negative less than zero
newton unit of force

Newton'’s law of restitution defines how the speeds
of particles after a collision depend on the nature

of the particles as well as their speeds before the
collision

non-uniform a body with mass that is not evenly
distributed

normal reaction the force exerted on (i.e. applied to)
an object by the surface on which it rests

numerical value a quantity expressed in numbers
opposite the reverse of
parabola a U-shaped curve

parallel lines that are the same distance apart along
their whole length

particle an object with negligible dimensions
(i.e. dimensions too small to be significant)

perpendicular at a 90° angle to something
pivot the point on which an object, usually a rod, rests
plane surface

point of application the position where an action
occurs

positive more than zero
power the rate of doing work

principle of conservation of momentum states
that in a collision between two objects, the total
momentum of the two objects before the collision
is equal to the total momentum of the two objects
after the collision

project to make something move up or forwards with
great force

projectile an object that rises, then falls under the
influence of gravity

range the horizontal distance travelled by a
projectile

rate of change the ratio between a change in one
variable in relation to a corresponding change in
another variable

rebound to bounce back after hitting something
relative to when compared to
resistance opposition

174 GLOSSARY

resistive force a force that acts in the opposite
direction to which a particle is moving/trying to
move

resolve to split (a vector) into its components
resultant the sum of two or more quantities

rigid body a solid body in which any changes in
state are too small to be significant

rod a thin straight object that does not bend
rough surface a surface that has friction
scalar a quantity with only magnitude
sector part of a circle

smooth without friction

speed measure of how quickly a body moves

speed of projection measure of how quickly a bedy
moves at the instant of realease

static equilibrium at rest and in a state of
equilibrium

stationary not moving

successive occurring one after another

suspend to hang from

suvat equations equations that deal with motion

symmetry the quality of having two halves that
match exactly

tension the pulling force passed through a string or
other continuous object

thrust the force acting on an object that is being
pushed

time of flight the time from take off until landing
tilting having one side or end higher than the other
topple to become unsteady and fall over

uniform the same throughout, in all times and parts
validity how true something is

variable changing or likely to change

vector a quantity that has both magnitude and
direction

velocity rate of change of displacement

vertex (plural vertices) the point at which two or
more edges meet

vertical straight up and down

watt unit of measurement of power

weight the downward force on an object caused by
gravity

work energy transfer that occurs when an object is
moved over a distance by an external force
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ANSWERS

CHAPTER 1
Prior knowledge check
1 a 11.50m
b 3.1s
2 x=vcost y= vqinr}
3 a i cosf=3 i tand =5
b i sing=% i cosd =12
Exercise 1A
1 a 1225m b 100m
2 a x=3b6m,y=19.6m b 41m
3 wu=16.6ms!
4 77.5ms!
5 0.59s
6 1.9m
7 a 05s b 0.42 ¢ 3.5m

Exercise 1B

1 a u=192ms! u,=16.1ms?! b (19.2i + 16.1j)ms"!
2 a u=169ms', u,=-62ms"' b (16.9i-6.2))ms?!
3 a wu,=323ms'u,=135ms' b (32.3i+ 13.5j)ms"
4 a u,=269ms'u,=-78ms! b (26.9i-7.8))ms!
5 10.8ms, 56.3°
6 6.4ms-1, 51.3° below the horizontal
7 & 33.7° b k=3ork=-3
Exercise 1C
1 3.1(2s.f)
2 B85m(2s.f)
3 a 44m(2s.f) b 79m
4 a 2.7s(2s.1) b 790m (2 s.f)
5 a 10m(2sf) b 41m(2sf)
6 a 39s(2s.f) b 56m(2s.f)
7 55° (nearest degree)
8 a (36i+27.9)m b 13ms1(2s.f)
9 a 22°(2s.t) b 97m(2s.l)
10 a 16 (2s.f) b 1.65(25sf)
11 a 4.4 b 88 ¢ 50°(2s.1)
12 a 1.1s(2s.1) b 34mi(2sf)
13 o = 40.6° (nearest 0.1°)
U=44(2s.f)
14 a 15.6ms! b 2.92s ¢ 223ms!
15 a £=7.35

b i 13.6ms! ii 72,9
16 a 10.7ms! b e.g. weight of the ball; air resistance

Challenge

R(=): s =12t and s = (20cosa)t

50 cosa = 0.6 and sina = 0.8

R(1): s = -4.912 + 40 and s = (20sina)t — 4.9¢2

Soro_40 _40

S0sina ~ 16 — 2+ seconds

Exercise 1D
1 R(1): 02 = U2sin? o - 2gh

At maximum height, 2 = 0 s0 0 = U?sin? a - 2gh
Rearrange to give h = %1;1“

B ! g0 L =—2F

2 a Ri=)x=2lcosaxtsot= STEh
e i _x 14 x
R(1): y = 21sina X 21 cosa 29(21(“].‘;(}.)

y=xtana -
b tana=1.25

S R
9 ecosta

3 a R():s=Usinat- %,:2

When particle strikes plane, s = 0 = ((Usina - %1)
Sot=0or¢(=2Usne
T Ty

U2sin2a
g

is greatest when sin2a =1

b Ri=)s=ut= UCUS(}-(@) =

_ [*sin2n
¢ Range s = g

Occurs when 2a = 90° = o = 45°
d 12° and 78°

4 Using v =u + at, at max heightt = g

So time taken to return to the ground =

Usings=ut +3 L a2, distance travelled b),
20

g
So two parts of firework are zq Z;' dp?

one part = Zb(”)
= apart.
5 a BRi(=):x=Ucosaxtsot= m
R(1): y = Usina x t — %952

s e 2
Substitute for { = y = Usmn-(wfﬁ] %g(i mm)

_ sine
Use tana = S alnd rearrange to give
= rtana — 2 costa”
b 13.7m
6 a R(=):x=Ucosaxt sol= {,_x,
S CO5

R(1): y = Usine x ¢ — %gtz

% Lo o A%
Ucos o ] 29'( Ucos u}
= seca, and rearrange o

Substitute for ¢t = y = Uc;inu- (

Use tana =S¢ o 1cl
gx
207

(l]‘se’l

give y = ¥tana —

1’}
Use sec?a =1 + 1anzu, and rearrange to give
Yy =xtana — %{] + tanZa).
93.8m ¢ 4.4s

7 a Rl=rax=9=Ucosaxt,s0l=
R(1): y = Usina x t - 4gt?

9

Ucoso

2
Substitute for ( = y = b’sinrr(ﬁ] i %g(i‘,(_?ml)

Use tana = ;’(‘g‘(i and y = 0.9. Rearrange to give
81g
0.9 =9tana - 3 cos’a’
b 10.3ms!

8 a R(—=):zx=kt soa_%

R(1):y =2kt -5

Substitute for I =y=2r- j;

o4k o2k

b i 7 m i =m
Challenge
X

For the pl‘O_]Pll.llF y=xtana — % so for a = 45°

gt 20 cos® w
Y=%=qm
For the slope: y = —x
Projectile intersects the slope when -x = x - ? == Zéﬂ,

20 ’
¥=—"g i
: 1 R A L R Y i S 2 Ui

Distance = (27" + (27") = IS(TJ =79

Chapter review 1
1 1.9s
2 a 4.1s5(2s.f)
¢ air resistance

b 40ms'(2s.f)
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3 a i a=gradient of line. Using the formula for the Exercise 2B
gradient of a line, a = U_Tu which can be 1aiv=160+ % ii a = 481°- %
- rearranged to give v = u + ai.‘ 5 15= 2:2—; i e Gl
ii §=area under the graph. Using the formula for i tt
the area of a trapezium, s = (MJE ¢ i r=1812+30t-2 ii a=36¢+30
z . 9¢* 5 5
b iSuhstituLez:U;“imnsf( J d 1 B= =l 2¢2 = 9-245
. ) ) e 2 a 46ms! b 24ms?
ii Substitute v = u + at into s = 2 ) 3 7ms2in the direction of x decreasing.
. . U+t 4 6.75m
iii Suhstltuteuzu—aamtns_( ) B bea b G A
4 h=239(2sf) 6 1.7¢cm
5u=8 7 a 0.25s b 4.54m ¢ v=-1.88ms!
6 a 45m b 6.1s 8 a The body returns to its starting position 4 s after
7 h=352s.f) leaving it.
8 a 36m b 30m(2s.f) b Since ¢t = 0, ¢* is always positive.
9 a 140m (2 s.f) b 36ms?(2s.f) Since ¢t = 4, 4 - ¢ is always non-negative.
10 a R(1):s=Using ¢ - 2 . ¢ 27m Velocitd " o otp
When particle strikes plane, s = 0 = ¢(Usin# - %L] e R
So ¢ =0 or ¢ =2Usin? &
e [T — [Tencp (2Usingy _ U?sin2g =
i&—»). s= Ut = Ucosp (250 - Lsin2d g
b T E
¢ 20.9° 69.1° (nearest 0.1°) 0+ T >
11 a 2.0s(2s.1) b 3.1s(2s.l) ¢ 36ms!(2s.f) 0 Time, ¢ 6
12 a A:132 b vr=8lms!'whent=3s
g o 10 a Discriminant of 2¢* — 3¢ + 5 is <0, so no solutions
b i20.8ms!(3s.f) ii tan! {%} to the ground forov=0
13 a 211_1 b 5.77° or 84.2° b 3.88ms-!(3s.f)
14 a 0‘65_5 b 1.5 m ¢ 23.8ms™ 11 a * Displacement—time graph for motion of P
15 a Particle P: x = 18¢, Particle Q: x = 30 cosat =
When particles collide: 18¢ = 30 cosat = cosa = % =
b %5 g
3 =
Chall )
‘hallenge = —
: -1 4.5
62ms Time, ¢ ’
b sis adistance so cannot be negative.
CHAPTER 2 ¢ 13.5m
Prior knowledge check o Srs
) ~ g 1 12 12 Max distance is when % =3.6 +3.521 - 0.06¢* =0,
Ta x5 B seugg 50t =59.7 (3 5.f)
2 a (1.5,-4.75) b (1,9)and (3, 5) . Max distance = 2.23km (3 s.f), so the train never
3 g BB o guca b shwak ok reachfes the an of the track.
2 13 a 3t'=0,5=0 b 1.18ms"!
4 (2i- 5j)ms! el
. ¢ -0.15ms! b -0.75N
Exercise 2A 14 a 0.5ms! b 0.1 ms!
1 a 8m b t=0andt=23 15 a 12.9ms ! in the direction of s increasing
2 a 4m b 6m b 24ms-!in the direction of s decreasing
3 a Tms! b 9.25mg! ¢ 132m
¢ -11ms%; body is travelling in opposite direction. d 20.8mand 118.5m
4 a 08m b 4s 16 a k=40,T=25 b 4ms!
¢ 1.6m d 0 e c v= z:] so for small ¢, the value of v is large
[+ a-1 e -
L 8m1:s b t=zandi=2 e.g. t = 0.01, v = 200ms-!, so not realistic for small ¢.
¢ t=gandr=3 d 8ms! 17 a k_— b t=x 3
6 a 4s b 8ms! 4 " 64 (
7 T = 3: returns to starting point and s = 0 when ¢t = 0 = ‘0“( ) a* = 64cos? z] _
and ! = 3. v—2+8sm( ).lw - 2)% = 64sin?(%)
=1 i 1E: £
8 a t=yand(=3 b gms 4a? =64 - v - 22 = 64 cos?(L) = 64 - 64sin2(L)
= cos? (Z] =1- smz(i)
= c0s?T +sin*T=1
d 10ms-!, 4ms?

@ Worked solutions are available in SolutionBank.
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Exercise 2C

1a s=t-1t b s=£_£ c s=34,48
2 2 3 3
3
2 a v=4e —2?5 b o=6i+t
3 12m :
4 a v=6+160-1 b -6
5 429m (3s.f)
6 12.375m
7 a 105 b 13m
8 t=3and (=5
9 a t=1landt=5 b 6m
10 T=1.5s
2 F
11 a v=C_3t+4 b r=2andt=4 ¢ Zm
12 a 86m b 60ms-!
t_1 t  sinmt _ ¢
13 a p=¢+%50 -~ b s=5+3F -2
14 a b L
c
= , _ _sindaxt i
15 a v= S o b o
n_ COSdnt 1 1
¢ $=T6r " Torz = b 49
16 3.31s
17 a 24ms! b 544m ¢ 8.43s d 101.2m
Challenge
%m
Exercise 2D
1 a (3i+23)ms! b 18jms?
2 (24i + 6))mN
3 a 0.305s b 6ms!
¢ i-component of velocity is negative, j-component
of velocity = 0
4 a 20ms! b 10ms?
b« = 8i-6j, no dependency on ¢ therefore constant.
la| = 10ms*?
5 a 6/5ms! b t=2
¢ (-16i+ 4j)m d 152N (3sf)
6 a k=-05-85
b 10ms?for both values of k
7 a H2ms?! b (12i+3 J]qu
8 a 4 b [—3()1+8]}ms-
9 a=4i+2j,notdependency so constant. |a] = 2/5 ms-2
10 a /15 b (-4/30i + 2 /15j)ms?

Exercise 2E

1
2

3

b =7 |

a 16ims! b 128i-192jm
a 13m b (4i + 6j)ms?
a v=(2-4t+ 27 -T)i- 6 cosyj

b 272 -4x

a ((3£-3¢+2)i+(82-L-5)j)mst

b t=1 c %ms-'J

a ((2+6)i+(2t-%)jjm b 6jm

a [—i—%j}ms-‘ ' b (94i - 654))m
a [[2!4—352—4]i+[4£-2—3::—TJj Jms!

b ::

a r= {212—%£+1]1+[4£+2}Jm

b i 34 il r=36i+22j

Challenge

r=(%”+l)i+(5g

2

+1)j

Exercise 2F

1

&

T erEoEem D0 O@RE =

v = fadt =
ax0+ec=0=2c=0=v=at
s= Jodt = fatdt = a2 + k
Jax0+k=x=k=x

alt +c¢

sos=gal’ +x
a a=5v=/5dt=5t+c;whent=0,u=12so0
c=12,vr=12 + 5t
£z
b s=/12+5tdt = 12£+%+d,when£=0

s=T7sod=7,8s=12t+ 252+ 7

% +at; ((11—_ a so constant acceleration a
— 6¢, not constant
. no acceleration

, constant

DDD
'\-I—'Dvh

a=- % not constant

v = 0, particle stationary
4ms=2
pi=dp=bhr=10

680m

E =25 -0.4t = d— =-0.4 . a is constant
de de?

c 420 m from A

Chapter review 2

1
2

3

&

a t=5 b 37.5m
a 30ms? b 75m
3
a Displacement = 81 + (% — %
b Max displacement when ¢t = 4, 5 = 26%11‘1, which is
less than 30 m so P does not reach B.

¢ t=6.62s
d 5‘3— m
a ZEmg! b 4 m
a (-32+221-24)ms! b L 3 tandt=6
¢ t=11 ‘

3
d v(ms?

0 [% 6 t(s)

-24

e 0=¢<038L<1<4
=%anda=2 b 13ms? c m
r* : 5 443
=——412+06 b s=—-—"-+06t

a v 5 - 5 +

¢ t=/2Zandt=/6
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8 max =8.64dm, min=1.14m
9 a=1500,b=800,¢c=-16
10 a v=[(20-6¢) dt =20t -3t%+¢
Att=0,p=7Tsoc=Tandp =7+ 20t - 32
b The greatest speed is 40% ms-!
¢ 196m

11 v= k7 -t)dt = v = k(?a — %) c

0
P, p=0 c=0:t=3v=6 k=
:r' £3
e g b
=t

T: B Tz
S—fbd{—f(gﬂ—g)df-—T—ﬂi'('

t=0,8s=0, .¢c=0
woidile B el 2
_T_ﬂ_ﬁt (42 - t2)
12 a Time cannot be negative so ¢t = 0
at L =5 s = 0 so mouse has returned to its hole.
b 39.1m
13 a Mass is not constant as fuel is used.
Gravity is not constant so weight not constant.
Thrust may not be constant.

b r=(1.69x 10-")}t* = (1.33 x 10-%¢3 + 0.0525¢2
+0.859t + 274 ms!

¢ v=5990ms!

d 510 seconds (2 s.f.) after launch

14 a Vpis(6Li+ 2))ms and Vj, is (i + 3¢j)ms!

b 12.2ms'(3s.f)

¢ =%

d Equate i-components and solve to get ¢ = 1.
Equate j-components and solve to get ¢ = % or 1.
Sot=1andr=(7i+3j)m

15 a Differentiate: v = 61i — 8tj, a = 6i — 8] s0 constant
b 10ms2
143.1° (nearest 0.1°)
16 a —-6bims!
b Differentiate: v = —6sin 3ti — 6 cos 3tj,
a =—18cos 3ti + 18 sin3{j
1al = /182(cos?t + sin?f) = 18 ms-2 so constant
17 a Differentiate: a = 4ci + (14 - 20¢)4j,
F=ma =%(4ui + (14 - 20)t)
b 4,21~807
18 a ((2¢* - 362 - Di + (442 - 3t - T)jjms!
b t=1
19 10/41 ms-!
20 a v=(2¢2+3)i+ (3t +13)j b 3.11s(35s.f)
Challenge
1 32.75m
2 91ms!
3 a 20

b »=0whent=1.64s (or -2.44s) so only changes
direction once

¢ 2200720 + 1)

4 a Differentiate: F = (bwcoset)i—(4wsinwt)j
|62 = (362 cos® wi)i + (162 sin?wt)j
use sinet + cos’et = 1 and 2 cos?ut = cos2ut + 1

b v =264 + 107 cos2.t max when cos2et= 1 and
min when cos2ut= -1

¢ 109.8°(1d.p.)

CHAPTER 3

Prior knowledge check
1 = dey=—2
2 3.6m
3 144cm?

Exercise 3A

1 (3.2,0)
2 (0,2.5)
3 (1.1,0)
4 2im
5 m=06
6 0.7kg
7 6.5
8 (0,-2)
9 my=2,my=3
10 1x2m+5)=(m-1)x-1)+((5 -mx1)+(2xm)
+ [(m + 1) x 0)
2Zm+5=6
2m=1
m=0.5kg
Challenge
(2 x PQ) + (3 x [PQ + 3PQ)) = (6 x PG)
T PQ = 6PG

19PQ = 12PG
PQ:PG is 12:19

Exercise 3B
1 (3,2)
(0.5, -0.73)
(4.6, 4.2)
3i + 2.5)
(2.1, 0.3)
a 1 b 15
p=1lq9=-2
(1, 3)
32cm from AB and 43 cm from AD.
a 3g b 3.2cm

R=R- IS = N5 B LR

=
=]

Challenge
0.2kg

Exercise 3C
1 a (2,3) b (3, 4)
\ 8a
c (3.1] d (T Sa)
2 Centre of mass is on the axis of symmetry at a

distance 16
Q7

3 a=3,bh=3 9
4 a Distance a from AB, distance ?U‘ from BC.

cm from the centre.

b Distance % from BC, distance ‘%a from AB.
¢ On the line of symmetry, 4?& from the line AB.

d (3&,2—5) with A as the origin and AC as the x-axis.

&

(2,7)and (-13, 4)

6 a B has coordinates (1%, &
b (3,4) '

7 a (3,5),(3,-3)

|. D has coordinates [22, - 1|

a

@ Worked solutions are available in SolutionBank.



b (3.3).(3.-3)

8 57:%:5_4;3
2 _4\-"3
3=
y =273

Centre of mass is at x = 2
So, using Pythagoras:

AB? = BC? = |22 + (2/3)?
AB=BC=4

So the triangle is equilateral.

Exercise 3D

1a (353 b (1.7.2.6) ¢ |53 d
e (258) 1 (28 g (23
2

2 sa

3 2.89a (3 s.0)

4 a 10cm

b 12cm horizontally to the right of A and 4.5cm
vertically above A.

(51

vertically above 0.
b 5.83cm horizontally to right of 0, and 4.32cm
vertically above 0.
1 5 9 _ eofX
6 a 123+ 24(4] +16() = z(y_)

- 69
93
1) \g

(3535)

b Sincey = % for original plate, holes must be
symmetrically placed about the line y = %
¢ 10
k)
7 rx=a
Challenge

38
Area of hexagon ABCDEF = Ty ¥ &

Using Pythagoras, find the height of the midpoint:

x2=(§)1+hz—>h=%

|* i
——

So the centre of mass of ABCDEF is (

x;"3xx£—\:

5=k

Area of triangle to be removed =

2 ool

+ =
So the centre of mass of DEF is ( :i;r(.')

2

due to symmetry

E:

x F ?r =
343 oy 2 V3 _5y3 x
2 T \Bx) TalBx] g \82
By i \ 2

52

a 4.5cm horizontally to the right of O, and 3.5¢m

ANSWERS 179

Exercise 3E

43 21 53 20
La (35 b (%5
¢ (2.67,2.26)(3s.f) d (3.73,3.00) (3 s.f)
2 Centre of mass is on line of symmetry through 0, and a
9(\? +2)

distance of from 0.

3 TI:I
4 a 5.83cm (3s.f)
b i 817g@3sf) ii 44lcm(3sf)

12 m horizontally to the right of A and mm vertically
bplaw A
6 Centre of mass is on the line of symmetry at a distance

of e below the line AB.
2

W

“

7 a 1.75m
b (20x1.75)-(1x05) =195 = F=5
Ay=%-175=2
Challenge
+/5cm

Exercise 3F
1 a 20.4°(3s.f)
2 63.0°(3s.1)
3 80.5° (3s.1)

4 a %cm

b 244°(3sf) ¢ 56.8°(3s.f)

b T(:m

¢ a=222°(3s.f)
5 67.1°(3s.f)
6 65.3°(3s.f)
7 a 1.5cm

8 ¢ =tan! (1()

Challenge

Take C as (0, 0)

M(g) + kM(g) =M1+ U(;:)

where (¥.y) is the centre of mass of the lamina and mass

1+ kx 2
([1 + k}g) N (3 + (jk]

—— 2 S o
Sox= and y =
ek 1+k
lan3l]°=£

Yy
50§=\3Xf
3+6k:\-""3 2 )
1+k 1+



3+ 6k=2y/3
6k=2/3 -3
3 1
el
3 2
|

k = — - = as required
v3 2 d

Exercise 3G
21.8°(3 s.f)
104° (3 s.f))
a x=8cm b 0.2
30.6° (3 s.f.)

28.5° (3 s.f)

19.4°

a Ty=3W, T=3W

a Ty=%W =W

b 78.7°(3s.f)
b 25.5°(3st)

W O~ W=

Challenge
#=26.6" (1 d.p.)

Exercise 3H
1 %cm horizontally to the right of AD and 2 cm vertically

below AB.

2.4 em vertically below AB and 5.6 cm to the right of

(original) AD.

20.1° (3 s.f)

112511

(2.89,1.31) (3 s.1)

50.2° (3 s.f)

a 0.07m

b C, as the centre of mass of the composite lamina is
between O and .

¢ AtB:17.2g; AL C: 2.8

8 a 61.2°(3s.f)

4]

~I 8 e W

b 27.6°(3s.f)

Challenge

a Let width = 2, then height = I S T

tan22.5° 2 -1

b On central axis, a distance 0.54x from the bottom edge
of the paper.

=2 +1

Chapter review 3
1 a 0.413m(3s.f)
b 12° (nearest degree)
¢ 0.275(3s.1)

2 §=36.9°(3s.1)
3 (-7.3
4 a 1.7a b 1.1a
5 a 39.0°(3s.1) b 7.8°(3s.1)
6 a 25cm
b Take Fas (0, 0) from part a.

y_(1
(Q) - (2.5.]
The lamina will be on the point of toppling when

the centre of mass lies directly above F.

50 tanfd = (21—;))

and 0 = tan"!(2) as required
7 Take Fas (0, 0) the mass is attached at E (2, 0).
The centre of mass of the mass and lamina is given by
1 2\ _ x
M(.z.s) +M(g)- ZM(E)

180 ANSWERS

F\_1(3)
(g) = 2[2‘5)
(f) _ ( 1.5

U 1.25/
The lamina will be on the point of toppling when the
centre of mass lies directly above F.

s0 tanfl = (]1525,]
V1.249

and ¢ = tan"'(2) as required
8 AB=0.25M, BC = ::M, CD=05MAD=M

FE

0.25M(§) + 'EM[_") + n,w(g) £ M("] = QM(E)

315 1/ 127 \5
o f169
TV _[ 20
B-()

Y

i = arctan(j.]

9 a T,=12MgandT,=0.8Mg b 45°
10 a T,=Mgand T, = 2Myg b 47.3° (3 s.1)
Challenge

Lamina does not topple as critical value is 24.4° (3 s.[)

Review exercise 1
1 6= tan—‘{%}
2 3

3 a Ball will momentarily be at rest 25.6 m above A.
0°=u?+2x98x25.6,u=224

b 4.64(3s.f)
¢ 6380(3s.1)
d vims')4
- \
0 2.3 46 1)
S :
e Consider air resistance due to motion under gravity.
4 a 0.404s(3s.f) b 0.808m (3s.f)
5 a 19.8ms!(3s.f)
b The ball as a projectile has negligible size and is
subject to negligible air resistance.
Free fall acceleration remains constant during flight
of ball.
6 a 2.7s5(2s.0) b 790m (2 s.f)
7 a u=36(2sf) b k=86(2s1)
c 43°(2s.f)
8 a u,=usino,s,=0,a=-g

. 1 : - 1 9
Using s = ut +yat®: 0 = ut sina - 5gt*

2
1 _ . _ 2u sing
z gl = usina 50 l = =7
b u,=ucosa, s, =R, a=0,t= Z*%;"”
i - a2, ’
Using s = ut +;al*
2u?sing cosa _ nPsin2a

R = ut cosa= g

dR _ 2u2cos2a
da g

R _
dﬁ

u?sin2a
k= a

At a maximum

50

050 cos2a = 0 and o = 45°

@ Worked solutions are available in SolutionBank.
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d 12° and 78° (nearest degree)

9 6s
10 a 45ms! b 45s
11 a t=Tland¢=3 b l6ms? ¢ 4m
12 a 6- 3¢ b 324
13 a (1P+2li+y b 27.5ms!'(3s.1)
¢ 4.12ms? at an angle of 14° to the positive unit i
vector ,
14 a (24i + 12j)mg! b = 8i+4f
15 24m _
16 a v=(2—-3¢*+3Ji- 462+ 41— 1fj
b 0.207s(3s.f)
17 a v=(-2¢2+8)i- 24 b t=2s
18 a Taking moments about the x-axis:
2+4)=3x4+5x0+4is04=2
b k-1.1
19 x=y= %
20 (3i+ 2.5j)m
21 a The total mass is 2M + M + kM = (3 + kIM
MOy): 3+ kM x3=2Mx6+Mx0+kMx2
=9+3k=12+2k=k=3
b e=-1
22 a 10.7cm (3 s.f) b 25° (nearest degree)
23 a The area of rectangle ABDE is ba x 8a = 48a?
The area of ABCD is + x 6a x 4a = 12a?
The area of lamina ABCDE is 48a2 + 12a2 = 60a 2
Shape Lamina | Rectangle | Triangle
Mass ratios 60a? 482 12a*®
Displacement . 4
from X GX 4a -5
MX): 60a? x GX = 48a2 x 4a + 12a2 x (-3 a
_ =192a? - 16a? = 176a?
Gx=1762°_ 4
60a2 1%
b i3
24 a %Z b [ ¢ 51° (nearest degree)
25 a 2a b M
26 a bem b 226°(1dp)
27 a 6.86cm(2d.p.) b 32.1°(1dp)
28 a Let the distances of the centre of mass of L, say G,
from AD and AB be ¥ and 7 respectively.
The mass of L is 3m + 4m + m + 2m = 10m
Shape L ABCD | A B ¢
Mass 10m | 3m 4m |m 2m
Distances (x) | ¥ 2.5a 0 ha Sa
Distances (y) |7 a 0 0 2a
b 0.7a ¢ 207 (nearest degree)
d MOk P x 2a = 10mg = 2.5a — x)= 10mg = 0.25a
2.5mga
=P= TR Ting
5/65
e —;-mg
29 a i %a ii %a b 15° (nearest degree)
il i § .
30 a i 12 ii 3 b 15° (nearest degree)
31 a 3.28cm (3s.f) b 0.211(3s.f)
Challenge
1 a 43.8cm (3s.f)

181

b T,=0452N(3s.[), T, =0.548N (3 s.[)
¢ k=745(3s.f)

2 Max distance: 12.3m, ¢t = 323.13
3 R(~): dcosd = usind x t = ¢ = 16050
R(1): ~dsiné = ucosd x ¢ — 512
Substitute for ¢. )
Rearrange to show that d = %lanﬁsecf;‘
CHAPTER &

Prior knowledge check

1

2

a 107N (3s.f)
¢ 40.2m (3 s.f)
0.58 (2 d.p.)

b 3.22ms2(3s.1)

Exercise 4A

FEN Ty

10
11
12
13
14
15

17

2.521]

a88J

38.3m (3 s.f)

a 228J(3s.f)

b Assumption that there is no frictional force between
sled and ice, reasonable assumption as coefficient
of friction with ice will be very low.

0.255 (3 s.1)

64.7J (3 s.f)

234007 (3 s.f.)

281J(3s.f)

2.481(3s.1)

a 21.7N(3s.f)

0.559 (3 s.[))

112J (3 s.1)

a 35.3J(3s.L)

¢ 7.19ms!1(3s.f)

2 8.5N
5 3301

3 24.0J(3s.f)
6 73.5]

b 326J(3sf) ¢ 452J(3s.f)

b 16.57(3s.1)

Exercise 4B

1 a 338I(3sf) b 6] ¢ 500J
d 200J e 160000J
Order: e, ¢, d, a, b
2 a 44.1J, gain b 8085, gain
¢ 2205017, loss d 3410417, loss
3 76.8J 4 1687507 5 8
6 4.53ms-1(3s.0)
7 a 728J(3s.1)
b No air resistance. Valid for low speeds
but not large speeds.
8 a 11.8J(3s.1) b 4.8575(3s.0)
9 3840007 (3 s.f))
10 a 656257 b 18375007
11 a 20.0m(3s.f)
Challenge
1 a KE. =48.06 PE. = -48.0¢2,

measured from the top of the eliff.
b KE.+PE.=492-492=0

Exercise 4C

90 =1 S U e N =

9

a 27.4J(3sf) b 11.7ms!'(3s.f)

a 36J b 36J ¢ 7.35m

a 56.3J(3sf) b 563J(3sf) ¢ 563m(3s.1)
a 9.6J b 9.6J ¢ 0.350

a 5H4] b 5417 ¢ 4.59m
9.90ms' (3 s.f)

20.4m (3 s.f)

10.6 (3 s.f)

a 56.2J(3s.0) b 56.27(3s.0)

¢ 4.74ms 1 (3s.1)
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10 0.408 (3 s.1)
11 8.27 (3 s.f)
12 7.94ms! (3 s.f)
13 2.33m (3 s.[)
14 a 284N
b Resistive forces could depend on speed.
15 128N (3 s.f)
16 11.8m (3 s.f)

Challenge
1130ms~ (3 s.1.)

Exercise 4D

18kW

15000W (or 15kW)

278N

25ms!

a 20000W (or 20kW)

b Typically resistance increases with velocity.
550N

Ul WD =

[
7 a 1.10ms2 b 0.294ms? ¢ 25.7ms!
8 11400W (or 11.4kW)
9 R=300N
10 10ms!
11 a 175N (3s.f) b 0.854ms2(3s.f)
12 a 0.868ms2(3s.f) b 13.2ms'(3s.f)
13 a 18000W (or 18kW) b 6.80ms!
14 192W
15 a 6.11ms2 b 0.342ms2
16 37.9
17 a 6.11ms' (3 s.[) b 0.342ms2(3s.[)
Chapter review 4
1 20.2N (3 s.f)
2 a 2940J b 98Js! (or 98W)
3 a 20] b 0.163
4 a 4.48ms2(3s.f) b 1.51m(3s.f)
5 a 0.708ms2(3s.[) b 0.521ms2(3s.[)
6 a 11.4kW(3s.f) b 21.3(3s.f)
Imgs 14gs
s T
8 a 2.95ms'(3s.f) b 61.2J(3s.1)
9 0.2ms?
10 32600000J (or 32600k]) (3 s.f.)
11 a 16.2)J b 16.2] ¢ 4.05N
12 a 2501J b 0.638(3s.f)
13 a 480N b 25.4ms'(3s.l)
14 0.15ms!
15 a 7.42N(3s.6) b 435J(3s.f)
¢ 14.0ms-!(3s.f)
16 a 33.3ms!(3s.f)
b 0.222ms2(3s.f)
17 a 12kW b 24kW ¢ 10.8(3s.1)
Challenge

a 588000sing W
b When ¢ = 0°, no force to act against so no power
required. When ¢ = 90°, maximum power is needed.

CHAPTER 5

Prior knowledge check
1 a 1.25ms ! direction reversed.
b 0.9Ns
2 25ms!
3 319m (3s.f)

Exercise 5A

1 (44i - 24j)ms! 2 (8i+8j)ms!
3 (i-2j)ms! 4 (3i-4j)ms!
5 (18i- 24j)Ns, (7i - Tj)ms-!
6 (10i- 5j)Ns, (25i + 2j)ms!
7 (-12i-12j)Ns 8 (-6i+4.5j)Ns
9 |Q| =30 a=37° (nearest degree)
10 |Q|=+5 =2.24 (3s.f) a=27° (nearest degree)
11 6V10 or 19.0Ns (3 s.f)
12 (-5i+ 30j)ms!
13 v=1(14i + 20jlms-!
14 v=i+2j 18° (nearest degree)
15 6ims-!
16 /2
Challenge
I =mic—a)i+mld-b)j;tand5 = g__g =l;b+ec=a+d

Exercise 5B

1
2

10

a = b

a vy=0,v,=3

b v,=250,=3

c 11=4,1.,=6

d Ul=—4,b’2=4

e vy =-5,v,=-2

a 3.5ms! b 1

Sms! and 3ms! both in the direction that B was
moving before the impact.
18Ns

U . . 1
2 direction reversed, ot
Ui5-4e), 45+ 2e
3 (5 ) 3( )

Using conservation of linear momentum gives
2mu - 3Imu = -muy +mr, = -0+ v, =—-u (1)

Uy + Uy @)

Newton's law of restitution gives e =
Eliminating vy from (1) and (2) gives
v, =3ulse - 1)
Since vy is in the positive direction v, = 0, so
%u{Se -1 i 0,and e “>l,

3 .
a u(l - ]0)

b Newton’s law of restitution gives

eu:%u—u(l—%), sne=%{3k—?}

Since0=e=1,

05%{3k—?lsl=>:lsksl_7

a ulb -3k

b Newton’s law of restitution gives
ew=ku—-uld5-3kl,soe=4k-5
Since0=e=<1,0=4k-5=1

SE<k<

a Using conservation of linear momentum gives
dmu + bmu = mry + 3mr, = vy + 3vs. =100 (1)
Newton's law of restitution gives

vy - Uy
e= 2
o (2)
Eliminating #, from (1) and (2) gives

u 4
,=-A5+el
Uy 2[ + €
b %(5 - 3¢)
¢ After the collision P has speed %[5 + 3e) which is

always positive, therefore P continues to move in
the same direction.

@ Worked solutions are available in SolutionBank.
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1
po= L
d [.-—3

Challenge
Using conservation of linear momentum gives
6m—mu=3mv + 2my = 6 -u= "5

sou:%{(&—u] 1)
Newton's law of restitution gives
1_ v

S0 0= %[2 +u (2)

YT 24
Eliminating v from (1) and (2) gives u = %
Exercise 5C
1a32 b L
2 a 35ms! b 3ms!
3 a 8ms! b 8ms!
4 =075
5 0.77 (2 s.f)
6 a 0.1875 b Particle would rebound higher.
7 1
8 2.94s
9 (\gh - 39/m
Challenge
Use v?=u?+ 2as withu =0ms',a=gms?and s = Am
v=2gh

Newton's law of restitution gives

speed of separation from floor = e,2ghms-!

Use v? = u? + 2as with u = e,2ghms-!, a = —.gms-2 and
v=0ms! = s = he?

Exercise 5D

1 a 6ms! b 1.57

2 A has speed TTM with direction of travel reversed

and B has speed % towards A.

Loss of K.E. is 2%
3 60J
4 0.225]
5 a 2ms! b 12060J(12.06kJ)
6 a ims! b 16063]
7a N=3 b 2
8 a 0.3ms b 1 ¢ 3600J
9 v-uandov+Lu ’

10 a Conservation of linear momentum:
8+3=2u+3v
:r]l:Z:u—Sv:bM:u

2
Kinetic energy:

16 +1.5-3 =12 + 1.502

Substitute for u:
2
- (%) +1.502 =145

L 3.75p2-33,,121 _ 145
= 3.7ov > v+ 3 14.5
= 5v*-22v+21=0
b A moves with speed 1ms-'and B moves with speed
3ms-!in the same direction as before the impact.

A cannot travel faster than B as it cannot pass

through it.
11 a 2ms! b 357
12 Common speed before string becomes taut = pflll o
M+m

Kinetic energy before collision = Lmu?

L : —1 [ mu \®
Kinetic energy after collision = 3m + M) (—m = MJ
o miut
T 2(m+ M)
24,2 2
Loss of kinetic energy = ymu® - 2(:2 fM] = 2(’{?{ ”M]
13 a 7.5ms! b 3751]
14 a 0.32s,2.5ms! b 0.375]
Challenge
257

Exercise 5E
1 a u=3,v=>5,x=4,y=4.5
b u=2v=42x=35y=4
2 -1.5ms!, 0.5ms-!, 5ms-1,
3 a ,_%u(l - e],%u[l +e)(1 - e) and %a(l +e)*

b A will catch up with B provided that 2 = 1 + e.
Since e < 1 this condition holds and A will catch up
with B, resulting in a further collision.

4 a ul +39)>3u:e>%
b The direction of A is reversed by the collision.
5 24 ang 72
8 12

17u 43u
6 -3 d5 b ——and ——
a w and 5u 4 an 12
7 a i 196cm ii 9.604cm
b A series of bounces with a constant ratio of heights.
¢ 1.17m (3 s.f)
d Model predicts an infinite number of bounces, this
is unrealistic.
2
8 a eH b e*H M
(1-¢€%
dil 1 13
B oo
Challenge

After the particles collide: #(P) = 0.25ms!, v(Q) = 1.25ms!
¢ = time in seconds after the particles collide.

Q collides with W, after travelling 2m, i.e. after t = 1.6s.

P will take { = 8s to reach W,.

After Q collides with W, velocity = 0.64 ms-L.

For particle P, distance from W, at time ¢ = 2 + 0.25¢

For particle @, distance from W, at time ¢ = 0.64(t — 1.6)

P and @ will collide when 2 + 0.25¢ = 0.64(t - 1.6) = (= 8.4s
Time to collide > time for P to reach W,.

P will hit W, before colliding with @ for a second time.

Chapter review 5

1 26Ns, 23°(nearest degree)

2 213jms!

3 (7i+ 56j)ms!

4 a 6lms!
b (68i+ 23jms!

5 Using conservation of linear momentum gives
mity — mit, = my
Uy —up=vi(l)

Newton's law of restitution gives
1 4

gzu‘+uz 50 wy + Uty = 3v (2)
Solving (1) and (2) gives
Uy =20 and Us =0
So the ratio of speeds is 2:1
6 4
muv
7 a V= 53



2 72
b Kinelic energy = - L
2p7 m + Mv*
Substitute for V2 & m e B 2
2 2M 2M
¢ The assumption that the boat is initially at rest is

unlikely.

8 2.5ms! 4257

9 a Using conservation of linear momentum gives
3mu = 3muy + mus
3vy + v, =3u(l)
Newton's law of restitution gives
Uy — Uy =eul2)
Eliminating », from (1) and (2) gives
g ul3 —e)

4
b v.= STH[LJ +1)

Kinetic energy before collision = %muz
Kinetic energy after collision

3mu (3 o2t
32

ELLPITE
32

Loss of kinetic energy
3mu

3 pyp2 2, 9mu? 5
= Emu - —3@ -+ ?(e + 1}5)
= %mu&2 - ’2—;[3(3 - el + 9le + 107
= %mu!2 mu? |3(9 6e + e?) + 9e? + 2e + 1))
= %muﬁ2 - r’;—;[l.ilﬁz + 36)
3, 3mut .
= Fmu* - (e? + 3)
- —n'mz Bmu 22 (e + 3)

-1z e 252 Z 2
i fﬂu x!ﬁu e’ +8mu

= %mm2 - 2 mu? et
_ 3muAl - e?)
= 7. .
Bmug + ) Ng
10 a 6ms'and 1ms in the direction of the 100g mass
prior to the impact.
b Lossof KE.=2451]
11 3safter the 10 kg sphere has stopped moving.
12 First collision: A with B

dmV =4dmu, + 3muv,
)ZI_JU]:"Z:Uz:%Jrul
4V:4u]+9TV+30|
=70+

4

v =1V, =V

v, = 11y S0 second collision is B with ¢

3ImV =3muy + 3muy
Uv,-U; 3 v
v == U*:T+U"

3V:393+9TV+303
3W=6p,+
4

Uy = %V, v, = ;—V

vy = 14 but vy = vy so third collision is A with B

13

14

16

17

18
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mV + mV 4mo; + Imey
Dg—Us ;

—— =3y =3Vip;
1y_1 V 4 32

1

%I/—4JJ5+%V+ 3p,
HV=To+5V
U5 =5 V Ug=7 1y
As _.;—_ZV < Z v<i 7V there are no further collisions.

a 90721]
Either heat or sound.

%(4 - 3¢) and %u{] +e)

- -

Impulse = change in momentum

2miu = 12mu(1 +e)

1+ ]e - 3
e=r;

a Using conservation of linear momentum gives
mkV + AimV=amv  so V=

Newton’s law of restitution gives
v

S Vik-1)

Eliminating V from (1) and (2) gives

_ i+ k

CAk-1)

A+ k
ik - 1)
Ivk<ik-1)
A+k<ik-1
24 -1k < -k
ik -21>k
Ak-2=k

k
k-2
a Both balls change directions, the first moves up
with speed 0.7ms! and the second moves down
with speed 3.5ms'.
b 91%(2s.f)
a 0.5m

@)

=1

A=

and since 4 = 0, k-2>=0,k= 2

b i‘mro&h{Zsf)

¥
¢ %V-y'ms-‘ or 0.78ms ' (2 5.f))

To find time taken for ball to make first contact with
floor use
s=ut+ laaz withu =0ms!, s=hmanda =gms?

To find speed of ball on first contact with floor use
v?=u’+ 2as with u =0ms', s=hmand a = gms-?
v=2gh

Newton's law of restitution gives

speed of separation from floor = e, 2gh

To find time between first contact and maximum
height reached, use v = u + at with u = e, 2gh ms-,
v=0ms'anda=-gms?

i el.l‘zh

So the time between the first and second bounce is
2h

2e,—
(]

w Worked solutions are available in SolutionBank.



ANSWERS

By similar reasoning the time between the second and
third bounce is 2e* 'Zh and the time between the third

g
B3
and fourth bounce is 2e \;?

So the total time until the ball comes to a standstill is

given by
[2h 22k [2h 2h
t=-+2 + 2e? + 2ed
Vg "*%g *%Vg *Vg *
'2}: 2, .3 .2h 2hi e
= ——le 2+e’+..) = + 2=
e o) = B2 )
[2h(1 2h e 1+e 2k
2 II_
=g [ )+‘r9(]—e) 1-elg
25
19 ==
2o
20 V= —=222  mpgtl
Vm(M + m) ms
21 a Usev?=u?+ 2as with u=0ms-!,a =gms?and
s=Hm
v = 2gH
Newton's law of restitution gives
speed of separation from floor = e, 2gHm s
Use v? = u® + 2as with u = e/2gHms', a = -gms?
and p =0ms~! and s = hAm
2qh = 2e*gH
T
e= [t
171
he
L
H

¢ Infinite bounces with a constant ratio of heights.

22 a B has speed %V’QQms-‘ in the direction it was

originally moving.
C has speed 7/Zgms-" in the direction B was
originally moving.
79'

b 24

¢ The amount of kinetic energy lost would increase.
23 6:19

Challenge

1 P changes direction after impact
U+
u-v
a &k must be positive so u = v

b H-k_a+.‘)

kmu—-v)=mv +u) sok=

then () changes direction after impact.

Ifk= ::Jr 3 then P changes direction after impact.

2 Using conservation of momentum, with common final

velocity v:

nme = (my + My + my) v

i
(my + ms + my)
Kinetic energy when all three strings are taut
mu )2 m3u?

m, + My + My

SoV=

=Hm, +m, + m:;;( =
= b 20my + my + my)

CHAPTER 6

Prior knowledge check
1 a 8Nm anticlockwise
2 Ry=1mg. Rz=3%my
3 24cm

b 500Nm clockwise

Exercise 6A

1
2

&

10

11

12

34.6N, 50N, 17.3N, 0.35

a 22.8N b 98N,22.8N ¢ 0.233

d The weight of a uniform ladder passes through its
midpoint.

a 41.6° b 24.0°

¢ No [riction at the wall.

a 5im

b i The ladder may not be uniform.

ii There would be friction between the ladder and
the vertical wall.

a 1.99N b 0.526
¢ There is no friction between the rail and the pole.
R(1): R = mg, R(—=): N = pmg

Let the length of the ladder be 2/

Taking moments about A,

mglcosf = 2pmglsin g

Cancelling and rearranging gives

2utané = 1

104N, 64.5N, 0.620

R(1): R+ puN=mg, R(=): N=u R

Taking moments about the base of the ladder
2N tanfl + 2u.N = myg

21an9+2p;_—+p;
2lan9_——#2

_ 1,
tanf = 2

W3
6

b F=P=

w

[

a 6.50N,10.8N

a
WS R-W,F=puR, py= ‘*
[
b 2
V3
a 2w b (ﬂ_
243 243
¢ It allows us to assume that the weight of the ladder
acts through its midpoint.
d i The magnitude of the reaction at ¥ will get smaller.

ii The range of values for P will get smaller.
a Moments about A:

z)w =p s(%Jr z)w

Fx % x 4a = mg2acos 30° + kmg4a cos 30°

::-Fx@

- 2mga x ?(1 + 2k)

= F= + 2k)

b i H= + 2k)

i V=mg(l+k) - gmg(l 4+ 2k) = {”’9

(3 - 2!'.]}

- g9 - \u‘ﬁ
18 + 2V/3

Chapter review 6

1

LI W)
& om ]

R(=):F=N
Taking moments about A:
Fasing + 3mgacosf = SaNsing

s Smgcosé = 4Fsing

elen pelen

myg = Ftand

w
9
R R+ puN=W R=):N=Y



W - 8W
3 9
¢ The ladder has negligible thickness/the ladder does
not bend.

Taking moments about point where ladder touches
the ground:

R(t): B=W,R(=): N=0.3R

1.5W = 1.2W. This cannot be true so the ladder
cannot rest in this position.

b R(=):F=N

Taking moments about point where ladder touches
the ground 1.5W=4N,F=N= %W

w

4g

5 18N (2s.f)

C

Challenge
a 94.3N(3s.f)
b 80.6N (3 s.f), 54.2° (3 5.[.) to the horizontal

Review exercise 2

1 a v=10i + 20jms! 63.4° (3 s.f)

b
40J
2 7.5N b v=39i-42jms"!
3 5.83 Ns(3s.f) b 31°
357
b 13ms-!
b

O

610N (3 s.f)
801kI(3s.f)

15680

It will be less than 1568 J.
7 Work done = mgh = 19600 = 1000 x 9.8 x 25sinf

C
a

a

c

a v=(2¢+ 2)i+ (3% - 4)j
a 458 k1 (3 s.f)
c

a

b

L 19 600 - S
= SN0 = 1000x9.8x25 25 ¢~ aresin (5
8 a 1751] b 196kJ
9 a 8.4ms!(3sf) b =042 (2s.f)
10 a 41J(2s.1) b =067 (2s.f)
11 a 224) b 6.4ms1(2sf)
¢ 4.3ms'(2s1)
12 a Imgh b Zgh
13 a 50=Fx 25 = F=2000
For the car and trailer combined:
R(—=): F-750-R=0
R=F-T750=2000-750=1250
b 1.4ms? ¢ 850N d 335kJ
e The resistance could be modelled as varying with
speed.
14 a 0.8 b 8

3
¢ Resistance usually varies with speed.
15 a Energy lost = 7832.J; Work done = 10000J
Total work done = 2168J = 2200.J (2 s.f)
b 200W

16 220

17 a 0.7ms*? b 44 4kW

18 a 35ms! b 15ms!(2sf)

19 a Let FN be the magnitude of the driving force

produced by the engine of the car.
12kW=Fx 15 = F= 800

R(—): F=ma
F-R=1000x0.2 = R=600
b 20(2s.1)
20 a 14.3kW(3s.1) b 6.6kW(2s.l)
21 a 0.15ms? b 35.1ms!'(3s.f)
22 a K.E. gained = P.E. lost

v = gnpu? = nhgh

23

[ I -- B I~

24 2.

25 u
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3%24.5°-u*=9.8x15
u?=24.52-2x9.8x15=306.25
u=y306.25 =175 (3 s.f)

557 (nearest degree)

60m
52 (2 s.f) b 3s
48 m d 24ms!(2s.1)

46m (3 s.f)
S |
" 2 tano

26 444N (3s.1)

27 e=3

28 a

29 a

30 a

b
¢

5
Using conservation of momentum:
mu + kmiu = kmv

w(l + ki) = kv (1)
Newton's law of restitution:
v=elu-iu)=eull - 1) (2)

Eliminate v from (1) and (2)
w(l + ki) = keu(1 - 2)
= I kil
k(1-1)
es1
=1+kisk-ki
1
=k
1-2i1
butO<i<y=0<1-2l<landk>1
Using conservation of momentum:
mu = mug + 2muy

u=0us+ 207 (1)
Newton's law of restitution:
eu = vy - Ug (2)

Eliminalingr ve from (1) and (2):
u+eu=3vp

vy = %u{l +el

i SpeedofSisful2e-1)

ii Direction of motion reversed.
Using conservation of momentum:
3m x 2u - 2mu = 3mup + 2mu
codu = Bup + 2&{0 (1)
Newton's law of restitution:
e(2u+u) =uy - up

3eu = ug — up (2)
Eliminate u, from (1) and (2)

4u = 3lug — 3eu) + 2ug

4u = dug - %en

ug= %u(9e +4)

2<e=1

i
EZG

31 144m

32 a
b

33 a

If the plane was rough and the conditions deseribed
above are otherwise identical, then the coefficient of
restitution must be greater. If it were the same then
the speed of the particle at each point on the return
journey would be < % of the minimum speed of the
particle on the outward journey.

V70

10

Time ¢, until first bounce
105

» 98 .
50 = Trﬂ]g ==
Time {, to reach maximum height after first bounce

98 . 5/14
3= =
5 e

w Worked solutions are available in SolutionBank.



Total time from first to second bounce
T=t + 2t

= = o
= 1(;'“} +2x D‘TM =%\’5 +V14)s

34 a A hasspeed
B has speed 32

45 2
S mu J

[
w1

€=

1
9 2
Fmutl

[
=2
N - - - S

Using conservation of momentum:
mu = mv, + 3muvg

u=uvy+ 3y

Newton's law of restitution:
el = Uy — Uy (2)

Eliminating v, from (1) and (2) gives u + eu = 4vp

(1)

Up= %[1 + e

Ug= %(1 - 3elu

1

b
¢ oe=5
d v,=501-3el=51 —EX%}:O
. A s at rest
37 41.5k]
38 % J
39 a e=3
b From parta,v,=-3u
For spheres B and C:
Conservation of momentum:
dmu = 2muy + Smu
Newton'’s law of restitution:
Vg — Up
2u

e ‘—: u

e=2

_3
5

Vo= 10U+ %H.

Substitute v, in the conservation of momentum
equation:
i = 2vp + bu + Sug

= Ug= —é—u
= vc=2u
vy < g < Ue . there are no further collisions.

Using conservation of momentum:
2mi = 2muvp + My

40 a

2u = 2vp + Yo (1)
Newton's law of restitution:
,]—iu =Up-Up (2)

8
(1) + 2 x (2): 57 = v + 20

3vy = 8u
-'?Q = %
Using (2) '
Up=b,- %a
_ 8u 1
Up= 9 73
vp= 5%

ANSWERS

41

42

43

44

a

a

a
b

187

32
() is now moving towards the wall; after it rebounds
off the wall it will return to collide with P once more.

Using conservation of momentum:
2m % du = 2mup + 3mvg

e=

100 = 20, + BJ)Q (1)
Newton's law of restitution:
exbu=0vy-vp (2)

(M +2x1(2)
101 + 10eu = 3vg + 2y
10w + 10eu = Sv,
Ug=2u+2eu=2(1+eu
From (2)
tp=1ty— Seu=2(1 +eJu - deu
vp=2x1.4u-5x04u=038u
vp> 0 .. P moves towards wall and will collide with
() after @ rebounds from the wall.
e=038
tp=2x 1.8u-5x08u=-04u
() hits the wall
v, = 3.6uf
For a second collision
3.6uf> 0.4u
I>56=5
Range of values for fis
‘l, <f=1
Using conservation of momentum:
2m x 2u + 3m x u = 2muv, + 3mvy
Tu=20,+ 3t (1)
Newton's law of restitution:
eQu-u)=vp-v,
BU=Ug— U4
M +2x(2)
Tu+ 2eu=3vy+ 205
%u{? + 2e)
%a(? - 3e
- Llu
3¢ =10
141 — beu = 111 = beu = 3u

(2)

Up =

Uy=

e=y

5d

16

After B hits the barrier
_11 8u_ llu
167 5 10

Equal speeds, opposite directions.

- Aand B will collide at midpoint of the distance
from A to the barrier at the instant B hits the barrier,

Up

i.e. they collide at distance ;—g from the barrier.
2m ’

This model predicts an infinite number of bounces
which is not realistic.

First collision: A with B
Using conservation of momentum:
4m = 2mug + muvy

4=

(1)

205+ Uy
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20

Res (=) N=0.25F

Res (1) R =20g

Res (=) N=0.25F=5g
Taking moments about A:
20gx = dgy

20g x Scosé = 5g x 10sin#
sing _ 100g

cosd 509

tan# = 2

f =1an-42) as required

Res (1) R=mg
Res (=) N=1mg
o Q4 Taking moments about Q:
[ Rx = tmgx + tmg x 3y
mgx = T mgx + $mgy
R y 1
' x=3Y
%mg——b Isind = }lcost
E sind
mg =1
v cosf 2
P tanf = ;
«—r—» -

f =tan~'(}| as required

f = tan~' (3
a ZgN Iy 12 gN ¢ LigN
2v2
N
R
Q
[
T & v
mg

Res (1) R+ Ncos# =myg

Taking moments about P:
mgx = 0.75IN
and

¥ =lcost
50
1 . _ 31\
smgleosd = <IN
2 a
N =£mgcosf as required

a -;gN
b From part a
uh = Nsin#
the reaction at Ais R = %g
¥l
and reaction at Cis N = %

Substituting gives
* ﬁg = 253 x4
32 16 2
_25/3
=785
_5/3
T 17

as required

Challenge

tan-l(ﬁ)

11

Exam Practice

L I R

a 2m b 2/149 ms! ¢ 44.8°(3s.f)
a 492m@3s.f) b 6.01ms2
17.3°

a 4.74° b -Lms2

a P hasspeed 2.8 ms~! in the same direction as its
original motion.
P has speed 4.4 ms-' in the same direction as its
original motion.

b 2.67%(3s.f)

v
mg
Taking moments about P

2IN = mgx

substituting x = 1/ cosd

gives 2N = L mgl cost

so N = %mg cosfl as required
b Res T R+ Ncostl = mg

s0 R = mg - N cost

Res — uR = N sinfl

SR N sin#
mg — N cost = Nsng
__ Nsinf
il mg — N cosél
since # = 30°
Nxi
,u=7z = N:émgcosﬁ
myg — N x |3 8 ,
/ "2 and = Em X '3
IS ; [ 38 2
2mg - V3N B 5/3 »
=16 ™

substituting for N gives
513 _
16my N V3 % 5V3
2my 16 mg

5(3
16
32-15
16

5v3 .
= as required
17 qut
¢ 1.5m

w Worked solutions are available in SolutionBank.



INDEX

acceleration 24-49, 92-3, 97
constant 2, 43-5, 49, 103, 132
due to gravity 2, 3, 22
function of time 25, 27
of moving vehicles 111-14
variable 24-43, 45-9, 113
as a vector 37-43

angle of projection 5-7, 15-17

answers to questions 175-88

approach speed 125-8, 131-4, 142-3

arcs 68, 69-70

axes of symmetry 57-61, 62, 68, 70

bouncing ball 121, 143-4, 145-6, 168

C

calculus 28-45
centres of mass 50-90, 91, 93-7
centroid of a triangle 58, 59
coefficient of restitution 125-35, 140-6
collisions 121-50, 160, 165-8
direct impacts 125-34, 140-6
elastic/inelastic 125, 134, 135, 144
loss of kinetic energy 134-9
particle with smooth plane 131-4, 141-4
successive direct impacts 140-6
two particles 41-2, 43, 125-31
using vectors 122-5
composites 61-8, 83-7
conservation of mechanical energy 107-11
conservation of momentum 122-5, 127-8, 134-7,
140-3
constant acceleration 2, 43-5, 49, 103, 132
constant of integration 33, 39, 40-1

D

differentiation 28-32, 37-9

direct impacts 125-34, 140-6

discs 58, 64-5, 67

displacement 2-5, 28-37, 43-5, 49
function of time 25-6, 27, 28
vectors 3, 40-1

displacement-time graphs 28, 31

distance travelled 2-5, 8-9, 12, 33-7
bouncing ball 143-4, 145-6, 168

dot notation 37
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E

elastic collisions 125, 134, 135, 144
energy see work and energy
equation of trajectory 17
equilibrium 72-83, 152-9

exam practice 171-2

F

forces 29, 37-8, 99, 101
driving force of a vehicle 111-14
friction 75, 99-102, 108, 152-9
moments 51-7, 72, 75-6, 79, 152-4
and power 111-16
rigid body statics 152-9
and work done 99-102, 107-11
frameworks 68-72, 79-86
friction 75, 99-102, 108, 152-9

G

glossary 1734
gravitational potential energy 103-6
gravity 103-6, 107
particles falling 132, 134, 143-4
projectile motion 1-5, 8-23
work done against 99, 100, 101, 102

H

horizontal component of velocity 2, 5-11
horizontal motion 2-5, 11, 14-16, 22

impulse-momentum principle 122-5, 137
impulses 121-50, 160, 165-8
inclined planes
laminas on 75-6, 78-9
particles on 100, 102, 105-11
vehicles on 113-14, 115-16
inelastic collisions 125
integration 33-7, 39-43

K

kinetic energy (K.E.) 103-11, 134-9

L

ladder problems 72, 153-8, 165, 169
laminas 57-68, 83-7, 90

in equilibrium 72-9

on inclined planes 75-6, 78-9
limiting equilibrium 152-4, 155, 159
loaded lamina 74-5, 78-9



M rigid bodies 76, 151-9, 165, 169-70

maximum values 28-32, 33-4 rods 52, 58, 68, 152-8

vehicle speed 112, 114-16

mechanical energy 107-11 S
medians of triangles 58 sector of a circle 59, 60, 71
minimum values 28-32 separation speed 125-8
moments 51-7, 72, 75-6, 79 standard uniform plane laminas 57-61
static rigid bodies 152-4 static equilibrium 152, 159
momentum 122-5, 127-8, 134-7, 140-3 statics 151-9, 165, 169-70
successive direct impacts 140-6
N suspended laminas/frameworks 72-5, 77, 79-83
Newton’s law of restitution 125-35, 140-6 suvat equations 43-5
non-uniform composites 83-7
non-uniform rod 156, 158 T
normal collisions 131-4 time, functions of 25-8
normal reaction 107, 152, 154 time of flight 8, 14-15, 17
trajectory equation 17
P triangular laminas 58, 59, 60-2, 66
particles 1-23, 25-49
arranged in a plane 53-7 U
arranged on a straight line 51-2 uniform laminas 57-68, 72-4, 77-8

centres of mass 51-7
collisions see collisions
connected 136-7, 139

uniform rod 58, 152-8
uniform sector of a circle 59, 60

distance travelled 33-4, 35, 36-7 V
energy 103-11, 120, 134-9
on inclined planes 100, 102, 105-11 variable acceleration 24-43, 45-9, 92-3, 97
on laminas/frameworks 66-7, 71, 81-2 moving vehicles 113
vertical motion 99, 132, 134, 143-4 vectors 3, 6-7, 3743, 49, 122-5
pivots 72, 151, 152 finding centres of mass 54-6, 62-5, 69
position vectors 37-43, 54-6, 62-5, 69 venicles U110
potential energy (P.E.) 103-11 velocity 28-43
power 111-16 function of time 25, 26, 27, 28
projectiles 1-23, 91-2, 97 impulses and collisions 121-50
greatest height 8, 10, 17 kinetic energy (K.E.) 103-11, 134-9

horizontal projection 2-5 moying. vehicles 111-14
motion formulae 14-19, 22-3 projectiles 4, 5-14, 22

velocity 4, 5-14, 22 resolving 5-11, 15-16
vectors 6-7, 37-43

R velocity-time graphs 25, 28, 33, 34

vertical component of velocity 2, 5-11

vertical motion 99, 100, 132, 143-4
projectiles 2-4, 15-16, 22

vertical planes, collisions with 131-2, 133

range of projectile 8-9, 12, 14-15, 17
rebound speed 123, 131-4, 143-4
rectangular laminas 58, 61-4, 67

resolving forces 100, 108, 113, 114, 152-3
resolving velocity 5-11, 15-16

review exercises 91-7, 160-70 W
centres of mass 87-9, 91, 93-7 work and energy 98-120, 160-5
impulses and collisions 146-50, 160, 165-8 conservation of energy 107-11
projectiles 19-22, 91-2, 97 kinetic energy (K.E.) 103-6, 134-9
statics of rigid bodies 157-8, 165, 169-70 potential energy (P.E.) 103-6
variable acceleration 45-8, 92-3, 97 work done 99-104

work and energy 116-19, 160-5 work-energy principle 107-11





